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Preface 


Fractal  concepts  have  profoundly  influenced  our  understanding  of  complex  structures 
and  dynamical  processes  in  a  wide  range  of  natural  and  industrial  phenomena.  Some  of  the 
most  significant  and  far  reaching  contributions  of  fractals  have  been  in  the  field  of  materials 
science  and  engineering.  This  has  been  clearly  demonstrated  over  the  past  decade  by  the 
ever  increasing  successes  of  the  Symposium  on  Fractal  Aspects  of  Materials  that  began 
during  the  1984  Fall  MRS  Meeting  in  Boston.  To  celebrate  this  milestone,  we  decided  to 
highlight  several  of  the  important  contributions  at  the  1994  Fall  MRS  Meeting  and  publish 
the  proceedings  as  a  comprehensive  record  of  these  achievements.  In  particular,  the  1994 
meeting  was  organized  around  a  number  of  interdisciplinary  topics  that  would  emphasize 
some  of  the  most  recent  applications  of  fractal  concepts  in  materials  science  and 
engineering,  as  well  as  reviews  of  some  of  the  well-established  contributions.  The  topics 
discussed  in  this  symposium  included:  diffusive  instability  in  materials  growth,  fracture  and 
breakdown  of  materials,  surfaces  and  interfaces,  disordered  materials,  percolation  and 
porous  media,  kinetic  roughening  in  thin  film  and  epitaxial  growth,  glassy  materials,  aging, 
fatigue  and  slow  relaxations,  complex  materials,  and  granular  materials.  The  papers 
included  in  this  volume  are  organized  roughly  in  the  order  that  they  were  presented  in  the 
eight  sessions  mentioned  above. 

We  would  like  to  thank  all  of  our  colleagues  who  helped  us  in  the  organization  of  this 
extremely  successful  meeting.  We  would  like  to  particularly  thank  those  whose  papers 
appear  in  this  volume  and  the  referees  of  the  papers.  One  person  who  should  be  especially 
thanked  for  his  generous  and  continued  support  and  encouragement  is  Dr.  Michael  F. 
Shlesinger.  Without  his  scientific  contributions  the  field  of  fractals  and  these  symposia 
would  have  been  far  less  memorable,  and  without  his  financial  support  through  a  grant 
from  the  Office  of  Naval  Research,  this  meeting  would  not  have  been  possible.  We  are 
grateful  to  the  staff  of  the  Materials  Research  Society  for  their  considerable  help  before, 
during  and  after  the  meeting.  We  would  also  like  to  thank  Connie  Copeland  of  Emory 
University  for  her  expert  assistance  with  the  preparation  of  the  manuscript. 

Fereydoon  Family 
Paul  Meakin 
Bernard  Sapoval 
Richard  Wool 
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Dedication 


Benoit  B.  Mandelbrot 


The  occasion  of  this  symposium  was  doubly  momentous  because  it  coincided  not 
only  with  the  10th  anniversary  of  the  beginning  of  the  Fractal  Aspects  of  Materials 
Symposium  at  the  Fall  Materials  Research  Society  meeting  in  Boston,  but  also  the 
70th  birthday  of  the  founder  of  these  symposia,  and  the  person  who  is  responsible  for 
the  creation  and  development  of  the  field  of  fractals,  Benoit  B.  Mandelbrot,  IBM 
Fellow  and  Professor  of  Mathematics  at  Yale.  Considering  the  impact  that  fractals 
have  had  in  materials  science  and  engineering,  it  is  with  great  pleasure  that  we 
dedicate  this  volume  to  Benoit  Mandelbrot  on  the  occasion  of  his  70th  birthday  and 
wish  him  continued  success  and  many  more  fruitful  and  active  years. 
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Paul  Meakin 
Bernard  Sapoval 
Richard  Wool 
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ABSTRACT 

We  give  an  overview  of  the  influence  of  the  diffusive  instability  in  forming  various 
growth  morphologies.  We  review  dendritic  growth  of  crystals,  and  discuss  the  DLA  model 
as  an  approach  to  the  disordered,  fractal  case.  We  consider  various  systems  which  are 
reasonably  well  described  by  DLA  including  island  shapes  in  surface  growth 

INTRODUCTION 

In  the  formation  of  natural  objects  the  rate-limiting  step  is  often  diffusion.  For 
example,  in  rapid  thermal  crystallization,  latent  heat  must  diffuse  away  from  the  growing 
surface.  In  crystallization  from  the  melt,  dissolved  atoms  diffuse  to  the  surface.  There  are 
many  cases  of  this  sort  which  are  of  interest  in  materials  science:  the  growth  of  islands  on  a 
surface  in  a  molecular-beam  epitaxy  experiment  is  limited  by  the  arrival  of  adatoms  at  the 
step  edges.  In  electrochemical  deposition  can  in  some  cases  be  diffusion  limited.  Another 
example  is  given  in  Figure  1. 


Figure  2.  Zn  deposit  grown  in  electrodeposition  in  a  flat  cell  [2].  This  pattern  is  dendritic: 
note  the  fixed  angle  of  the  sidebranches  with  respect  to  the  main  branches. 

The  most  interesting  feature  of  diffusion-limited  growth  is  that  it  gives  rise  to 
remarkable  morphologies  which  tend  to  be  ramified  and  complex  in  the  way  shown  in 
Figures  1  and  2.  There  are  two  types  of  morphology  which  are  often  encountered,  and 
which  we  will  concentrate  on  here. 

(i)  If  some  underlying  symmetry,  such  as  the  crystal  symmetry,  persists  in  growth,  as 
in  Figure  2,  the  pattern  is  dendritic.  The  most  famous  dendritic  pattern  is  a  snowflake. 

(ii)  If  all  apparent  symmetry  is  lost,  the  pattern  can  nevertheless  exhibit  a  more  subtle 
symmetry,  that  of  self-similarity.  This  is  a  fractal  pattern  as  in  Figure  1. 

The  key  to  understanding  these  patterns  to  realize  that  diffusion-limited  growth  is 
genetically  linearly  unstable  for  flat  growing  surfaces.  The  patterns  formed  during  growth 
are  complicated  and  subtle  because  non-linearities  determine  them  completely.  Physicists, 
physical  chemists,  and  materials  scientists  have  devoted  considerable  effort  to  deciphering 
these  morphologies  in  the  last  few  decades.  This  paper  is  intended  to  give  a  brief  overview 
of  the  principles  which  underlie  our  current  understanding.  Many  of  the  articles  in  this 
volume  give  an  account  of  the  ongoing  activity  in  this  area.  For  more  comprehensive 
reviews  the  reader  should  consult  [3-6].  These  principles  are  very  general  and  have 
applications  far  beyond  materials  science:  for  example,  in  recent  years  cosmologists  have 
considered  diffusive  instabilities  in  the  quark-hadron  phase  transition  [7]  and  many  workers 
have  discussed  how  to  understand  growth  of  bacterial  colonies  using  the  ideas  we  will 
discuss  here  [8]. 

The  Stefan  problem  and  the  diffusive  growth  instability 

The  fundamental  reason  for  the  complex  shapes  is  that  diffusion-limited  growth 
exhibits  a  growth  instability.  We  will  discuss  here  the  classic  linear  stability  analysis  of  this 
case  given  by  Mullins  and  Sekerka  [9].  First  we  state  the  problem  of  diffusion-limited 
growth  in  continuum  terms;  this  is  known  as  the  Stefan  problem  (see  [3-6]).  To  fix  our 
ideas,  consider  crystallization  from  a  solution.  Atoms  in  solution  with  density  u(r,t) 
diffuse  until  they  reach  the  crystal,  where  they  deposit.  Then  we  have: 
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DV2u  =  9u/9t 
9u/9n  «=  vn. 


(1) 

(2) 


That  is,  u  should  obey  the  diffusion  equation;  D  is  the  diffusion  constant.  The  normal 
growth  velocity  of  the  interface  is  proportional,  on  the  average,  to  the  flux  onto  the 

surface,  9u/9n.  It  is  useful  to  estimate  the  size  of  the  term  9u/9t  by  noting  that  if  there  is  a 
typical  velocity  of  growth,  v,  then  9u/9t~  v9u/9x.  Now: 

iv2ul « (l//)l9u/9xl 

where  £=D/v,  the  diffusion  length,  sets  the  scale  for  the  diffusion  field.  In  practical  cases  t 
is  sometimes  very  much  larger  than  the  other  scales  in  the  problem,  so  that  the  right  hand 
member  of  (1)  can  be  neglected.  In  this  case  Eq.  (1)  reduces  to  the  Laplace  equation, 


V2U  =  0  (1) 

and  we  can  imagine  that  we  are  to  solve  an  electrostatics  problem  and  advance  the  surface 
proportional  to  the  electric  field  at  each  point.  This  is  called  the  quasi-static  regime. 

The  remaining  equation  necessary  to  describe  the  Stefan  problem  is  a  boundary 
condition  on  the  field,  u,  at  the  interface  of  the  growing  object,  and  far  away.  The  latter 
value  gives  the  overall  scale  to  the  problem.The  most  usual  form  adopted  for  the  boundary 
condition  on  the  interface  is: 


Us  —  doK 


(3) 


where  do  is  a  length  related  to  the  surface  tension,  and  k  is  the  curvature  of  the  surface.  In 
fact,  it  is  necessary  have  some  cutoff  such  as  surface  tension  in  the  problem. 

We  ask  then,  a  simple  question:  why  do  Equations  (1-3)  not  simply  describe  a  smooth 
surface  which  advances  in  time?  In  fact,  if  we  start  with  a  flat  surface  it  does  advance  in 
time  (with  v-r1/2)  but  this  solution  is  not  stable.The  calculation  of  the  spectrum  of  the 
instability  is  given  in  the  standard  references  [3-6].  It  is  sufficient  for  our  purposes  to 
reason  qualitatively.  Suppose  we  start  with  a  flat  surface  with  a  small  bump  (see  Figure  3) 
and  thus  small  curvature  everywhere.  Consider  the  electrostatic  interpretation  above.  We 
are  asked  to  find  the  potential,  u,  near  a  grounded  conductor  with  a  bump,  and  then 
advance  the  different  parts  of  the  surface  a  speed  proportional  to  9u/9nls,  the  surface  electric 
field.  Now  the  field  is  largest  near  the  bump,  as  is  known  in  elementary  electrostatics:  this 
is  the  principle  of  the  lightning  rod.  Thus  the  bump  develops  in  time  faster  than  the  rest  of 
the  surface  and  get  even  sharper.  In  order  to  stabilize  the  growth  other  effects  such  as 
surface  tension  in  fluid  flow  or  crystal  growth  are  necessary.  And,  clearly,  these  effects 
cannot  stabilize  large-scale  instabilities.  On  some  scale  the  surface  must  deform. 

It  is  now  known  through  the  work  of  many  groups  [4,  5]  that  these  equations  in 
themselves  cannot  give  rise  to  an  ordered  dendrite  because  each  tip  undergoes  tipsplitting : 
many  tipsplittings  are  visible  in  Fig.  1.  In  fact,  the  surface  tension,  and  thus  the  parameter 
d0,  must  be  taken  to  be  a  function  of  the  angle  between  the  surface  and,  say,  crystal  axes  in 
order  to  stabilize  a  tip.  With  anisotropy  snowflake  patterns  resembling  the  tip  of  each 
branch  of  Figure  2  are  the  solutions  to  Equations  (1)  -  (3).  We  will  discuss  this  in  more 
detail  in  the  next  section. 

In  the  non-linear  regime  the  instabilities  and  tipsplittings  proliferate  and  mix.  The  result 
is  usually  fractal  growth,  at  least  in  the  quasi-static  regime.  This  is  considered  in  more  detail 
in  the  third  section. 
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Figure  3.  The  Mullins-Sekerka  instability.  In  the  left  hand  picture  equipotential  lines  are 
shown.  Since  they  are  crowded  above  the  bump,  it  gets  sharper. 

DENDRITIC  GROWTH 

The  most  commonly  quoted  experimental  studies  of  orderly  dendritic  growth  are  those 
of  the  group  of  Glicksman  [10]  for  thermal  crystallization.  In  such  growth  each  dendritic  tip 
(e.g.  the  tips  of  the  branches  in  Fig.  2)  is  approximately  parabolic  and  translates  in  time 
with  constant  shape.  Behind  the  tip  the  crystal  sheds  sidebranches.  Many  groups  in  the 
1980’s  worked  on  understanding  the  shape  of  the  tip  and  how  it  arises  [3-5].  I  will  give 
here  a  brief  overview  of  the  current  state  of  the  problem. 

We  have  seen  that  there  is  no  stable  plane  solution  of  Equations  (1-3).  However,  the 
experimental  observations  indicate  that  there  is  a  non-trivial  solution  to  the  problem  which 
is  stable  in  a  moving  frame.  In  order  to  see  this  more  clearly  we  can  transcribe  Eq.  (1)  into 
a  reference  frame  moving  with  velocity,  v  in  direction  z: 

V2U  +  (l/#u/9z=  0u/0t  =0.  (4) 

Here,  the  last  equality  is  the  assumption  of  a  fixed  translating  shape. 

Now  it  is  clearly  reasonable  to  try  to  separate  Equation  4  in  parabolic  coordinates.  This 
was  done  by  Ivantsov  [11]  who  showed  that  a  parabolic  shape  was  a  solution  of  Eq.  (2) 
(3),  (4)  provided  d0  in  Eq.  (3)  is  taken  to  be  0,  that  is,  in  the  absence  of  surface  tension. 
Since  surface  tension  is,  in  some  sense,  a  small  perturbation  on  the  problem,  this  seems  a 
reasonable  first  step.  The  Ivantsov  solution  obeys  a  scaling  law: 

p/C=  pv/D=  f(A)  ~  A2  (5) 

where  p  is  the  radius  of  curvature  of  the  parabolic  tip,  and  A  the  undercooling,  i.e.  the 
difference  between  the  melting  temperature  and  the  temperature  far  from  the  crystal.  The 
last  result  is  for  small  A  and  two  dimensions.  This  law  is  reasonably  well  satisfied  for  real 
growing  crystals. 

However,  crystals  grow  with  a  fixed  v  and  p,  whereas  Eq.  (5)  only  determines  their 
product.  Another  scaling  law  originated  in  work  by  Langer  [5];  for  a  simple  argument,  see 
the  article  by  Pomeau  and  Ben-Amar  in  [3].  It  takes  the  surface  tension  into  account  in  an 
approximate  way,  and  shows  that: 

p2v  =  constant  =  2Ddo/a*  (6) 

The  constant,  a*,  is  expected  to  be  of  order  unity,  but  in  experiments  it  turns  out  to  be  quite 
small,  of  order  0.02.  The  origin  of  this  small  number  is  the  subject  of  much  work.  In  the 
view  of  this  author,  the  most  convincing  candidate  theory  for  explaining  the  solution  to  this 


velocity  selection  problem  is  the  microscopic  solvability  theory  expounded  in  [3-5]  which 
depends  on  crystalline  anisotropy,  as  alluded  to  above. 

On  the  experimental  side,  precise  verifications  of  the  scaling  laws  have  been  elusive, 
though  there  is  no  doubt  that  they  are  qualitatively  correct.  One  reason  for  this  is  that 
thermal  crystallization  experiments  are  not  purely  diffusion-limited:  thermal  convection  is 
inevitable.  Glicksman,  Koss,  and  Winsa  [12,  and  also  this  conference]  have  performed  a 
remarkable  experiment  in  microgravity  (in  a  space  shuttle)  which  eliminates  some  of  these 
effects.  Analysis  of  this  very  recent  data  should  settle  many  of  the  remaining  problems  with 
the  theory. 

FRACTAL  GROWTH  AND  DLA 

In  the  absence  of  anisotropy,  and  in  the  quasi-static  regime,  nothing  controls  the 
proliferation  of  tipsplittings,  and,  probably  no  steady  state  is  possible.  Instead  a  dynamic 
scaling  structure  arises  which  is  very  close  to  being  a  self-similar  fractal.  Many 
experimental  patterns  (e.g.  Fig.  1)  have  this  property:  the  pattern  in  Fig.  1  has  a  fractal 
dimension  of  approximately  1.7  [1].  ,  _ 

The  best-known  examples  such  fractal  patterns  in  diffusion-limited  growth  come  from 
the  body  of  numerical  evidence  surrounding  the  diffusion-limited  aggregation  (DLA)  model 
of  Witten  and  Sander  [6, 13-14].  In  this  very  simple  computer  model,  we  launch  a  random 
walker  and  allow  it  to  wander  until  it  attaches  to  a  growing  cluster.  Then  we  launch  another 
walker,  and  so  on.  DLA  is  a  noisy  version  of  the  Stefan  model.  Eq.  (1)  governs  the 
probability  density  for  finding  a  walker,  and  for  the  slow  growth  of  the  computer 
simulations  we  should  use  Eq.  (1').  The  finite  size  of  the  walkers  sewes  as  a  cutoff  (albeit 
not  of  the  form  of  surface  tension).  However,  instead  of  equation  (2),  we  have  the 
condition  that  the  probability  of  growth  of  a  point  is  given  by  9u/9n.  The  patterns  seem  to 
be  self-similar  fractals  with  fractal  dimension  of  1.7  in  two  dimensions  and  strongly 
resemble  Figure  1:  see  Figure  4.  This  is  a  rather  small  cluster  with  about  2000  particles. 

After  more  than  a  decade  of  work  on  the  DLA  model ,  we  are  still  far  from  a  complete 
understanding  of  this  kind  of  fractal  growth.  The  model  is  surprisingly  difficult  to  deal 
with.  The  remaining  questions  about  the  model  are  of  two  types:  (1)  Are  the  observed 
numerically  generated  patterns  really  self-similar  fractals?  (2)  Can  we  understand  how  the 
model  gives  fractals  (without  doing  simulations)? 

Numerical  studies  of  DLA 

Though  it  is  clear  that  the  pattern  of  Figure  (4)  and  larger  ones  of  the  same  type  are 
approximately  self-similar,  it  is  far  from  clear  whether  there  are  deviations  from  this  simple 
behavior.  For  example,  Mandelbrot  and  collaborators  [15]  have  discovered  a  remarkable 
fact  about  very  large  two-dimensional  DLA  clusters  by  doing  simulations  up  to  40,000,000 
particles.  They  rescale  and  then  coarse-grain  images  of  the  clusters  (by  surrounding  every 
cluster  point  by  a  finite  neighborhood)  and  find  that  the  larger  clusters  seem  to  fill  space.  If 
this  is  correct  DLA  clusters  are  not  self-similar.  In  some  sense  the  number  of  major 
branches  grows  with  mass,  and  the  cluster  becomes  more  finely  divided.  This  may  be  a 
cross-over  effect,  but  if  it  is  asymptotically  true,  it  is  a  severe  challenge  for  theory. 

There  is  a  very  long-standing  question  of  just  how  homogeneous  DLA  clusters  are. 
For  example,  some  authors  [16]  claim  that  DLA  is  self-affine,  and  not  self- similar.  Hegger 
and  Grassberger  [17]  have  returned  to  this  problem  recently  and  find  evidence  that  the 
previous  results  came  from  a  slow  crossover,  and  that  very  large  clusters  are  locally  self¬ 
similar.  This  result  is  still  controversial.  What  is  clear  from  these  two  examples,  and  many 
others  in  the  literature  is  that  the  DLA  model  exhibits  a  variety  of  subtle  crossover  effects, 
and  is  not  as  simple  as  we  originally  thought. 
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Figure  4.  A  small  DLA  cluster 

Theory  of  DLA 

After  more  a  decade  of  frustration  in  formulating  a  theory  for  DLA,  several  groups 
now  seem  to  have  made  substantial  progress  [18-20].  In  my  opinion,  the  most  promising 
avenue  is  that  of  Halsey  and  co-workers  [18,  and  also  this  conference]  who  focus  on  the 
tip-splitting  event  as  the  fundamental  building  block  of  a  theory.  Based  on  this,  Halsey 
gives  a  renormalization  treatment  of  branching  processes  which  gives  many  of  the  observed 
features  of  DLA  clusters,  and  which  could  answer  some  of  the  long-standing  questions  in 
the  field. 

EXPERIMENTAL  MANIFESTATIONS  OF  FRACTAL  GROWTH 

DLA-like  patterns  occur  quite  commonly  in  nature  [3,  6,  14].  When  do  we  expect  to 
see  such  behavior?  We  believe  that  the  following  qualitative  picture  is  consistent  the 
present  evidence.  First,  we  must  be  in  a  situation  with  diffusion  length  long  compared  to 
the  size  of  the  deposit.  Also,  since  some  kind  of  anisotropy  is  necessary  to  stabilize 
diffusive  growth  into  a  steady-state  pattern,  and  suppress  tip-splitting,  anisotropy  must 
either  be  absent,  or  too  small  to  overcome  the  averaging  effects  of  extrinsic  noise  present  in 
the  experiment.  If  that  is  the  case  tipsplittings  proliferate  and  produce  fractals.  For 
example,  suppose  the  crystal  is  polycrystalline,  with  no  long-range  correlation  for  the 
crystalline  axes.  This  is  the  case  [1]  of  the  deposit  of  Figure  1:  it  is  the  formation  of  a 
polycrystalline  deposit  of  GeSe2  when  an  amorphous  film  rapidly  crystallizes.  In  this  case 

we  observe  well-defined  DLA-like  growths  with  fractal  dimension  «  1.67. 


Electrochemical  deposition 

Electrochemical  deposition  of  metals  is  a  special  case  of  crystallization  which  has  been 
studied  in  detail  in  recent  years  in  the  context  of  DLA.  Suppose  we  consider  an  experiment 
in  which  metal  is  deposited  on  a  cathode  from  an  electrolytic  solution,  and  the  motion  of  the 
ions  in  solution  is  limited  by  diffusion.  In  this  case  we  are  dealing  with  an  almost  literal 
realization  of  the  DLA  model  provided  the  electric  field  in  the  solution  is  not  important  for 
the  motion  of  the  ions  over  most  of  the  bulk.  This  is  the  case  in  the  experiments  of  Brady 
and  Ball  [21]  who  considered  the  electrodeposition  of  copper  from  CuS04  and  found 
fractal  deposits. 

In  another  set  of  experiments  using  flat  electrochemical  cells  [22-25]  the  driving  force 
for  the  motion  of  the  ions  is  the  electric  field.  The  ions  follow  field  lines  on  large  scales. 
We  can  reinterpret  u  to  be  the  electrostatic  potential  which  obeys  the  Laplace  equation  for  a 
conductor  taken  to  be  an  equipotential  and  note  that  the  deposit  grows  when  on  ohmic 
current  arrives  at  the  surface.  Thus  we  seem  to  be  back  in  the  same  situation  as  before,  and 
in  some  cases  DLA-like  deposits  were  observed.  However,  this  experiment  is  very 
complicated  and  there  are  many  parasitic  effects  which  complicate  the  interpretation.  For 
example,  the  dendritic  deposit  of  Fig.  2  was  grown  in  the  same  cells  under  slightly  different 
conditions.  However,  in  recent  years  two  French  groups  [26,  27,  and  also  this  conference] 
have  done  very  careful  work  on  this  problem  and  seem  to  have  sorted  out  many  of  the 
remaining  difficulties. 

Island  growth  and  diffusive  instabilities  in  MBE  experiments 


In  a  deposition  experiment  to  a  grow  a  thin  film  nucleation  and  island  growth  are  the 
first  step  toward  formation  of  a  new  layer.  For  low  enough  temperatures  (for  which  the 
limiting  step  in  island  growth  is  adatom  diffusion)  islands  form  with  the  characteristic 
fractal  morphology  —  indeed  this  is  one  of  the  most  beautiful  examples  of  DLA  in  nature 
[28].  Rapid  kink  diffusion  along  the  edge  of  the  island  serves  as  a  smoothing  process,  as  in 
any  diffusive  instability  [6].  For  larger  coverages,  and  even  for  multilayer  step  flow  growth 
Bales  and  Zangwill  showed  [29]  that  the  diffusive  instability  of  step  edges  persists 
provided  the  growth  of  a  terrace  is  fed  from  only  the  bottom:  this  would  occur  in  the 
presence  of  step  edge  barriers  of  the  Ehrlich-Schwoebel  type  [30, 31].  Several  groups  have 
worked  out  the  kinetics  of  the  island  size  distribution  [32-35,  and  this  conference]  in  the 
subsequent  development  using  these  ingredients.  The  theories  assume  a  given  critical 
nucleus  size  for  forming  an  island  and  then,  with  more  or  less  detail,  random  diffusion  and 
attachment,  and  are  reasonably  successful  in  describing  the  phenomenon. 

Our  group  at  Michigan  has  been  interested  in  a  novel  effect  in  MBE  growth  [36-38] 
which  is  caused  by  a  diffusive  instability  of  a  completely  different  type  from  the  one  we 
have  considered  so  far.  This  is  a  mounding  instability  and  it  arises  from  the  same  physical 
effect  as  the  step-edge  instability  discussed  in  the  previous  paragraph,  namely  the  Ehrlich- 
Schwoebel  barrier.  We  find  in  this  case  that  a  singular  surface  (i.e.,  a  low  index  crystal 
face)  is  unstable ,  but  that  a  vicinal  surface  with  a  miscut  above  a  certain  value  is  stable 
except  for  very  small  statistical  roughening,  and  that  the  two  cases  are  distinguished  by  a 
critical  slope  which  depends  on  the  growth  conditions.  In  the  unstable  case  the  surface 
develops  mounds  which  we  identified  experimentally  and  which  occur  in  several  different 
systems  [39]. 

The  physical  reason  for  this  is  easy  to  understand  in  the  limit  of  large  barrier.  When  an 
atom  lands  on  a  terrace,  it  can  only  diffuse  to  attach  to  a  step  on  the  same  level.  This  gives 
the  in-plane  diffusive  instability  for  oncoming  steps,  but  it  also  means  that  nucleation  is 
favored  on  the  tops  of  existing  islands,  and  mounds  form. 


SUMMARY 

This  brief  overview  of  the  diffusive  instability  is  not  intended  to  be  a  comprehensive 
review.  Rather  it  is  a  personal  view  of  a  very  large  and  exciting  area  and  an  introduction  to 
some  of  the  work  that  is  included  in  this  conference.  I  hope  that,  as  such,  it  will  be  useful 
to  readers. 

This  work  was  supported  by  NSF  grant  DMR  94-20335. 
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ABSTRACT 

Dendritic  growth  is  the  most  ubiquitous  form  of  crystal  growth  encountered  when  metals 
and  alloys  solidify  under  low  thermal  gradients.  The  growth  of  thermal  dendrites  in  pure  melts  is 
generally  acknowledged  to  be  controlled  by  the  diffusive  transport  of  latent  heat  from  the  moving 
crystal-melt  interface  into  its  supercooled  melt.  However,  this  formulation  is  incomplete,  and  the 
physics  of  an  additional  selection  rule,  coupled  to  the  transport  solution,  is  necessary  to  predict 
uniquely  the  dendrite  tip  velocity  and  radius  of  curvature  as  a  function  of  the  supercooling. 
Unfortunately,  experimental  confirmation  or  evidence  is  ambiguous,  because  dendritic  growth  can 
be  severely  complicated  by  buoyancy  induced  convection.  Recent  experiments  performed  in  the 
microgravity  environment  of  the  space  shuttle  Columbia  (STS-62)  quantitatively  show  that 
convection  alters  tip  velocities  and  radii  of  curvature  of  succinonitrile  (SON)  dendrites.  In  addition, 
these  data  can  be  used  to  evaluate  how  well  the  Ivantsov  diffusion  solution,  coupled  to  a  scaling 
constant,  matches  the  dendritic  growth  data  under  microgravity  conditions. 


INTRODUCTION 

The  growth  of  dendrites  is  the  ubiquitous  mode  of  solidification  encountered  when  metals 
and  alloys  solidify  under  low  thermal  gradients,  as  in  most  casting  and  welding  processes. 
Furthermore,  in  engineering  materials,  the  details  of  the  dendritic  morphology  is  directly  related  to 
various  material  responses,  such  as  hot  cracking,  toughness,  and  corrosion.  Although,  the  effects 
of  the  initial  dendritic  micro  structure  can  be  modified  by  subsequent  heat  treatments,  the  final 
material  properties  are  generally  dependent  on  the  details  of  the  original  dendritic  microstructure. 
Dendritic  growth  is  also  of  interest  as  an  archetype  problem  in  morphogenesis  where  a  complex 
pattern  evolves  from  simple  starting  conditions,  such  as  in  a  structureless  liquid.  Thus  both  the 
physical  understanding  and  mathematical  description  (particularly  of  the  dendrite's  tip  velocity,  V, 
and  radius  of  curvature,  R,  as  a  function  of  the  supercooling,  A  7)  of  how  dendritic  patterns  emerge 
during  the  growth  process  are  of  fundamental  interest  to  both  scientists  and  engineers. 

A  number  of  theories  of  dendritic  crystal  growth,  based  on  various  transport  mechanisms, 
physical  assumptions,  and  mathematical  approximations,  have  been  developed  over  the  last  forty 
years  (see  the  review  by  one  of  the  authors  [1]).  Concurrently,  a  great  deal  of  experimental  work 
growing,  photographing,  and  measuring  dendrites  has  been  performed.  Succinonitrile  (SCN:  the 
chemical  formula  for  which  is  NC-(CH2)2-CN)  because  of  its  conveniently  low  melting  temperature, 
optical  transparency,  and  well-characterized  thermophysical  properties  [2,3]  has  been  used  as  a 
model  dendritic  growth  system  in  many  of  these  experiments. 
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Unfortunately,  as  Glicksman  and  Huang  showed  [4],  gravity  induced  convection  dominates 
dendritic  growth  in  the  lower  supercooling  range,  which  confounds  the  analysis  based  on  diffusive 
heat  transfer.  There  has  been  some  analysis  estimating  the  effects  of  natural  or  forced  convection 
on  dendritic  growth  [5-7],  but  such  analysis  is  coupled  to  yet  unproven  elements  of  dendritic  growth 
theory,  and,  consequently  can  not  provide  an  independent  test  of  theory.  In  the  higher  supercooling 
range  the  morphological  structure  becomes  too  small,  and  grows  too  fast,  which  makes  accurate 
experimental  calculation  unfeasible  at  this  time. 

To  date,  the  large  body  of  experimental  evidence  gathered  on  SCN  and  other  suitable  test 
materials,  neither  serves  to  confirm  or  deny  dendritic  growth  theories.  The  experimental  situation, 
simply  stated,  was  that  there  appeared  to  be  too  narrow  a  range  of  supercoolings  in  any  crystal-melt 
system  thus  far  studied  terrestrially  that  remains  both  free  of  convection  effects,  and  permits  the 
accurate  determination  of  the  dendrite  tip  radius  of  curvature. 

Thus,  a  low-gravity  dendritic  growth  experiment  was  proposed  to  measure  definitively  the 
kinetics  and  morphology  of  dendritic  growth,  and  to  measure  the  effects  of  natural  convection  on 
dendritic  growth.  Such  a  test  requires  that  a  single,  clearly  defined  experimental  parameter,  viz., 
the  supercooling,  fully  determine  the  resulting  steady-state  dendritic  growth  velocity,  V,  and  tip  size, 
R.  NASA’s  Microgravity  Science  and  Application  Division  supported  the  development  of  a  critical 
microgravity  space  flight  experiment  to  evaluate  dendritic  growth  theories  [8-10],  Designated  the 
Isothermal  Dendritic  Growth  Experiment  (IDGE),  the  first  flight,  manifested  on  the  United  States 
Microgravity  Payload-2  (USMP-2)  mission,  was  launched  and  operated  on  the  Space 
Transportation  System-62  (STS-62)  on  March  4  -  14,  1994.  The  IDGE  enabled  the  acquisition  of 
accurate  dendritic  growth  speed  and  morphology  data  under  diffusion-controlled  conditions,  while 
greatly  reducing  buoyancy-induced  convective  heat  transport  through  the  reduction  of  gravity[l  1]. 

In  this  paper  we  briefly  outline  theories  of  dendritic  crystal  growth  based  on  heat  diffusion 
for  the  purpose  of  highlighting  the  still  open  questions  of  what  constitutes  the  operating  dynamical 
state  that  controls  the  scaling  laws  among  growth  speed,  microstructural  lengthscales,  and 
supercooling.  Following  that  we  will  describe  the  chief  operating  features  and  data  reduction 
capabilities  of  the  IDGE.  We  will  conclude  with  a  discussion  of  the  up-to-date  results  from  the  first 
flight  of  the  IDGE. 


BACKGROUND  ON  DENDRITIC  GROWTH 

The  growth  of  dendrites  in  pure  melts  is  generally  acknowledged  to  be  fundamentally  rate 
controlled  by  the  transport  of  latent  heat  from  the  moving  crystal-melt  interface  as  it  advances  into 
its  supercooled  melt.  At  the  resolution  of  dendritic  growth  experiments,  this  growth  is  continuous. 
A  mathematical  solution  to  the  dendritic  heat  diffusion  problem  was  first  analyzed  by  Ivantsov  [12], 
who  modeled  the  dendrite  as  a  paraboloidal  body  of  revolution,  growing  at  a  constant  velocity,  V. 
The  resultant  thermal  diffusion  field  can  be  expressed  mathematically  and  exactly  in  paraboloidal 
coordinates  moving  with  the  dendritic  tip. 


AB  =  Pe  ep<!Ei(Pe)  =  Iv(Pe). 


(1) 


In  this  formulation,  Iv(Pe)  is  identified  as  the  Ivantsov  function,  where 
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(2) 


is  the  non-dimensional  scaled  supercooling,  Pe  is  the  growth  P6clet  number, 


Pe  ■  —  =  Iv  'Cie), 
2a 


and  Ei(Pe)  is  the  first  exponential  integral  function.  In  these  equations,  AT  is  the  applied 
supercooling,  /  is  the  molar  latent  heat,  cp  is  the  constant  pressure  molar  specific  heat,  V  is  the 
dendrite  tip  velocity,  R  is  the  dendrite  tip  paraboloidal  radius  of  curvature,  a  is  the  thermal 
diffusivity  of  the  melt  phase,  and  Iv  ^(AG)  is  a  formal  representation  of  the  inverse  of  the  Ivantsov 
function,  which  can  not  be  expressed  in  terms  of  known  functions. 

This  diffusion  solution  is,  however,  incomplete,  insofar  as  it  specifies  the  tip  growth  Peclet 
number,  VR/2a,  as  a  function  of  the  supercooling,  and  not  the  explicit  dynamic  operating  state,  V, 
and  R ,  explicitly.  The  Peclet  number  obtained  from  the  Ivantsov  solution  for  each  specified 
supercooling,  yields  instead  an  infinite  manifold  of  V,  and  R,  ordered  pairs  (V,R),  that  satisfy  the 
diffusion  solution  at  that  particular  value  of  AT.  The  driving  force  alone  does  not  completely 
describe  the  operating  state.  However,  experimentally,  one  finds  that  unique,  steady,  operating 
states  (Vexp,  Rexp)  are  observed  at  any  specified  supercooling,  AT.  Considerable  theoretical  efforts 
within  the  physics  community  have  been  directed  to  answering  the  question  as  to  whether  and  under 
what  conditions  a  second  equation  or  length  scale  exists,  which,  when  combined  with  the  Ivantsov 
diffusion  solution,  selects  the  unique  (i.e.,  observed)  dynamic  operating  state  [1,13-16], 

This  effort  has  in  a  large  part  been  shaped  by  the  observations  that  for  several  materials 
undergoing  unconstrained  dendritic  growth,  VR2,  is  constant  or  very  weakly  varying  as  a  function 
of  the  supercooling.  Two  of  the  candidates  for  the  additional  crystal  growth  physics  that  provide 
the  second  crucial  equation  are  the  solid-melt  interfacial  energy,  the  temperature  fluctuations  in  the 
melt,  or  both.  Furthermore,  the  scaling  equation  derived  from  these  additional  physical 
considerations  may  be  based  on  several  different  dynamical  considerations,  such  as  morphological 
stability,  microscopic  solvability,  shape  anisotropy,  noise  amplification,  trapped  waves,  etc. 
Although  the  underlying  mechanisms,  or  even  the  physics,  for  these  "theories  of  the  second  length 
scale"  might  in  fact  be  quite  different,  their  results  are  often  encapsulated  with  a  scaling  constant 


Here,  a*  is  usually  referred  to  as  the  stability,  selection,  or  scaling  constant,  and  dQ  is  the  capillary 
lengthscale,  a  material  parameter  defined  as, 
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where  Tm  is  the  equilibrium  temperature  of  the  crystal-melt  interface  energy.  Solving  eqn.  3  and 
4  for  V  and  R  yields, 
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and, 

dn 

R  = - - - , 

a-lv\AT) 


(7) 


where  now,  V  and  R  are  unique  and  independent  functions  of  the  supercooling. 


IDGE  FLIGHT  APPARATUS  AND  PROCEDURES 

The  techniques  for  accomplishing  simultaneous  kinetic  and  morphological  measurements 
for  SCN  dendrites  are  well  established  [2,3].  However,  the  constraints  of  an  autonomous,  or  tele- 
operational,  microgravity  experiment  require  extensive  modifications  of  established  ground-based 
laboratory  techniques  [9,10,17],  This  is  most  evident  in  the  design  and  construction  of  the  flight 
growth  chamber,  which  is  physically  and  metaphorically  central  to  the  operation  of  the  IDGE 
apparatus. 


Growth  Chamber 


In  order  to  withstand  the  5  g0  launch  acceleration,  and  the  other  rigors  of  space  flight,  a 
delicate  all  glass  laboratory  growth  chamber  was  replaced  with  a  more  rugged  combination  of  glass 
and  metal.  The  flight  chamber  provides  an  unobstructed  view  of  the  growing  dendrites  through  four 
windows,  set  perpendicularly,  which  allow  for  stereographic  correction.  This  type  of  chamber 
requires  that  the  dendrites  grow  within  the  field  of  view  of  the  windows.  This  requirement  is 
accomplished  by  providing  a  thin  capillary  injector  tube,  called  the  stinger.  Dendritic  growth  is 
initiated  by  energizing  thermoelectric  coolers  attached  to  one  end  of  the  stinger.  The  other  end  of 
the  stinger,  where  the  dendrite  emerges  in  the  center  of  the  chamber,  is  notched,  much  like  the  tip 
of  a  fountain  pen  This  helps  isolate  the  leading  dendrite  and  reduces  the  time  needed  until  the 
leading  dendrite  is  isothermal  and  has  achieved  steady  state. 

Two  stable  thermistors  (the  second  thermistor  is  redundant)  monitor  the  temperature  inside 
the  chamber.  The  phase  change  volume  expansion  and  the  thermal  expansion  of  the  melt  are 
compensated  by  a  stainless  steel  bellows  which  prevents  stray  vapor  cavities  from  forming  and 
overpressuring  the  growth  chamber.  The  growth  chamber  is  sealed  under  vacuum,  and  the  external 
pressure  is  transmitted  through  the  bellows  from  the  thermostatic  bath  is  sufficient  to  prevent  any 
free  surface  formation  due  to  cavitation.  The  attachment  of  all  components,  joints  and  seals  used 
in  the  growth  chamber  that  come  in  contact  with  SCN,  employs  autogenous  electron  beam  welds. 
This  joining  method  preserves  the  purity  of  the  SCN  from  contamination  by  avoiding  the 
introduction  of  any  solder,  fluxes,  elastomers,  or  other  alloying  components  that  could  contaminate 
the  SCN  [17], 

The  growth  chamber  is  mounted  inside  a  temperature  controlled  tank  or  thermostat  inside 
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an  Experiment  Apparatus  Container  (EAC).  Also  inside  the  EAC  is,  the  modified  shadowgraphic 
optic  and  photographic  system,  the  dendrite  growth  detection  system  utilizing  optic  ram  chips,  and 
the  control  electronics.  The  inner  pressurized  vessel  of  the  EAC  is  controlled  in  an  atmosphere  of 
moist  nitrogen  at  15  psia  and  25  C.  The  temperature  control  tank  is  filled  with  a  mixture  of 
ethylene  glycol  and  water  in  a  proportion  such  that  its  index  of  refraction  matches  that  of  molten 
SCN.  Index  matching  enhances  the  capability  of  the  optic  system.  Two  heaters  (one  redundant) 
and  a  rotating  propeller  permit  temperature  control  to  the  desired  level  (within  2  mK  of  the  set 
point)  both  temporally  and  spatially.  All  control,  including  data  acquisition  is  performed  by  on¬ 
board  computers. 


Flight  Experiment  Procedure 

The  IDGE  flight  experiment  was  divided  into  60  operational  cycles.  The  first  cycle,  the 
warm  up  cycle,  consists  of  bringing  the  system  up  to  the  operational  temperature  where  all  system 
components  are  checked  and  initialized.  Also,  the  purity  of  the  SCN  test  specimen  was  confirmed 
by  examining  the  flatness  of  the  melting  plateau.  The  second  cycle  measured  the  liquidus 
temperature  of  the  SCN  as  a  calibration  point  from  which  all  subsequent  supercoolings  are 
measured.  The  remaining  cycles  were  dendritic  growth  cycles  where  dendrites  are  grown  and 
photographed  at  varying  supercoolings. 

For  each  dendritic  growth  cycle,  the  thermostatic  bath  is  heated  to  over  3  K  above  the  SCN 
melting  temperature.  The  bath  is  maintained  at  this  elevated  temperature  until  the  SCN  inside  the 
chamber  reaches,  and  becomes  stable,  at  this  temperature.  This  insures  that  all  the  SCN  in  the 
chamber  is  melted.  The  bath  temperature  is  then  reduced  to  the  temperature  that  will  produce  the 
desired  supercooling  in  the  SCN.  After  the  SCN  has  cooled  and  stabilized  at  the  prescribed 
supercooling,  thermoelectric  coolers  initiate  solidification  at  the  capped  end  of  the  stinger.  The 
solidifying  SCN  grows  down  the  inside  wall  of  the  stinger  until  it  emerges  from  the  stinger  in  the 
center  of  the  growth  chamber,  which  is  still  spatially  uniform  at  the  prescribed  supercooling. 


Velocity  and  Radius  Measurements 

Typically,  the  dendrite  undergoes  a  short  transient  growth  phase  until  it  achieves  a  steady- 
state  growth  velocity,  which  is  maintained  until  the  dendrite  starts  to  interact  with  the  growth 
chamber  walls.  When  the  dendrite  is  auto-detected  as  it  emerges  from  the  stinger,  the  35mm 
photographic  timing  sequence,  and  the  SSTV  image  capture  and  transmission  sequence,  start 
concurrently.  For  each  image,  35mm  photonegative  or  SSTV  image,  the  position  of  the  dendrite 
tip,  and  the  associated  time  is  recorded.  We  calculate  the  dendritic  velocity  by  calculating  the  slope 
of  the  displacement-time  curve  from  the  steady-state  regime  of  the  growth  cycle.  The  velocity  is 
then  adjusted  by  stereographic  and  magnification  factors.  This  yields  velocity  measurements 
accurate  to  better  than  2%. 

The  overall  experimental  task  of  measuring  the  size  and  shape  of  steady-state  dendritic 
crystals  tips  is  not  a  trivial  one.  This  is  evidenced  by  noting  that  the  typical  experimental  uncertainty 
encountered  in  laboratory-based  tip  radii  measurements  is  typically  +/-  10%.  The  details  of  our 
methods  are  described  elsewhere  [18,19],  In  summary,  we  digitize  the  image,  locate  the  solid-liquid 
interface,  which  is  reduced  to  a  list  of  ordered  pairs  that  define  the  dendrite  edge.  We  then  regress 
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the  data  describing  the  dendrite  edge  profile  to  an  equation  for  the  model  of  a  dendrite,  from  which 
it  is  straightforward  to  calculate  the  radius  of  curvature  at  the  tip.  We  believe  that  our  tip  radii  data 
are  accurate  to  within  5%  at  supercoolings  up  to  1.0  K. 


EXPERIMENTAL  RESULTS  AND  DISCUSSION 

The  Isothermal  Dendritic  Growth  Experiment  (EDGE),  as  one  of  four  experiments 
comprising  the  second  United  States  Microgravity  Payload  Mission  (USMP-2),  was  launched  on 
March  4,  1994,  to  a  low-Earth  circular  orbit  of  approximately  163  nautical  miles  in  the  payload  bay 
of  the  space  shuttle  Columbia  (STS-62).  The  IDGE,  operated  for  over  9  days  at  an  ambient  quasi¬ 
static  acceleration  environment  of  approximately  0.7  pg0. 


0.1  i 


Supercooling  (K) 

Figure  1.  Steady-state  dendrite  tip  velocity 
versus  supercooling  in  both  terrestrial  and 
microgravity  conditions. 


Fig.  1  contains  a  plot  of  three  sets  of 
dendritic  growth  data:  1)  IDGE  velocities 
measured  terrestrially  with  the  flight 
instrument,  using  the  same  SCN  sample  that 
was  flown;  2)  the  terrestrial  data  set  of 
Huang/Glicksman  [3];  and  3)  the  on-orbit 
velocity  data  from  USMP-2.  In  addition,  we 
show  as  the  dashed  curve,  a  theoretical 
velocity  calculation  generated  from  eqn.  6, 
using  the  scaling  constant  a*=0.0195,  which 
happens  to  be  the  experimentally  determined 
value  of  the  scaling  law  at  large  supercoolings 
in  both  microgravity  and  terrestrial  gravity. 
We  show  as  the  dotted  curve,  a  theoretical 
velocity  calculation,  also  generated  from  eqn. 
6,  this  time  using  the  scaling  constant  as  an 
adjustable  parameter,  ctv,  to  fit  the 
microgravity  velocity  measurements  over  the 
upper  range  of  these  experiments  where 
diffusion-limited  growth  seems  justified. 

The  two  ground-based  data  sets  are  in 
close  agreement  over  the  entire  supercooling 
range.  Thus,  the  differences  between  these 
two  data  sets,  arising  from  different  chamber 
size  and  shape,  different  SCN  specimen,  and 
different  eulerian  angles  of  the  [100]  growth 
direction  with  respect  to  gravity  (restricted 
here  to  within  45  degrees  of  the  stinger  axis), 
have  little  effect  on  the  velocity  data.  In 
addition,  fig.  I  shows  dramatic  differences, 
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particularly  at  the  lower  supercoolings, 
between  terrestrial  and  microgravity 
conditions.  At  about  1.7  K  there 
appears  to  be  a  small  reduction  in  the 
growth  velocity  under  microgravity 
conditions  as  compared  to  terrestrial 
conditions.  This  reduction  in  velocity 
is  clear  at  1.3  K,  where  the  velocity 
measured  in  microgravity  is 
approximately  30%  lower  than  the 
terrestrial  data.  Clearly,  these  particular 
results  show  that  there  are  substantial 
convective  effects,  at  1  g0,  even  at  the 
higher  supercoolings. 

One  can  also  see,  in  fig.  1,  that 
using  one  adjustable  parameter,  av,  with 
the  Ivantsov  diffusion  solution,  can  not 
fit  the  microgravity  velocity 
measurements  over  the  entire  range  of 
supercooling.  We  believe  that  at 
curvature  versus  supercooling  in  both  terrestrial  and  supercoolings  of  approximately  0.47  K 
microgravity  conditions.  and  below,  the  quasi-static  residual 

microgravity  level  of  approximately  0.7 
|ig0  has  a  significant,  and  eventually  dominant,  effect  on  dendritic  growth.  Thus,  even  in 
microgravity,  at  sufficiently  low  supercoolings,  convection  effects  substantially  alter  the  growth 
velocity  from  what  is  expected  by  heat  diffusion  alone. 

The  velocity  calculations  with  av  are  in  excellent  agreement  with  the  microgravity  data  over 
range  of  supercoolings  from  0.47K  to  1.7  K.  Thus,  these  velocity  data  show  that  this  supercooling 
range  is  where  one  must  test  dendritic  growth  theories  describing  diffusion  limited  heat  flow  as  the 
driving  force  of  solidification.  In  this  supercooling  range,  however,  a  15%  difference  between  a* 
and  gv  clearly  demonstrates  that  the  Ivantsov  function  combined  with  a  scaling  rule,  is  not  correct. 

Fig.  2  also  contains  a  plot  of  three  sets  of  dendritic  growth  data:  1)  IDGE  radii  measured 
terrestrially  with  the  flight  instrument,  using  the  same  SCN  sample  that  was  flown;  2)  the  terrestrial 
data  set  of  Huang/Glicksman;  and  3)  the  on-orbit  radii  data  from  USMP-2.  Similar  to  the  discussion 
in  fig.  1,  we  show  as  the  dashed  curve,  a  theoretical  radii  calculation  generated  from  the  eqn.  7, 
using  the  scaling  constant  a*=0.0195,  and  a  dotted  curve,  the  theoretical  velocity  calculation  with 
gr  as  the  adjustable  scaling  constant  fit  to  the  microgravity  radii  measurements  over  the 
supercooling  range  from  0.47  K  to  1.57  K.  The  discussion  of  the  radii  results  parallels  that  of  the 
velocity  data  except  that  here  the  difference  is  between  a*  and  ctr,  and  is  only  just  over  8%.  The 
differences  between  ov  and  oR  as  compared  to  a*  are  a  matter  of  definition.  This  is  clear  if  you 
substitute  eqns.  6  and  7  into  eqn.  4,  which  yields, 
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Figure  2.  Steady-state  dendrite  tip  radius  of 
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P6clet  Number  and  a*  Data 


The  failure  of  Ivantsov's  solution,  combined  with  a  scaling  rule,  to  describe  the  diffusion 
limited  growth  regime  becomes  apparent  from  the  plot  of  the  Peclet  number  data.  Fig.  3,  as  in  Figs. 
1  and  2,  shows  three  sets  of  dendritic  growth  data:  1)  IDGE  P6clet  number  measured  terrestrially 
with  the  flight  instrument;  2)  the  terrestrial  data  set  of  Huang/Glicksman;  and  3)  the  on-orbit  Peclet 
number  data  from  USMP-2.  The  dashed  curve  is  the  theoretical  Peclet  number  calculated  from 
eqn.  1.  This  theory  line  uses  no  adjustable  parameters.  The  two  measured  terrestrial  data  sets  are 
in  close  agreement.  The  microgravity  measured  data  set  is  dramatically  reduced  from  the  terrestrial 
data,  and  the  microgravity  data  is  slightly,  but  clearly  and  systematically  lower  that  the  Ivantsov 
curve  in  the  diffusion  limited  regime. 

Since  without  microgravity  experimentation,  it  was  not  possible  to  decouple  the  Ivantsov 
and  scaling  rule  components  of  dendritic  growth  theory,  this  is  to  our  knowledge,  the  first  clear 
evidence  that  the  Ivantsov  formulation  does  not  accurately  describe  dendritic  growth.  The  level 
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Figure  3.  Dendrite  tip  Peclet  number  versus  supercooling  in  both  terrestrial  and  microgravity 
conditions. 
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Figure  4.  Dendrite  tip  scaling  constant,  a*,  versus  supercooling  in  both  terrestrial  and 
microgravity  conditions. 


of  agreement  between  the  theory  and  the  data  indicates  that  dendritic  growth  is  properly  governed 
by  the  diffusion  of  latent  heat  from  the  crystal-melt  interface,  but  that  the  Ivantsov  formulation  is 
in  need  of  some  modification. 

We  offer  here  two  possible  explanations  for  this  apparent  deficiency  in  the  Ivantsov  solution. 
The  first  is  that  the  diffusion  field  described  by  eqn.  1  is  based  on  the  dendrite  tip  which  is  a 
paraboloid  of  revolution,  which  is  only  true  only  near  the  tip  itself.  In  addition,  it  has  also  been 
assumed  that  all  the  applied  supercooling  is  associated  with  the  diffusive  field.  If  a  portion  of  this 
temperature  drop  must  be  related  to  the  "creation"  of  interfacial  energy  as  the  dendrite  grows,  the 
the  value  of  the  supercooling  used  to  plot  the  data  in  fig.  3  is  high,  and  the  data  would  need  to  be 
shifted  to  the  left.  Although  neither  of  these  explantions  have  yet  to  be  examined  quantitively,  both 
are  consistent  with  the  current  microgravity  data. 

Although  the  Ivantsov  component  to  dendritic  growth  theory  is  in  need  of  modification,  it 
is  still  instructive  to  examine  the  scaling  law  data.  Fig.  4  shows  three  sets  of  o*  data;  the  two 
terrestrial  data  sets,  and  the  one  microgravity  data  set.  The  scatter,  both  within  and  among  the  three 
data  sets,  make  definitive  conclusions  very  difficult  at  this  time.  However,  it  is  striking  that  all  the 
data,  both  in  terrstrial  and  microgravity  conditions,  agree  over  almost  the  entire  supercooling  range. 
There  also  appears  to  be  a  trend  where  o*  increases  inversely  with  supercooling.  In  the  diffusion- 
limited  regime  only,  the  microgravity  a*  data  is  ambiguous.  The  difficulty  is  that  if  a*  does  have 
a  dependence  on  supercooling  in  this  regime,  that  dependence  is  rather  weak.  Thus,  assuming  a* 
is  constant  over  this  limited  supercooling  range  would  only  introduce  a  slight  error  in  any  quantity 
that  depends  on  a*.  Furthermore,  this  error  would  be  hard  to  detect  in  a  data  set  with  uncertainties 
on  the  order  of  10%.  The  familiar  task  of  separating  the  signal  from  the  noise  is  not  a  trivial  one, 
either  experimentally  or  analytically,  and  is  an  ongoing  endeavor  at  this  time. 


SUMMARY  AND  CONCLUSIONS 

We  measured  the  dendritic  tip  growth  velocities  and  radii  of  curvature  of  succinonitrile  in 
microgravity  using  the  IDGE  instrument  mounted  on  the  USMP-2  platform  in  the  payload  bay  of 
the  space  shuttle  Columbia  (STS-62),  March  4  -  14,  1994.  The  on-orbit  data  when  compared  to 
terrestrial  dendritic  growth  data,  demonstrate  that:  1)  Convective  effects  under  terrestrial  conditions 


21 


are  dramatic  at  the  lower  supercoolings,  and  remain  significant  even  up  to  1.7K  supercooling.  2) 
In  the  supercooling  range  from  0.47  K  to  1.7  K,  the  data  are  convective  free  and  can  be  used  as  a 
benchmark  for  examining  diffusion-limited  dendritic  growth  theories.  3)  A  diffusion  solution  to  the 
dendrite  problem,  combined  with  the  measured  scaling  constant,  a*,  does  not  yields  growth 
velocity  and  radius  predictions  consistent  with  the  observed  dendritic  growth  velocities  and  radii 
as  a  function  of  supercooling.  4)  The  failure  of  this  formulation  is  chiefly  attributed  to  the  failure 
of  the  Ivantsov  diffusion  solution  which  describs  the  overall  dependence  of  Pe  on  supercooling,  but 
predicts  a  higher  value  than  the  data  in  the  diffusion-limited  regime.  The  further  analysis  of  IDGE 
data  sets,  particular  the  microgravity  Pe  and  o*  data  sets,  are  continuing. 
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ABSTRACT 

I  present  a  first-principles  theory  of  diffusion-limited  aggregation  in  two  dimensions.  A 
renormalized  mean-field  approximation  gives  the  form  of  the  unstable  manifold  for  branch 
competition,  following  the  method  of  Halsey  and  Leibig  [Phys.  Rev.  A  46,  7793  (1992)]. 
This  leads  to  a  result  for  the  cluster  dimensionality,  D  «  1.66,  which  is  close  to  numerically 
obtained  values.  Quenched  and  annealed  multifractal  dimensions  can  also  be  computed  in 
this  theory;  the  multifractal  dimension  r(3)  =  D,  in  agreement  with  a  proposed  “electro¬ 
static”  scaling  law. 

INTRODUCTION 

Diffusion-limited  aggregation  (DLA)  is  a  model  of  pattern  formation  in  which  clusters 
grow  by  the  accretion  of  successive  random  walkers.1  Each  random  walker  arrives  from 
infinity,  and  sticks  to  the  growing  cluster  at  whichever  surface  point  it  first  contacts.  Only 
after  the  accretion  of  a  walker  does  the  next  walker  commence  its  approach  to  the  cluster. 
The  clusters  thereby  obtained  are  fractal  in  all  dimensionalities  d  >  1 ,  and  are  qualitatively 
and/or  quantitatively  similar  to  patterns  observed  in  such  diverse  phenomena  as  colloidal 
aggregation,  electrodeposition,  viscous  fingering,  and  dielectric  breakdown.2 

At  the  heart  of  the  problem  of  diffusion-limited  aggregation  is  the  following  question: 
what  is  the  relationship  between  the  scale-invariance  of  the  diffusive  growth  process  and 
the  hierarchical  structure  of  the  clusters  generated  by  this  process?3  We  have  proposed 
that  the  quantitative  process  by  which  one  branch  screens,  i.e.,  takes  growth  probability 
from,  a  neighboring  branch,  has  a  specific  form,  independent  of  the  length  scale  on  which 
this  process  takes  place.4  This  assumption  allows  the  development  of  a  qualitatively  correct 
theory,  which  yields  multifractal  scaling  of  growth  probability,  as  well  as  agreement  with 
a  phenomonological  scaling  law,  the  “Turkevich-Scher”  law,  relating  the  scaling  of  the 
maximum  growth  probability  over  all  sites  on  the  cluster  to  the  dimension  of  the  cluster  as  a 
whole.5  In  addition,  a  renormalization  group  (RG)  computation  of  the  branch  competition 
dynamics,  to  be  reviewed  below,  allows  quantitative  computation  of  the  fractal  properties 
of  DLA  clusters  in  two  dimensions. 

This  RG  approach  is  based  upon  a  mean-field  approximation  which  is  implemented 
on  all  length  scales.  Thus,  it  is  perhaps  better  to  regard  this  theory  as  an  ansatz  solution 
in  which  certain  types  of  fluctuations  on  all  length  scales  are  neglected,  while  others  are 
included.  The  result  obtained  for  the  dimensionality  of  the  cluster  in  spatial  dimensionality 
d  =  2,  D  =  1.66,  is  within  3%  of  the  oft-quoted  value  D  =  1.71  obtained  from  the 
scaling  of  the  cluster  radius-of-gyration  in  numerical  studies.  An  additional  scaling  law 
(the  “electrostatic  scaling  law”),  relating  the  multifractal  exponent  r(3)  of  the  growth 
measure  to  the  dimensionality  D  by  D  =  r(3),  is  exact  within  this  theory.6 
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DYNAMICS  OF  BRANCH  COMPETITION 


In  the  growth  process,  each  particle  attaches  itself  to  a  unique  “parent”  particle  in 
the  pre-existing  cluster.  Furthermore,  the  cluster  is  observed  to  be  a  branched  structure, 
with  no  loops  and  with  each  particle  having  asymptotically  zero,  one  or  two  “children”, 
i.e.  particles  to  whom  it  stands  as  a  parent.7  Very  rarely  particles  have  more  than  two 
children;  primarily  for  reasons  of  convenience  I  neglect  this  possibility. 

Consider  a  particle  with  two  children.  Each  of  the  two  children  separately,  with  all 
particles  descended  from  each,  I  term  a  “branch”.  Thus  these  two-child  particles  are 
parents  of  two  branches,  which  occupy  neighboring  regions  of  space.  The  total  number 
of  particles  in  one  branch  I  term  n\,  and  the  total  in  the  other  n 2.  The  total  number  of 
descendants  of  the  parent  particle  is  thus  rib  =  nj  +  ri2-  Now  consider  the  next  particle  to 
accrete  to  the  cluster.  I  say  that  this  particle  has  a  probability  p\  to  stick  anywhere  on 
the  first  branch,  and  a  probability  P2  to  stick  anywhere  on  the  second  branch,  yielding  a 
total  probability  pb  =  Pi  +  P2  to  strike  either  of  these  two  branches. 

Let  us  now  consider  the  normalized  quantities  x  —  Pi/pb  and  y  —  rii/rib-  Clearly 
drill dn  =  Pi,  where  n  is  the  total  number  of  particles  in  the  cluster,  and  we  are  neglecting 
fluctuations  of  0(1/ y/nb).  Thus  y  obeys  the  following  equation  of  motion: 


dy 

din  rib 


a) 


The  right-hand  side  of  this  equation  is  a  function  only  of  x  and  y.  Now  x  will  obey  an 
equation  of  the  form 


dx 

din  rib 


G(x,y\ nb\  {&}), 


(2) 


where  {</>*}  is  some  parameterization  of  all  of  the  other  variables  describing  the  structure 
of  the  cluster.  Suppose  that  by  averaging  the  right-hand  side  of  this  equation  over  these 
parameters  {<^},  one  obtains  dx/dlnrib  —  g(x,y),  where  the  right-hand  side  is  now  only  a 
function  of  x  and  y.  Given  this  function  g(x,  y),  one  then  has  a  closed  system  of  equations 
describing  the  evolution  of  x  and  y  as  functions  of  In  rib-  Note  that  it  is  crucial  that  this 
averaging  process  should  leave  no  residual  dependence  upon  n&,  or  else  g(x,  y)  will  vary  as 
the  branches  grow. 

By  symmetry,  g(x,y)  =  —g{  1  —  x,  1  —  y),  so  (#,  y)  —  (1/2, 1/2)  must  be  a  fixed  point 
of  this  process  of  competition  between  the  two  branches.  On  general  grounds,  it  is  possible 
to  argue  that  this  fixed  point  is  hyperbolic,  with  the  unstable  manifold  emerging  from  the 
fixed  point  terminating  in  two  stable  fixed  points  at  ( x,y )  =  (0, 0)  or  (x,y)  =  (1, 1),  these 
latter  representing  the  situation  in  which  one  branch  has  been  completely  screened  by  the 
other.4  This  assumption  will  be  explicitly  verified  in  the  calculation  below. 

If  the  central  fixed  point  at  (a;,  y)  =  (1/2, 1/2)  is  hyperbolic,  then  branch  pairs  which 
commence  their  existence  (with  rib  ~  1)  near  the  unstable  fixed  point  will  be  quickly 
drawn  onto  the  unstable  manifold  (Figure  1).  Linearizing  the  system  of  equations  for 
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Figure  1.  This  diagram  shows  our  model  for  the  competition  dynamics  of  two 
neighboring  branches.  The  a;- axis  measures  the  relative  growth  probabilities  of  the 
two  branches,  x  =  Pi/(pi  +  P2),  and  the  y-axis  measures  the  relative  masses  of 
the  two  branches,  y  =  ni/{n\  +  n2).  The  development  of  these  two  quantities  as 
functions  of  nb  =  m  +  n2  can  be  represented  in  this  diagram.  The  fixed  point  at 
the  center  represents  equal  branches,  the  two  fixed  points  at  the  corners  represent 
branch  pairs  in  which  one  branch  completely  dominates  the  other.  At  the  central 
fixed  point,  we  expect  one  stable  and  one  unstable  eigenvector. 

d(x,y)fd\nnb  about  the  central  fixed  point,  the  hyperbolic  assumption  implies  that  there 
will  be  a  stable  and  an  unstable  direction;  the  eigenvalue  corresponding  to  the  latter 
direction  we  define  to  be  v. 

Stochastic  Nature  of  Tip-Splitting 

When  a  pair  of  branches  is  first  created  by  a  tip-splitting  event,  its  initial  growth  up  to 
the  stage  at  which  nb  >  1  is  determined  by  complicated  microscopic  dynamics,  which  do 
not  recognize  the  existence  of  the  unstable  fixed  point.  Thus  we  expect  the  probability  that 
a  newly  created  branch  pair  will  be  a  distance  ev  (projected  along  the  unstable  manifold) 
from  the  unstable  fixed  point  will  be  p{e  <  1  )de  oc  eu~lde\  we  are  assuming  a  constant 
probability  density  of  branch  creation  near  the  unstable  fixed  point.  This  assumption  has 
been  specifically  verified  by  numerical  study.4  The  choice  of  eu  for  this  initial  distance 
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insures  that  position  along  the  unstable  manifold  in  the  x  -  y  plane  can  be  parameterized 
by  the  product  variable  erib,  due  to  the  form  of  the  evolution  equations  for  x  and  y. 

Branch  Competition  and  Fractal  Dimensionality 

It  is  possible  to  relate  the  eigenvalue  v  to  the  cluster  dimensionality  D  by  the  following 
argument.  Consider  the  strongest  branch  in  the  cluster,  that  obtained  by  always  following 
the  stronger  child  (with  the  larger  values  of  x,y)  at  each  branching.  The  total  number  of 
side-branches  (or  branch  points)  from  such  a  branch  is  ~  r,  where  r  is  the  cluster  radius. 
In  order  that  the  cluster  have  a  dimension  D  >  1,  a  number  ~  1  of  these  side  branches 
must  have  a  total  number  of  particles  ~  n,  the  total  number  in  the  cluster.  A  side  branch 
obeying  this  criterion  must  have  en  ~  1,  so  that  at  that  branching,  both  descendant 
branches  are  roughly  equal  in  size.  The  probability  of  this  happening  at  any  particular 
branching  is  fn~  de  p(e)  cx  nv,  and  there  are  ~  r  different  sidebranchings  at  which  this 
might  occur.  Thus  rnv  ~  1,  or  D  =  1/v. 


RG  FOR  BRANCH  COMPETITION 

In  order  to  determine  g(x,  y),  we  turn  to  an  explicit  description  of  the  growth  process.6 
Suppose  that  we  parameterize  the  accessible  surface  of  the  cluster  by  arc-length  s.  If  a 
particle  attaches  at  the  surface  point  s',  it  thereby  reduces  the  growth  probability  at  all 
points  s  for  which  [s-s'|  >  a,  where  a  is  the  particle  size.  This  is  because  a  certain  number 
of  the  random  walks  that  would  have  reached  s  previously  are  now  obstructed  by  the  new 
particle  at  s'.  If  the  probability  that  a  particle  lands  at  s'  is  p(s'),  and  the  probability  that 
a  random  walker  goes  from  s'  to  s  without  contacting  the  surface  is  H(s,s'),  this  implies 
that 


=  -  [  ds'  (H{s,  s')  -  h(s)8(s  -  s')) p2(s'),  (3) 

dn  J 


where  we  have  modelled  effects  on  the  scale  |s  —  s'|  <  a  by  the  8- function,  the  coefficient  of 
which,  h(s),  is  set  by  the  conservation  of  the  total  growth  probability,  f  ds  p(s)  =  1.  Note 
that  in  Eq.  (3),  two  factors  of  p(s')  appear-one  corresponds  to  the  original  probability 
that  a  particle  lands  at  p(s'),  the  other  to  the  potential  trajectories  arriving  at  s  that  are 
blocked  by  such  a  particle. 

For  a  <C  |s  —  s'|  <C  an,  conformal  transformation  shows  that  the  function  E T(s,  s')  is 
given  in  two  dimensions  by  the  simple  form9 


H(s,s') 


P(s)p{s') 

[is  ds”p(s") 


(4) 


where  the  integral  in  the  denominator  is  the  total  growth  probability  between  the  points 
s  and  s'.  It  is  convenient  to  parameterize  the  interface  by  this  quantity,  the  “growth 
probability”  distance  between  points  z(s),  defined  by  z(s')  -  z(s)  =  J '*  ds"  p(s").  Then 
our  fundamental  equation  becomes 
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—  h(z)8(z  ■ 


where  a  serves  as  an  ultra-violet  cutoff  to  prevent  divergence  of  the  integral,  and  h(z)  is 
related  to  h(s)  and  to  the  function  z(s);  its  precise  form  is  of  no  interest  to  us. 

Determination  of  g(x,y) 

I  wish  to  use  this  equation  to  determine  the  function  dx/ din  rib  =  g{x,y).  Repeated 
application  of  the  chain  rule  yields 

=  (6i 

dlnrib  $  \  dn  dn  J 

Consider  a  branch  with  probability  p'  and  a  number  of  particles  n' .  We  suppose  that  this 
branch  extends  from  z  =  0  to  z  =  p'.  Eqs.  (5)  and  (6)  imply  that  if  we  can  write  p2(z)  on 
this  branch  (and  by  extension,  all  other  branches)  as 

P2(z)  =  ^rf(z/p'),  (7) 

where  f{z )  is  a  universal  function  that  depends  neither  upon  p'  nor  upon  n',  then  we 
will  be  able  to  write  dx/ dlnrib  =  g(x,y ),  with  the  right-hand  side  a  function  of  x  and  y 
alone.  Equation  (7)  is  motivated  by  the  fact  that  p2(z)  must  be  proportional  to  (p')2]  the 
dependence  on  n'  is  specifically  chosen  to  lead  to  an  n'-independent  g(x,y).  Only  if  we 
can  find  a  method  of  computing  an  n'-independent  f(z)  will  this  ansatz  be  justified. 

Computation  of  Branch  Envelope  Function  f(z) 

Thus  the  crux  of  the  problem  is  this  “branch  envelope”  function  /(z),  which  represents, 
with  the  appropriate  normalization,  the  distribution  of  growth  probability  in  different 
regions  of  a  branch.  Now  in  our  picture,  each  branch  can  be  divided  into  two  distinct  sub¬ 
branches,  which  compete  according  to  the  dynamics  established  by  g(x,y).  Our  central 
mean-field  assumption  is  that  we  can  compute  f(z)  by  averaging  the  envelope  functions 
f(z)  of  these  sub-branches  over  the  stochastic  parameter  e  appropriate  to  the  competition 
of  these  two  sub-branches.  In  this  way  we  obtain  the  following  equation: 


(1  -  x(enb))2  (  1-z  \  1 

(1  -y{enb))  1  \l  -x(enb)J  }  ' 


(8) 


where  x(erib)  and  y(enb)  give  the  values  of  x  and  y  along  the  unstable  manifold  as  functions 
of  nb  and  the  stochastic  parameter  e.  For  convenience,  we  are  defining  p(e)  for  negative 
values  of  e  as  p(— e)  —  p(e),  with  x(—rj)  =  1  —  x(p),  y(—i})  =  1  —  y(p).  This  leads  to 
the  relatively  compact  expression  of  Eq.  (8).  For  large  nb,  this  equation  has  a  solution 
independent  of  nb ,  which  is  determined  by 
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Since  the  integrand  goes  to  zero  as  rj  — ■*  oo,  we  are  justified  in  taking  the  small  e  form  for 
p{e). 

Of  course,  in  order  to  perform  this  integral,  we  must  have  the  form  of  the  unstable 
manifold,  and  thus  we  must  already  know  g(x,  y).  We  can  determine  g(x,y )  from  f(z) 
by  simply  integrating  Eq.  (5)  over  the  appropriate  intervals.  We  do  not  integrate  over 
regions  exterior  to  the  two  competing  branches,  but  only  investigate  the  influence  of  the 
two  branches  on  one  another.  (This  assumption  can  be  justified  by  convenience,  or  by  an 
explicit  demonstration  that  the  influence  of  exterior  branches  on  quantities  such  as  f(z) 
leads  to  corrections  of  higher  order  in  1  /nv .)  It  is  then  straightforward  but  tedious  to 
write  g(x,y)  as  a  function  of  f(z)\  the  somewhat  cumbersome  formulae  are  to  be  found 
elsewhere.4 

The  reader  should  note  that  we  have  a  self-consistent  procedure,  because  g{x,  y)  can 
be  written  as  a  function  of  f(z),  while  f(z)  is  determined  as  a  function  of  g(x,y ),  and  in 
particular  by  the  unstable  manifold  in  the  x  —  y  plane  as  determined  by  g(x,  y),  by  Eq.  (9). 
Thus  in  practice  we  are  looking  for  a  solution  of  Eq.  (9)  where  the  functions  x(rj)  and  y( rj) 
are  implicitly  determined  by  f(z). 


Solution  of  RG  Equations 


I  have  numerically  obtained  the  unique  solution  to  Eq.  (9)  under  these  conditions, 
which  is  displayed  in  the  inset  to  Figure  2. 10  This  validates  our  assumption  regarding  the 
scaling  with  n'  in  Eq.  (7).  The  function  g(x,y)  determined  from  this  function  has  all  of 
the  necessary  qualitative  features;  in  particular,  the  fixed  point  at  (x,y)  =  (1/2, 1/2)  is 
unstable  and  hyperbolic,  and  the  unstable  manifold  leads  from  this  point  to  stable  fixed 
points  at  (x,  y)  =  (0, 0)  and  (1, 1),  as  illustrated  in  Figure  2.  Figure  2  also  shows  numerical 
results  for  branch  competition.  The  value  of  the  unstable  eigenvalue  v  is  v  ~  .6020, 
implying  that  D  =  1/v  as  1.661,  which  is  within  3%  of  the  standard  numerical  result 


D*  1.71. 


MULTIFRACTAL  DIMENSIONS  FOR  DLA 

Multifractal  dimensions  cr(q)  for  the  growth  measure  of  a  DLA  cluster  can  be  conve¬ 
niently  defined  using  a  partition  function  Z,  which  is  defined  by 

Z{q,v,ri)  =n°r^pj,  (10) 

z= o 

where  q  and  a  are  parameters,  and  Pi  is  the  probability  that  the  next  particle  to  at¬ 
tach  itself  to  the  cluster  will  do  so  to  the  i’th  current  particle.  The  exponent  function  a(q\ 
is  defined  by  requiring  that  Z(q ,  <x(q),  n)  —  1.  If  this  equation  possesses  a  stable  non-trivial 
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Figure  2.  Trajectories  of  branch  competion  in  the  x  —  y  plane.  The  light  solid 
trajectories  are  numerical  results  for  specific  branch  pairs  in  growing  DLA  clusters. 
The  heavy  solid  line  represents  the  unstable  manifold  predicted  by  the  branch  com¬ 
petition  RG,  which  is  quite  close  to  the  “average”  numerical  trajectory.  The  inset 
shows  the  computed  branch  envelope  function  f(z). 

asymptotic  solution  as  n  — >  oo,  then  the  growth  probability  distribution  {pi}  is  said  to  be 
multifractal. 

Normally,  multifractal  dimensions  r(q)  are  defined  according  to  the  scaling  of  the 
growth  probability  distribution  with  respect  to  the  radius  of  gyration  of  the  cluster,  and 
not  its  total  number  of  particles.  We  thus  expect  that  r(q)  =  Da(q). 

Of  course,  there  exists  a  large  stochastic  ensemble  of  DLA  clusters  for  any  given 
number  of  particles  n  >  2.  Thus  we  must  define  a(q)  be  some  sort  of  ensemble  averaging, 
in  order  to  obtain  well-defined,  unique  results.  By  analogy  with  the  statistical  mechanics 
of  random  systems,  we  expect  that  the  most  interesting  quantities  are  the  annealed  average 
aa(q),  and  the  quenched  average  a q(q),  defined  respectively  by 

(Z{q,<ja(q),n))  =  1,  (11a) 

(log  ( Z(q ,  aq(q),  n)))  =  0,  (116) 
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where  the  brackets  {)  indicate  the  average  over  the  appropriately  weighted  ensemble  of  DLA 
clusters  with  n  particles.  Because  the  annealed  average  will  contain  a  larger  contribution 
from  rare,  atypical  members  of  the  ensemble,  we  expect  that  aq{q)  will  be  more  relevant 
for  typical  ensemble  members. 

Annealed  Multifractal  Dimensions 

The  annealed  dimensions  cra(q)  are  relatively  simple  to  compute  for  the  branched 
growth  model.  We  start  by  writing  a  general  relation  for  the  partition  function  as  an 
integral  equation,  which  follows  from  the  branched  structure. 


,(7,(l-y(en))  n))J. 

(12) 

Note  that  the  averages  ()  on  the  right-hand  side  do  not  include  the  average  over  e,  which  is 
written  explicitly.  If  we  define  x(-en)  =  1  -  x(en ),  y{-en)  =  1  -  y(en),  and  p(-e)  =  p(e), 
then  Eq.  (12)  can  be  written  more  compactly  as 

Z(q,  a,  n)  =  J  ^  *  ^e)(!ly(CT))^(gl  a' (1  -  y(en))n)  •  (13) 

If  we  assume  that  the  integral  is  dominated  by  values  of  (1  —  y(en))n  ~  n,  then  we  can 
expand  the  integrand. 


rOO 

(Z(q,cr,n))=  dep(c) 
Jo 


xq(en)  \  w  <  (1-  -  x(en))q  /  ( 

[^){z^a’yien)n))+JT^^{z(i 


Z(q,a,  n) 


■L 
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£ 


de  p(e)  log(l  -  y(en)) 


(1  —  x(en))q  dZ(q,  <r,  n) 
(1  —  y{en)Y  dlogn 


+  o( 


<Pz 

d(logn)2 


) 


(14) 


Let  us  write 


(1  -  x(en))q 
(1  -  y{en)Y 


=  i  +  a  +  . 

nu 


(15) 


where  the  higher  order  terms  vanish  more  quickly  with  n  than  n  v .  We  also  write 


J_ M  * p[e)  iog(i  - 


hp 

nv 


(16) 


since  limc_voo  y(en)  =  0.  Again,  the  higher  order  terms  vanish  more  quickly  with  n  than 
n~u.  Thus  we  obtain 


dlogZ  =  9o_^ _ 

dlog  n  ho 


(17) 


30 


where  the  corrections  vanish  as  n  — >  oo.  Thus  we  must  have  go  =  0  in  order  that  the 
partition  function  not  diverge,  or  go  to  zero,  as  n  — +  oo.  Our  final  result  is  that  a a(q)  is 
determined  by 


**(>))  .  (i-sM)*  11  0 

(i-v(v)yM  > 


(18) 


Integrating  Eq.  (9)  from  2  =  0  to  z  =  1,  one  obtains  precisely  this  criterion,  with 
q  =  3  and  aa(q)  =  1.  This  result  is  identical  to  the  “electrostatic”  scaling  law,  derived 
previously  in  an  entirely  different  way,  which  states  that9 

(Jdsp{s)3)  ocn-1,  (19) 

where  the  integral  is  over  the  entire  cluster  surface.  Equation  (19)  is  equivalent  to  the 
more  usual  statement  that  r(3)  =  D. 

Quenched  Multifractal  Dimensions 

Quenched  multifractal  dimensions  within  the  branched  growth  model  are  more  difficult 
to  compute;  I  have  recently  studied  this  problem  in  collaboration  with  B.  Duplantier  and 
K.  Honda.10  We  found  that  it  is  possible  to  expand  (log  Z)  perturbatively,  and  then  resum 
the  most  divergent  terms  at  every  order,  thus  obtaining  a  systematic  result  for  crq(q).  A 
very  curious  feature  of  this  result  is  that  its  value  depends  upon  the  order  in  which  certain 
limits  are  performed.  Normally,  we  would  eliminate  any  residual  n  dependence  in  Z  by 
defining  crq(q)  in  the  limit  n  — >  oo,  i.e. 


lim  (log £(<7,  aq(q),n))  =  0.  (20) 

n— ►oo 

In  fact,  this  definition  leads  to  the  conclusion  that  crq(q)  —  cra(q)  exactly ,  so  that  there  is 
no  distinction  between  quenched  and  annealed  averaging  for  this  problem. 

However,  one  only  studies  DLA  clusters  with  a  finite  number  of  particles.  It  turns  out 
that  Eq.  (20)  reaches  its  asymptotic  limit  only  for  n  nc(q),  where 

nc(q)  oc  eaeb\  (21) 

The  coefficients  a  and  b  are  both  positive  numbers  calculable  from  the  branched  growth 
model.  Thus,  even  for  quite  moderate  values  of  q ,  the  “true”  multifractal  spectrum  cra(q) 
will  not  be  seen  for  typical  clusters  unless  n  is  enormous.  For  values  of  n  <  nc,  an  ersatz 
spectrum  of  the  form  a(q)  =  aq  will  be  observed,  with  a  a  calculable  constant.  We  believe 
that  this  represents  a  breakdown  of  multifr actality  for  typical  DLA  clusters. 
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ABSTRACT 


The  equations  of  motion  for  the  interfacial  dynamics  in  the  dielectric  breakdown  model  are 
derived.  They  form  a  set  of  coupled  hydrodynamic  equations  for  the  interfacial  curvature  and 
growth  probability  in  which  the  conserved  densities  are  transported  by  a  nonlocal  velocity.  From 
these  equations  the  dynamical  manner  in  which  singularities  in  these  conserved  densities  evolve  can 
be  studied  both  analytically  and  numerically.  Shock-like  behaviour  associated  with  velocity  attractor 
and  repellor  points  on  the  evolving  interface  lead  to  bifurcations  in  the  velocity  field  and  finally  to 
fractal  structures  in  the  curvature  and  growth  probability  in  the  absence  of  surface  tension.  In  the 
presence  of  surface  tension  spatiotemporal  chaos  is  observed. 


INTRODUCTION 


Diffusion-limited  aggregation  originally  introduced  by  Witten  and  Sander1  as  a  model  for 
aggregation  has  over  the  last  decade  become  one  of  the  most  important  models  describing 
nonequilibrium  growth  phenomena.  The  recognition  by  Niemeyer  et  al.2  that  the  equations  for 
such  growth  are  isomorphic  to  Laplacian  growth  provided  the  impetus  for  application  of  this  model 
to  dielectric  breakdown  and  related  phenomena:  'In  such  growth  the  local  normal  velocity  of  the 
interface  v  =  -V<t»  is  proportional  to  the  gradient  of  a  potential  which  is  a  solution  of  Laplace's 
equation  V2<j)  =  0  with  moving  boundary  conditions  <j>(s)  =  0  on  any  point  x(s)  of  the  evolving 
interface  (here  we  parametrize  the  two-dimensional  interface  by  its  distance  s  along  the  surface  and 
for  the  moment  we  neglect  surface  tension)  and  <j)(outer  boundary)  =  <ho-  These  equations  have  also 
been  shown  to  describe  such  apparently  diverse  phenomena  as  electrochemical  deposition3’4  two- 
fluid  flow5  and  even  aspects  of  biological  growth  such  as  retinal  vasculature6  and  neuronal 
arborization7.  Only  the  nature  of  the  field  obeying  Laplace’s  equation  changes  (for  example,  the 
concentration  field  in  the  case  of  aggregation,  the  electrical  potential  in  the  case  of  dielectric 
breakdown,  or  the  pressure  field  in  the  case  of  two-fluid  flow). 

The  growth  process  remains  one  of  deep  mystery.  How  are  such  equations  related  to  the 
dendritic  growth  with  its  convoluted  curvature  K(s)  observed  in  experiments  and  computer 
simulations?  How  does  the  fractal8*9  and  multifractal10’ 11  properties  known  to  describe  fully 
fledged  DLA  arise.  How  does  the  multifractal  growth  probability  P(s)  evolve12?  The  underlying 
cause  of  the  singular  behaviour  in  the  absence  of  surface  tension  is  the  diffusive  Mullins-Sekerka 
instability13,  but  the  influence  of  surface  tension  is  also  known  to  be  crucial  in  controlling  the 
dynamical  behaviour  of  the  system. 

It  turns  out  that  surface  tension  acts  as  a  singular  perturbation14-15  on  the  basic  instability 
underlying  Laplacian  growth.  Thus  in  the  Saffman-Taylor  instability16*17  in  which  a  less  viscous 
fluid  is  forced  in  with  a  velocity  U  and  used  to  displace  a  more  viscous  one  in  a  Hele-Shaw  cell,  and 
the  initially  flat  interface  becomes  unstable  with  one  finger  becoming  dominant  at  the  expense  of  the 
rest  at  long  times,  a  great  deal  of  theoretical  effort  has  gone  into  trying  to  understand  the  shape  and 
stability  of  this  asymptotic  finger.  Recent  theoretical  work18*19  would  suggest  that  the  asymptotic 
finger  remains  stable  even  at  high  velocities  to  infinitesimal  perturbations,  though  unstable  to  finite 
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perturbations.  The  size  of  the  finite  perturbations  that  can  destroy  the  finger  become,  however, 
asymptotically  small  ~  exp[-c  (y/U)'1^]  as  U  ->  ®o  in  the  presence  of  surface  tension  y.  Such 
behaviour  is  also  confirmed  experimentally20’21  as  the  finger  is  stable  at  low  flow  rates  U,  though 
for  high  flow  rates  U  the  asymptotic  finger  appears  to  become  unstable  with  time-dependent  chaotic 
fluctuations  as  well  as  finger  bifurcations  which  distort  the  shape. 

To  undertand  further  how  such  compex  dynamics  may  arise,  conformal  mapping  approaches 
have  been  employed  because  of  the  two  dimensional  nature  of  the  flow.  Thus  Shraiman  and 
Bensimon22  studied  partial  differential  equations  for  the  conformal  mapping  z  =  f(w,t)  between  the 
physical  plane  z  =  x  +  iy  in  which  the  closed  contour  z(a,t)  lies  (see  Fig.l)  and  the  region  w 
outside  the  unit  disk  w  =  e1<J  (thus  z(a,t)  =  f(eia,t)) 


dz(a,t)/dt  =  -idz(a,t)/3a  I3z(a,t)/5ah2 


0) 


Such  partial  differential  equations  had  first  been  derived  in  the  context  of  Laplacian  growth  with 
surface  tension  free  boundary  conditions  in  the  first  half  of  this  century2-**24,  but  what  Shraiman 
and  Bensimon  managed  to  do  by  considering  mappings  whose  derivatives  had  polynomial 
singularities  which  could  be  represented  in  terms  of  its  zeros  Zn  and  poles  Pn 


af(z,t)/3z  =  A(t)  nn  (z  -  Zn(t))/(z  -  Pn(t)) 


(2) 


was  to  transform  Eq.(l)  into  a  set  of  coupled  but  highly  nonlinear  ordinary  differential  equations 
for  the  zeros  and  poles  which  behave  as  quasiparticles,  effectively  transforming  the  dynamics  to  a 
many  body  form.  The  critical  points  must  all  lie  inside  the  unit  disk  because  the  mapping  is  analytic 
outside,  but  as  the  critical  points  reach  the  unit  circle  (which  they  do  in  a  finite  time  in  the  absence 
of  surface  tension)  cusp  singularites  appear  in  the  contour. 

Recently  this  method  has  been  extended  by  the  observation  of  Blumenfeld25  that  the  equations 
of  motion  for  the  quasiparticles  have  an  integrable  Hamiltonian  formulation  in  terms  of  new  action 
angle  variables  H({J},{0})  that  depend  on  the  zeros  {Z}  and  poles  {P}  of  the  original  mapping 
perhaps  accounting  for  known  integrals  of  the  motion26’27.  Thus  there  exists  the  exciting 
possibility  that  the  whole  apparatus  of  many  body  theory  may  one  day  be  applied  to  DLA  and  used 
to  derive  its  geometric,  fractal  and  multifractal  properties.  Despite  the  inherent  possibilities  in  this 
approach,  there  is  also  the  weakness  that  though  the  existence  of  a  Hamiltonian  formalism  has  been 
demonstrated,  an  explicit  Hamiltonian  has  not  so  far  been  derived. 

We  therefore  propose  here  to  focus  on  conserved  variables  during  Laplacian  growth  —  the  two 
most  obvious  being  the  curvature  of  the  evolving  surface  k(s)  and  the  growth  probability  P(s)  =  IV 
<j>(s)l/J  IV<|)(s')l  ds'.  During  growth  we  know  that  J  K(s)ds  =  27i;  while  from  its  definition  J  P(s)ds  = 
1.  These  variables  turn  out  to  behave  like  hydrodynamic  conserved  densites  with  associated  currents 
which  we  derive  below  using  conformal  methods  coupled  with  the  geometrical  approach  of  Brower, 
Kessler,  Koplik,  and  Levine28.  In  addition,  it  turns  out  that  the  method  used  can  be  generalized  to 
the  dielectric  breakdown  model2*8  where  the  normal  velocity  is  proportional  to  a  power  T|  of  the 
local  field  v.n  =  so  we  derive  the  equations  of  motion  for  the  general  model.  The  coupling  of 
this  geometric  and  hydrodynamic  approach  result  in  equations  of  motion  which  are  very 
transparent  to  analysis  and  suggest  how  singular  structure  is  built  up  during  Laplacian  and  more 
general  growth  models.  It  is  this  approach  we  describe  here  focusing  on  the  early  time  behaviour 
and  the  singular  nature  of  the  surface  tension  in  controlling  the  observed  dynamics. 
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THEORY 


We  wish  to  derive  equation  of  motion  for  the  curvature  k(s)  and  the  growth  probability  or 
normalized  electric  field  P(s)  =  IV<t>(s)l/  J  IV<J>(s’)l  ds'  in  the  continuum  dielectric  breakdown  model. 
For  this  model  the  velocity  of  the  interface  is 

dx(s)/dt  =  X  IViKs)]^-1)  V(J>(s)  +  yd2K/ds2  n(s) .  (3) 


where  the  potential  <j)  obeys  Laplace's  equation  V2(|)  =  0  with  moving  boundary  conditions  <|>(s)  =  0 
on  any  point  x(s)  of  the  evolving  interface  (here  we  parametrize  the  two-dimensional  interface  by  its 
distance  s  along  the  surface  and  n(s)  is  the  normal  unit  vector  at  any  such  point  on  the  interface) 
and  c>(R0)  =  4»0  a  distance  Rq  away.  The  exponent  t|  =  1  for  pure  Laplacian  growth,  and  we  have 
added  to  the  right  hand  side  of  the  equation  a  surface  diffusion  term  due  to  the  surface  tension  y 
which  will  be  needed  to  control  the  Mullins-Sekerka  instability  by  introducing  a  short  scale  cutoff. 
This  is  not  the  unique  effect  of  surface  tension.  For  two-fluid  flow  for  example  we  should  use  the 
boundary  condition  <|>(s)  =  -yK(s),  and  indeed  such  a  term  can  be  treated  using  the  Poisson  integral 
formula,  but  at  the  cost  of  a  great  loss  of  simplicity  in  the  resulting  equations.  More  general  non¬ 
conservative  effects  of  surface  tension  such  as  evaporation  at  regions  of  high  curvature  can  be 
incorporated  into  the  equations  of  motion  by  replacing  yd2K/ds2  by  (yd2K/3s2  _  cjk). 


k  COHPCRHM,  MSP  BEOTEEH 
THE  2  SHD  W  PISHES 


Fig.l  A  conformal  map  between  the  Z  and  W  planes 


We  now  use  conformal  mapping  techniques  to  derive  the  partial  differential  equation  for  the 
interface  evolution  directly.  Treat  the  interface  as  a  simple  closed  contour  lying  in  the  'physical' 
complex  plane  z  =  x  +  i  y,  and  define  a  conformal  map  z  =  f(w)  between  the  outside  of  the  contour 
and  the  outside  of  a  unit  disk  lying  in  the  complex  w  plane.  Specifically  if  we  parametrize  the  disk 
using  the  angle  a  where  0  <  a  <  2k,  then  the  contour  of  the  evolving  interface  z(a,t)  =  f(eior,t).  To 


find  an  equation  of  motion  for  the  interface  we  define  the  complex  analytic  potential  V(z)  =  <J>(x,y)  + 
i  \|/(x,y)  in  terms  of  which  Eq.(3)  can  be  transformed  into 


dz/dt  =  X  IdV/dzK'n-l)  (dV/dz)*  +  y32ic/3s2  n  .  (4) 


where  n  =  -iei0(s)  is  the  normal  unit  vector  in  the  complex  plane,  defined  in  terms  of  0(s)  the  angle 
between  the  interfacial  tangent  at  s  and  the  x  axis. 

Because  the  conformal  mapping  is  to  the  unit  disk,  the  complex  potential  obeying  the  relevant 
boundary  conditions  in  the  w  plane  is  V(w)  =  <f>0  In  w/ln  %  and  consequently  we  may  take  V(z)  = 

(j)0  In  f_1(z)/ln  Ro  to  be  the  complex  potential  in  the  z  plane.  Using  this  potential  and  Eq.(4)  we  find 
dz/dt  =  -i  A3z/3ol3z/3aK1+Tl)  +  y32K/3s2  n  .  (5) 


where  A  =  X  (<t)0  /lnR^  ,  which  is  the  generalization  of  Eq.(l)  to  the  dielectric  breakdown  model 
supplemented  by  a  surface  diffusion  term  induced  by  surface  tension. 

Using  Eq.(5),  we  are  now  in  a  position  to  extract  the  equations  for  the  tangent  angle  0(s)  and  the 
metric  g  =  3z/3a3z*/3a  by  noting  that  3z/3a  =  (3z/3s)  (3s/3cr)  =  e10(s)gI/2 .  We  find 


dg/dt  =  2Kg[Ag_Tl/2  +  y32ic/3s2] 
d0/dt  =  [(A'q/2)g"U+Tl/2)  3g/3s  -  y32K/3s2] 


(6) 


The  tangent  angle  0(s)  and  curvature  are  related  by  k(s)  =  30/3s;  while  the  metric  g(s)  is  related 
to  the  growth  probability  P(s)  by  observing  that  the  conformal  map  between  the  original  interface 
and  the  conformally  mapped  disc  implies  that  P(s)ds  =  P(o)da  =  da/27t,  and  therefore  g(s)  = 
(2rcP(s))-2  These  two  identities  combined  with  Eq.(6)  can  now  be  used  in  turn  to  derive  equations 
of  motion  for  K(s)  and  P(s). 


dP/dt  =  -kP[  DP4  +  y32K/3s2]  (7a) 

dic/dt  =  -  (K2+32/3s2)[DPTl+y32K/3s2]  (7b) 


where  D  =  (27t)TlA  .  In  deriving  Eq.(7b)  we  used  the  operator  identity  3/ds(d/dt)  =  d/dt(3/3s)+ 
(3/3s)K(DPTl+y32K/3s2)  for  the  dielectric  breakdown  model.  Finally  as  for  any  variable  £  we  know 
d£/dt  =  dC/dt  ls+  dfyds  ]  0sK(DPrl-p^2K/3s2)  ds  we  can  find  the  hydrodynamic-like  equations  for 
the  curvature  and  growth  probability 


3P/3t  =  -3/3s  [  Pv] 


(8a) 


3k/3i  =  -  3/3s  [  kv  +  3/3s(DPTl+y32ic/3s2)]  (8b) 
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which  behave  like  conserved  densities  which  are  transported  with  a  velocity  given  by  the  nonlocal 
expression 


v(s)  =  J  0sk(DPtI+y32k/3s2)  ds 


(9) 


There  exists  one  further  important  point  which  needs  to  be  emphasised:  the  curvature  and 
growth  probability  are  not  independent  variables.  In  principle  we  can  now  solve  any  initial  value 
problem  given  K(s,t=0)  and  P(s,t=0).  For  real  growth  processes,  however,  it  must  always  be 
remembered  that  given  the  initial  curvature  we  have  also  been  supplied  with  our  initial  conditions  for 
the  growth  probability  as  the  two  are  related  nonlocally. 


SINGULAR  HYDRODYNAMICS 


Let  us  now  analyze  Eqs.(8)  and  (9).  Despite  their  nonlinearity  and  nonlocality,  it  proves 
possible  to  make  quite  a  bit  of  headway  in  analysing  these  equations  because  of  their  transparent 
physical  meaning,  and  our  good  intuition  with  hydrodynamics.  As  the  total  length  of  the  interface  is 
growing  at  a  rate  dl/dt  =  v(l),  let  us  discuss  the  build  up  of  structure  in  terms  of  the  transformed 
velocity  u(s)  =  v(s)  -  (s/l)v(l)  which  removes  the  trivial  flow  due  to  average  global  interfacial 
stretching  or  contraction,  the  velocity  u(s)  remaining  then  does  not  simply  induce  a  simple  dilation 
in  the  variables,  but  will  transport  the  curvature  and  growth  probability  around  the  interface  in  a 
nontrivial  manner.  It  is  this  velocity  which  we  argue  lies  at  the  root  of  the  build  up  of  multifractal 
structure. 

The  growth  probabililty  obeys  a  pure  transport  equation  and  therefore  flows  m  the  direction  set 
by  the  nonlocal  velocity  v(s).  Thus  the  build  up  of  structure  can  be  described  in  terms  of  the 
singular  points  where  the  transformed  velocity  u(s)  is  zero.  These  stagnation  points  s*  can  be 
classified  as  attractors  or  repellors  of  P(s)  and  k(s)  depending  on  their  gradients  du/ds  = 
k(DPt1+y32k/9s2)  -  <K(DPTl+yd2K/3s2)>  where  <>  means  a  global  average  over  the  evolving 
interface.  If  du/ds  >  0  at  the  stagnation  point  s*,  then  the  point  is  a  repellor  -  for  u(s)  >  0  at  s  >  s* 
while  u(s)  <  0  for  s  <  s*,  carrying  conserved  densities  away  from  s*.  On  the  other  hand  if  du/ds  <  0 
at  the  stagnation  point  s*,  then  the  point  is  an  attractor  --  for  u(s)  <  0  at  s  >  s*  while  u(s)  >  0  for  s 

<  s*,  carrying  conserved  densities  towards  s*.  Thus  these  repellors  and  attractors  will  tend  to 
reallocate  both  curvature  and  probability  in  a  nonuniform  way,  and  in  the  absence  of  surface  tension 
shocks  will  form  as  the  conserved  densities  build  up  or  are  depleted  at  the  stagnation  points. 
Linearizing  Eq.(8,9)  locally  near  stagnation  points  suggests  that  build-up  or  depletion  occurs 
exponentially  fast  ~  exp(-  (du/ds*)t)  resulting  in  the  observed  cusps  which  build  up  in  finite  times 
in  simulations. 

Where  are  we  likely  to  observe  repellors  and  attractors.  First,  note  that  as  the  actual  position  of 
stagnation  points  is  given  by  the  set  of  nonlocal  quantities  u(s*(t))  =  0,  their  positions  are  only 
weakly  dependent  on  the  local  geometry  and  growth  probability.  Whether,  they  are  attractors  or 
repellors  is,  however,  much  more  strongly  influenced  by  local  geometry.  Neglecting  for  the  moment 
the  contribution  of  surface  tension,  the  dielectric  model  would  suggest  du/ds  «  D(KPh  -<KPh>). 
Thus  attractors  may  be  expected  at  regions  of  less  than  average  curvature  and  low  growth 
probability  or  negative  curvature  and  large  growth  probability.  Such  points  occuring  typically  in 
fiords,  may  be  expected  to  accumulate  growth  probability  resulting  in  time  in  local  maxima  d2P/ds2 

<  0  in  the  growth  probabilities.  On  the  other  hand  at  hot  tips  of  large  positive  curvature  one  would 
expect  repellors  to  appear  and  the  growth  probability  will  be  transported  away  from  the  tip  to  the 
sides  of  the  dendrite.  If  the  transport  is  large  enough,  local  maxima  in  P  will  be  transformed  into 
local  minima  d2P/ds2  >  0  of  the  growth  probability.  This  transport  dynamics  of  growth  probability 
can  be  seen  in  Fig.2  which  shows  the  spatiotemporal  evolution  of  curvature,  growth  probability,  and 
velocity  u  for  one  specific  set  of  initial  conditions  (the  y  axis  represents  time,  while  the  x  axis 
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represents  the  variable  0<  s/l(t)  <  1).  Initially  the  growth  probability  is  large  at  regions  of  large 
positive  curvature  (positive  curvature  is  light  colored  in  Fig.  2  (a)  and  negative  at  darker  colors; 
while  growth  probability  is  lighter  coloured  when  larger  in  Fig.  2(b)  and  darker  at  lower  values)  and 
repellors  exist  at  these  points  (see  Fig.  2  (c):  the  velocity  u(s)  >  0  is  plotted  is  dark,  and  u(s)  <0  is 
light;  thus  attractors  exist  at  dark-light  transitions,  while  repellors  occur  at  light-dark  transitions), 
while  attractors  exist  at  the  regions  of  negative  curvature.  The  growth  probability  is  transported 
away  from  the  repellors  toward  the  attractors  initially  as  can  be  seen  in  Fig.  2b. 


Fig.2  The  development  of  fractal  structure  through  a  series  of  bifurcations  in  the  absence 
of  surface  tension,  (a)  Curvature;  (b)  Probability;  (c)  Velocity;  (d)  Surface  evolution. 
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In  this  manner  the  curvature  influences  the  growth  probability.  How  does  this  evolving  growth 
probability  influence  the  curvature?  While  the  probability  flux  is  of  a  pure  transport  form  jP  =  Pv, 
the  curvature  flux  jK  =  kv  +  3/3s(DPh+Yd2K/ds2)  contains  contributions  from  the  growth 
probability.  Specifically  if  32P/3s2  <  0  as  can  occur  in  invaginations  the  growth  probability  will  tend 
to  increase  the  curvature,  while  if  32P/3s2  >  0  can  occur  at  hot  tips  the  growth  probability  will  tend 
to  decrease  curvature.  This  suggests  that  in  regions  of  negative  curvature  there  is  a  competition 
between  transport  of  negative  curvature  to  attractor  points  and  the  influence  of  P(s)  tending  to 
increase  the  curvature.  While  at  regions  of  positive  curvature  tip  splitting  may  occur  from  the 
combined  influence  of  curvature  transport  away  from  repellor  stagnation  points  and  the  influence 
the  growth  probability.  The  combined  influence  of  these  transport  processes  is  to  create  cusp-like 
singularities  in  the  curvature  (see  Fig.2a). 

Another  major  result  of  this  competition  is  the  appearance  of  bifurcations  in  the  velocity  field  as 
function  of  time  (see  Fig.2c)  in  the  numerical  maps  which  are  created  when  we  discretise  Eqs.(8) 
and  (9)  (in  the  real  continuum  equations  in  the  absence  of  surface  tension  at  this  point  cusps  would 
appear  in  the  curvature  and  growth  probability  and  the  partial  differentiial  could  bot  be  integrated 
further  forward  in  time).  The  discretisation  procedure,  which  may  also  be  associated  with  the 
essential  discreteness  of  the  DLA  algorithm  itself,  allows  one  to  follow  the  time  evolution  beyond 
the  singularites  in  the  partial  differential  equation.  Depending  on  the  initial  conditions  both  forward 
and  backward  (in  time)  period-doubling  and  tangent  bifurcations  have  been  observed  in  both  the 
attractors  A  and  repellors  R.  By  a  forward  period-doubling  bifurcations  we  mean  a  bifurcation  A  -> 
ARA  where  the  old  attractor  becomes  a  repellor  and  two  new  attractors  are  created  in  the  velocity 
field;  or  R  ->  RAR  creating  two  new  repellors  (see  Fig.3a).  By  tangent  bifurcations  we  mean  the 
sudden  creation  of  AR  pairs  from  the  'vaccum'  as  the  velocity  field  u(s)  traverses  the  u  =  0  line  (see 
Fig.  3b).  Note  in  all  bifurcations  the  atrractors  and  repellors  are  created  in  pairs  and  therefore 
despite  the  fact  that  their  total  number  is  not  conserved,  it  the  attractors  and  repellors  can  be  treated 
as  the  particle-antiparticle  pairs  annihilating  on  contact. 


In  the  absence  of  surface  tension  there  is  numerical  evidence  that  such  bifurcations  occur 
deterministically  in  time  for  example  RA->  RARA  ->  RARARA  etc.  leading  to  tree-like  structures 
in  the  velocity  field,  and  resulting  in  self-similar  geometric  structures  in  the  curvature  and 
probability  with  position  on  the  interface  (see  Fig.2)  which  we  are  argue  are  the  short  time  signal  of 
fractal  and  multiffactal  behaviour  at  long  times. 

What  is  the  influence  of  surface  tension  on  this  dynamics?  We  have  numerically  integrated  the 
equations  in  the  presence  of  surface  tension  and  the  behaviour  is  dramatically  different  for  even  the 
smallest  surface  tension,  confirming  the  singular  nature  of  the  perturbation  applied.  Qualitatively  at 
very  short  times  the  velocity  transport  will  build  up  cusp  singularities  in  a  manner  described  above 
similar  to  shock  formation  in  hydrodynamics.  Then,  when  the  derivatives  in  the  curvature  become 
large  enough  the  surface  tension  makes  its  presence  felt,  resulting  in  almost  discontinuous  changes 
in  the  dynamics  (see  Fig.4). 


The  future  dynamics  then  becomes  extremely  sensitive  to  the  exact  shape  of  these  gradients  in 
curvature  when  surface  tension  becomes  inportant  and  the  long-time  dynamics  appears  to  show 
spatiotemporal  chaos.  This  spatiotemporal  chaos  can  be  understood  qualitatively  as  being  due  to  the 
sensitive  influence  of  surface  tension  on  the  bifurcation  sequences  observed  in  the  absence  of 
surface  tension.  Thus  both  period-doubling  and  tangent  bifurcations  still  make  an  appearance,  but 
random  rather  than  deterministic  sequences  occur  eg  RA  ->  RARA  ->  RAARRA  -> 
RAARARRARA  as  surface  tension  suddenly  reorients  the  local  direction  of  the  velocity  field. 


DISCUSSION 


The  process  we  are  observing  appears  to  be  recursive  creating  stmcture  at  smaller  and  smaller 
scales  with  time  as  the  velocity  transports  curvature  and  growth  probability  away  from  repellors  and 
towards  attractors  and  in  the  process  creating  new  attractors  and  repellors  at  smaller  scales  which 
start  the  transport  process  again.  If  this  is  correct  a  dynamically  recursive  mechanism  will  have  been 
associated  with  the  equations  for  Laplacian  growth,  and  more  generally  with  the  dielectric 
breakdown  model,  which  despite  creating  beautiful  self-similar  structures  have  obstinately  kept 
secret  the  manner  in  which  the  process  was  occuring. 

Clearly  intensive  large-scale  numerical  investigations  needs  to  be  performed  to  extract  more 
fully  the  mechanisms  hinted  at  by  these  small-scale  short-time  simulations.  Topics  needing 
investigation  include  the  nature  of  the  discretization  process  itself  in  transforming  the  partial 
differential  equations  into  spatiotemporal  maps  for  the  curvature  and  growth  probability;  the 
influence  of  the  growth  exponent  r|  on  pattern  formation  especially  in  the  large  T|  limit,  as  well  as 
the  nature  of  the  transition  between  these  equations  as  r|  ->  0  and  those  for  =  0  self-affine 
surfaces  such  as  the  KPZ  equation29;  the  influence  of  external  noise  on  interfacial  structure 
obtained  by  adding  delta-correlated  noise  terms  to  the  right  hand  side  of  Eq.(8b)  for  the  curvature; 
and  the  influence  of  anisotropy. 
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ABSTRACT 

We  discuss  the  actual  relevance  of  thin  gap  geometry  electrodeposition  to  generate  fractal 
patterns  that  mimic  the  morphology  of  Witten  and  Sander's  diffusion-limited  aggregates  (DLA). 
Eliminating  migration  and  convection,  as  well  as  electrochemical  side  reactions,  we  show  that 
electroless  deposition  is  a  good  candidate  to  meet  the  requirements  for  diffusion  to  be  the  rate 
limiting  step  of  the  growth  process.  We  use  the  wavelet  transform  microscope  to  achieve  a 
comparative  structural  characterization  of  both  experimental  electroless  deposits  and  numerical 
DLA  clusters.  The  fact  that  five-fold  symmetry  and  Fibonacci  hierarchical  ordering  are  found  as 
common  predominant  statistical  features  is,  to  our  knowledge,  the  first  demonstration,  relying 
on  an  appropriate  structural  fractal  analysis,  of  the  existence  of  DLA  morphologies  in  an 
experimental  context. 


INTRODUCTION 

Since  the  early  eighties,  many  experimental  works1-7  have  been  carried  out  in  physics, 
chemistry  and  biology  with  the  intention  of  testing  the  relevance  of  the  DLA  model  introduced 
by  Witten  and  Sander8  in  1981,  to  fractal  growth  processes.  In  particular,  much  effort  has  been 
devoted  to  characterize  the  scaling  properties  of  experimental  clusters  and  numerical  aggregates 
computed  with  the  DLA  model  using  the  concepts  of  fractal  and  multifractal5-9-13.  This  has  been 
done  in  the  spirit  of  gathering  these  diffusion-controlled  growth  processes  into  a  universal 
geometrical  class2-9.  Among  the  various  experimental  illustrations  of  fractal  pattern  forming 
phenomena,  electrodeposition  has  been  emphasized  as  the  paradigm  for  theoretical  studies  of 
diffusion-limited  aggregation10*14-17.  Actually,  electrodeposition  experiments  have  attracted  a  lot 
of  interest10*14-24  because  they  provide  a  way  to  explore  a  rich  variety  of  morphologies  at  little 
cost  by  simply  varying  some  control  parameter,  e.g.,  the  concentration  of  metal  ions  or  the 
voltage.  When  investigating  the  electrodeposition  of  various  metals  like  zinc,  copper  and  silver 
from  aqueous  solutions  without  supporting  electrolyte,  some  resemblance  with  DLA 
morphologies  was  found  for  specific  domains  of  the  current  (or  voltage)-concentration 
parameter  space.  Fractal  dimensions  were  measured  in  remarkable  agreement  with  those  of  DLA 
clusters10*24.  However,  several  attempts  to  classify  the  morphologies  observed  in 
electrodeposition  have  led  to  different  phase  diagrams16-17*22*23,  which  is,  a  posteriori,  a  strong 
indication  that  electrodeposition  is  a  more  complex  system  than  a  simple  random  walker 
aggregation  process.  Moreover,  since  fractal  dimension  measurement  only  provides  statistical 
information  about  the  scaling  properties  of  fractal  aggregates24,  there  has  been  for  years  the  need 
of  a  new  technique  for  structural  analysis,  powerful  enough  to  unambiguously  recognize  DLA 
geometry. 

In  this  communication,  we  report  on  the  results  of  a  recent  structural  analysis  of  electroless 
deposits  using  the  wavelet  transform25.  We  first  define  an  experimental  protocol  to  bring  the 
electrodeposition  system  close  to  the  conditions  where  the  growth  is  limited  by  diffusion.  Then 
we  use  the  wavelet  transform  microscope24  to  explore  the  intricate  arborescent  geometry  of  the 
so-obtained  electroless  deposits  with  the  specific  goal  to  establish  some  quantitative 
morphological  correspondances  between  these  experimental  fractal  aggregates  and  large  mass 
off-lattice  DLA  clusters. 
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EXPERIMENTAL  PROTOCOL 


During  the  past  few  years,  there  has  been  several  attempts  to  analyze  the  different 
mechanisms  that  come  into  play  in  thin  layer  electrodeposition26-32.  There  are  mainly  of  two 
types  :  (i)  on  the  one  hand,  the  chemical  reactions  that  take  place  in  the  diffusive  layer  as  well  as 
in  the  bulk  of  the  cell23’31'33  ;  (ii)  on  the  other  hand,  the  transport  processes  such  as  surface 
diffusion,  bulk  diffusion,  migration  and  convection30’33-34.  Both  of  them  have  a  major  impact  on 
the  dynamic  and  the  morphology  (fractal,  dense,  dendritic)  of  the  growth23-28-30-34. 

In  order  to  ensure  the  bulk  diffusion  to  be  the  rate  limiting  step  in  the  aggregation  process, 
we  thus  need  to  cancel,  or  at  least  to  minimize,  migration  and  convection  but  also  to  avoid  any 
parasitic  reaction  on  the  interface  besides  the  metal  reduction  itself.  Working  in  open  circuit 
(electroless  deposition20-21)  removes  the  effects  of  a  global  electric  field  and  consequently 
suppresses  any  electrohydrodynamic  instability  of  the  fluid  around  the  tips  of  the  branches29.  To 
get  rid  of  parasitic  phenomena  induced  by  the  presence  of  a  global  electric  field,  we  have  chosen 
electroless  deposition  rather  than  working  with  highly  concentrated  supporting  electrolytes, 
because  the  addition  of  salt  modifies  the  adsorbed  layer  on  the  metallic  interface  and 
progressively  favours  the  reduction  of  other  species  such  as  protons31-32.  To  damp  down  natural 
convection  driven  by  buoyancy  forces30-33-34,  it  is  necessary  to  work  with  very  small  gap  cells 
(~  50  pm  or  less).  Then,  only  diffusion  remains  for  the  feeding  of  the  neighborhood  of  the 
interface  which  is  progressively  depleted  in  reducing  species.  The  chemistry  of  metal  ion 
reduction  is,  in  this  quasi  2D  geometry,  a  tedious  question  since  impurities  such  as  oxygen  or 
alcali  cations  which  are  found  naturally  in  the  electrolytes,  have  been  shown  recently  to  have  a 
great  influence  on  the  morphology  of  both  copper  and  zinc  deposits31-32.  In  particular,  if  one 
prepares  a  solution  of  zinc  salt  which  is  free  of  oxygen  and  alcali  cations,  one  recovers  a  phase 
diagram  which  is  simpler  than  the  ones  previously  published16-17-22-23,  disordered  branched 
patterns  becoming  more  unlikely  under  these  conditions.  Let  us  point  out  also  that  the  reduction 
of  protons  (which  is  active  in  pure  aqueous  electrolytes)  can  lead,  in  supported  electrolytes,  to 
the  formation  of  hydrogen  bubbles  which  are  a  real  nuisance  for  the  growth  process,  since  they 
shake  the  solution  and  destroy  any  fine  structure  of  the  deposit. 

Therefore,  the  three  fundamental  requirements  to  get  DLA  morphologies  in  electrodeposition 
are  no  external  electric  field,  ultra  pure  solutions  and  very  thin  gap  geometry25.  To  make  fractal 
analysis  tractable,  it  is  fundamental  to  grow  clusters  as  large  as  possible.  In  that  perspective,  it  is 
absolutely  necessary  to  get  rid  of  morphological  transition  (e.g.  Hecker  effect26-27-30-32*35)  which 
could  arise  in  closed  electrochemical  cells.  To  avoid  such  finite  size  effects,  we  run  our 
experiments  in  a  reservoir-fed  layer  as  illustrated  in  Fig.  1.  A  thin  foil  of  copper  (99.99  % 
purity)  is  inserted  between  two  circular  glass  plates  that  are  sealed  at  a  fixed  distance  (50  pm), 
prior  to  filling  by  a  0.05  mol.L-1  silver  nitrate  solution  (Prolabo  normapur).  The  cell  is  in  contact 
by  its  outer  circonference  with  a  2cm  deep  reservoir  which  contains  the  same  solution.  This 
experimental  set-up  has  been  devised  in  order  to  impose  quasi-infinite  boundary  conditions  like 
in  DLA  simulations. 

RESERVOIR  FED  REACTOR 
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Fig.  2  (a)  106  particle  off-lattice  DLA  cluster,  (b)  Silver  electroless  aggregate. 


In  (R)  In  (R) 

Fig.  3  Fractal  dimension  analysis  of  DLA  and  electroless  clusters,  (a)  Fractal  dimension  :  log- 
log  plot  of  the  mass  of  the  final  cluster  contained  in  a  disk  versus  the  radius  R.  (b)  Dynamical 
dimension  :  log-log  plot  of  the  mass  of  a  growing  cluster  versus  its  giration  radius  during  the 
growth  process. 


DIMENSION  MEASUREMENT 

Provided  all  the  experimental  requirements  we  just  described  be  fulfilled,  we  get  the  type  of 
electroless  deposit  morphology  shown  in  Fig.  2b.  In  Fig.  2a  is  illustrated  for  comparison  a  large 
mass  DLA  cluster  (M  =  106)  computed  with  an  off-lattice  algorithm36.  To  quantify  the 
qualitative  resemblance  revealed  from  simple  visual  inspection,  we  report  in  Fig.  3  the  results  of 
a  fractal  dimension  analysis  of  both  the  numerical  and  the  experimental  aggregates33.  In  Fig. 
3(a)  the  fractal  dimension  is  estimated  as  the  pointwise  dimension  which  characterizes  how  the 
mass  around  the  central  seed  scales  as  the  function  of  the  length  ;  as  seen  on  this  figure,  there 
exists  a  finite  range  of  scales  where  the  DLA  and  the  electroless  clusters  scale  with  the  same 

exponent :  D^  =  1.65  ±  0.03  and  D|lec  =  1.66  ±  0.05.  This  similarity  is  confirmed  by  the 

results  of  box-counting  and  fixed-mass  fractal  dimension  measurement24  ;  the  generalized 
fractal  dimensions  of  the  electroless  deposit  are  found  to  be  equal  to  the  fractal  dimension  Dq  = 
Dplec  =  1.65  ±  0.05,  Vq  in  rather  good  agreement  with  the  estimates  obtained  for  large-mass  off- 


lattice  DLA  cluster37*39  Dq  =  DjM  =  1.63  ±  0.05.  This  observation  strongly  suggests  that  in  the 
experiment  as  well  as  in  the  simulations,  we  grow  clusters  that  are  likely  to  be  homogeneous 
fractals.  In  Fig.  3(b)  are  reported  the  results  of  the  measurement  of  the  dynamical  dimension 
describing  the  dependence  of  the  mass  of  a  cluster  on  its  average  radius  of  gyration  during  the 

growth  process ;  again  the  comparison  is  quite  satisfactory33 :  Dj1^  —  1.71  ±  0.03  and  DJlec  = 
1.70  ±  0.05  (let  us  note  that  the  fact  that  the  dynamical  dimension  is  found  significantly  larger 
than  the  fractal  dimension  still  remains  an  unsolved  problem).  But  since  fractal  dimensions 
provide  only  degenerate  statistical  informations24’40-41,  the  remarkable  consistency  reported  in 
this  section  is  not  sufficient  to  conclude  that  electroless  and  DLA  clusters  have  the  same 
morphology. 


2D  WAVELET  ANALYSIS 

In  a  recent  work37*39,  we  have  used  the  wavelet  transform  to  explore  the  ramified  structure  of 
large  mass  (M  =  106)  off-lattice  DLA  clusters.  This  study  has  revealed  two  previously  unnoticed 
structural  features  that  are  statistically  predominant :  (i)  the  existence  of  a  preferential  screening 
angle  consistent  with  five-fold  symmetry38  ;  (ii)  the  presence  of  a  Fibonacci  hierarchical 
ordering37*39.  Here  we  will  reproduce  this  wavelet-based  analysis  on  a  statistical  sample  of  20 
electroless  deposits  grown  in  the  same  experimental  conditions  as  the  the  one  shown  in  Fig. 
2(b),  using  the  structural  characteristics  (i)  and  (ii)  as  morphological  tests25. 

The  wavelet  transform  (WT)  of  a  2D  distribution  of  mass  p,  with  respect  to  a  radially 

symmetric  real  analyzing  wavelet  y  is  defined  as24 : 

Tv[n](b,a)  =  Jx^^^(x),  (1) 


where  y  is  generally  supposed  to  be  of  zero  mean  for  the  transform  to  be  invertible.  As 
previously  tested  to  investigate  the  well  organized  fractal  architecture  of  snowflake  patterns24, 
the  WT  can  be  regarded  as  a  mathematical  microscope24’39  whose  position  and  magnification 
are  b  and  1/a  (>  0)  and  whose  optics  are  given  by  the  choice  of  the  analyzing  wavelet  y.  When 
examining  an  electroless  deposit  with  the  WT  microscope,  by  increasing  the  magnification 
parameter,  one  reveals  progressively  and  quite  naturally  the  successive  generations  of  branching. 


Fig.  4  (a)  2D  WT  of  an  electroless  deposit  at  a  coarse  scale  ;  the  analyzing  wavelet  is  the 
mexican  hat  y  (x)  =  (2  -  Ixl2)  c-m2/2.  (b)  Histogram  of  screening  angle  values  between  branches 
of  successive  generations  as  computed  from  the  WT  analysis  of  20  electroless  deposits  (black 
bars)  and  20  off-lattice  DLA  clusters  of  mass  M  =  106  (white  bars),  at  a  comparable 
magnification. 
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A  first  qualitative  confirmation  of  the  statistical  homogeneity  of  these  experimental  aggregates 
is  the  fact  that  these  branchings  occur  rather  uniformly  in  space  without  any  preferential  location 
and  this  at  all  scales.  Moreover,  at  each  generation  of  branching,  the  WT  provides  an  efficient 
way  to  measure  the  screening  angles  between  bifurcating  branches24*25  as  illustrated  in  Fig.  4(a). 
Let  us  point  out38*39  that  these  screening  angles  differ  from  the  angles  between  the  stems  of  the 
branches  which  do  not  take  into  account  the  hierarchy  of  sub-branches  originating  from  these 
stems42.  In  Fig.  4(b)  are  reported  the  results  of  a  systematic  investigation25  of  the  screening 
angles  of  20  electroless  and  DLA  clusters.  In  both  experiment  and  simulation,  we  have  adjusted 
the  WT  magnification  in  order  to  resolve  similar  generations  of  branching.  The  two  histograms 
so-obtained  are  in  remarkable  agreement  ;  they  both  display  a  unique  maximum  around  the 

value  0*=  37°  ±  2.5°  ~  rc/5.  Moreover,  we  have  checked  (for  3  generations  of  branching  in  the 
DLA  clusters  and  2  generations  in  the  electroless  deposits)  that  these  histograms  are  scale 
invariant 


ID  WAVELET  ANALYSIS 

This  observation  of  a  predominant  structural  five-fold  symmetry,  is  a  very  promising  first 
clue  to  the  existence  of  a  hierarchical  ordering  in  the  electroless  deposits.  Whether  these 
aggregates  display  a  Fibonacci  fractal  organization  similar  to  the  one  discovered  in  the  DLA 
morphology38  is  the  next  challenge  we  want  to  address.  For  that  purpose  we  could  simply  try  to 
identify  Fibonacci  sequences  in  the  ramification  process  that  results  from  screening  effects  in  the 
deposition  growth  process.  But  in  order  to  make  our  demonstration  quantitative,  we  will  rather 
focus  our  WT  analysis  on  the  so-called  azimuthal  Cantor  sets37  obtained  by  intersecting  the 
experimental  clusters  with  a  circle  of  radius  R  =  2  Rg/3  (where  Rg  is  the  gyration  radius) 
centered  at  the  origin.  More  precisely,  we  use  the  wavelet-based  tree  matching  algorithm, 
recently  implemented  for  solving  the  inverse  fractal  problem  in  one-dimension43,  to  process 
these  azimuthal  cuts44.  A  typical  representation  in  the  (0,a)  half-plane  of  the  ID  WT  of  an 
experimental  azimuthal  Cantor  set  is  shown  in  Fig.  5(a).  As  explained  in  [37,44],  this  figure 
does  not  illustrate  the  whole  WT  but  simply  its  skeleton  defined  by  the  position  of  the  maxima 
of  its  modulus.  From  the  tree  organization  of  this  skeleton,  one  can  extract  structural  properties. 
In  particular,  by  computing  the  ratio  r  =  (<  1)  between  the  scales  where  two  successive 

bifurcations  occur  in  the  WT  skeleton,  one  can  identify  some  characteristic  scale  ratios.  A 
systematic  investigation  of  50  experimental  WT  skeletons  similar  to  the  one  in  Fig.  5(a), 
actually  yields  an  overall  scale  ratio  histogram  which  again  is  in  remarkable  agreement  with  the 
corresponding  histogram  obtained  for  DLA  clusters25.  Moreover,  this  analysis  reveals  a 
preferential  scale  ratio  r*  =  0.43  ±  0.05,  which  means  that  the  generations  of  branching  in  the 
WT  skeletons  are  expected  to  occur  preferentially  at  scales  an  =  aor*",  where  aq  is  a  macroscopic 
scale  that  is  determined  by  the  size  of  the  cluster  branch  under  study.  The  horizontal  lines  in  the 

(0,a)  half-plane  in  Fig.  5(a)  are  drawn  as  guide  marks  for  those  successive  generations.  As  seen 
on  this  particular  example,  the  number  of  WT  maxima  lines  at  each  generation  follows  closely 
the  Fibonacci  series  defined  by  the  iteration  :  Fn  =  Fn_i  +  Fn_2  with  Fo  =  Fi  =  1.  Furthermore,  one 
can  encode  the  whole  WT  skeleton  according  to  the  Fibonacci  recursive  law  : 

A->AB  ,  B->A  (2) 

The  branching  ratio  in  the  WT  skeleton  is  therefore  likely  to  converge  to  the  golden  mean 
<J>  =  limn_»+0oFn+i/Fn  =  (1  -h/5)/2=  1.618... 

As  far  as  the  statistical  pertinence  of  this  Fibonacci  structural  ordering  is  concerned,  we 
report  in  Fig.  6,  the  results  of  a  comparative  analysis  of  50  (resp.  240)  WT  skeletons  of 
electroless  deposit  (resp.  DLA  cluster)  azimuthal  Cantor  sets25.  The  different  histograms 
correspond  to  the  statistical  distribution  of  the  number  of  WT  maxima  lines  that  exist  at  scales 
an  =  ao  (0.43)n  for  successive  generations  from  n  =  1  to  6.  Each  of  these  histograms  displays  a 
well  defined  maximum  at  the  value  Fn  given  by  the  Fibonacci  series.  Therefore,  when  zooming 
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Fig.  5  (a)  WT  skeleton  of  a  part  of  the  azimuthal  Cantor  set  corresponding  to  one  main  branch  of 
an  electroless  deposit ;  large  scales  are  at  the  top.  The  analyzing  wavelet  is  \|/(x)  =  exp  (-x2).  The 
bifurcation  points  (x)  are  located  at  a  scale  where  a  WT  modulus  maxima  line  appears,  at  equal 
distance  between  this  line  and  the  closest  longer  line.  The  horizontal  dashed  lines  mark  the 
scales  an  =  ao  (0.43)°,  where  the  successive  generations  of  branching  are  statistically  expected  to 
occur  ;  the  WT  skeleton  is  coded  with  symbols  A  and  B  according  to  the  Fibonacci  recursive 
process  (2).  (b)  Histogram  of  scale  ratios  rA  =  an/an.i  between  two  successive  bifurcation  points 
of  the  WT  skeleton  when  following  a  A  branch,  (c)  Histogram  of  scale  ratios  tq  when  following 
a  B  branch.  The  black  (resp.  white)  histogram  corresponds  to  the  statistical  analysis  of  50  (resp. 
240)  main  branches  of  10  electroless  deposits  (resp.  50  large  mass  off-lattice  DLA  clusters). 


Fig.  6  Statistical  distributions  of  the  number  of  maxima  lines  that  exist  at  scales  a„  =  ao  (0.43)n» 
for  successive  generations  n  -  1  to  6  in  the  WT  skeletons  of  the  azimuthal  Cantor  sets  of 
electroless  deposits  (black  histograms)  and  off-lattice  DLA  clusters  (white  histograms) ;  same 
statistics  as  in  Fig.  5. 
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the  WT  microscope  on  the  azimuthal  Cantor  sets  extracted  from  electroless  deposits,  the  way 
new  details  appear  at  higher  levels  of  refinement  is  statistically  governed  by  the  Fibonacci 
recursive  process  (2).  But  according  to  this  process,  one  expects  to  observe  another  privileged 
scale  ratio,  namely  r*2,  originating  from  the  delay  required  by  B  to  become  A  before  bifurcating 
again.  The  two  histograms  POvO  and  P(ib)  obtained  by  computing  the  scale  ratios  between  two 
successive  bifurcations  in  the  WT  skeleton  when  following  either  the  outcoming  A  branch  or  its 
pendant  B  branch  are  shown  in  Figs.  5(b)  and  5(c)  respectively.  The  corresponding  experimental 
(electroless  deposits)  and  numerical  (DLA  clusters)  histograms  are  almost  indistinguishable  and 
display  a  maximum  for  respectively  rA  =  0.43  ±  0.05  and  rB  =  0.22  ±  0.05,  in  good  agreement 
with  the  expected  relationship  rB  =  rA2. 

To  complete  our  demonstration,  let  us  apply  to  our  experimental  sample  of  azimuthal  Cantor 
sets,  the  wavelet-based  tree  matching  algorithm  described  in  [44].  This  algorithm  consists  in 
matching  branches  of  the  WT  skeleton  with  the  whole  WT  skeleton  tree  ;  in  particular  it 
associates  the  bifurcation  point  (xn,  a„)  of  an  order  n  branch  to  its  hierarchical  homologous  (xn.i, 
an.i)  of  an  order  n-1  branch.  The  results  obtained  for  20  (resp.  240)  azimuthal  Cantor  set  WT 
skeletons  of  electroless  deposits  (resp.  DLA  clusters)  are  shown  in  Fig.  7  (resp.  Fig.  8).  By 
plotting  xn_i  versus  xn,  one  gets  similar  noisy  ID  maps  for  the  experimental25  and  numerical44 
azimuthal  Cantor  sets  ;  the  data  points  statistically  fall  on  two  distinct  branches.  The  solid  lines 
in  Figs.  7(a)  and  8(a)  correspond  to  the  piece-wise  linear  ID  map  : 


T(x)  = 


ta  00 —  ^ax 
TB(x)  =  X*B(x  — 1)+1 


for 


xe[0X^1} 

xefl-Xg"1,!] 


(3) 


that  provides  a  rather  natural  understanding  of  the  origin  of  the  Fibonacci  structural  hierarchy44. 
This  ID  map  is  made  of  two  linear  branches  whose  slopes  \*A  =  2.2  ~  rA4  and  =  4.8  ~  rj'1 
correspond  respectively  to  the  inverse  of  the  preferential  scale  ratios  found  in  the  histograms 
P(rA)  and  Pfo)  in  Figs  5(b)  and  5(c).  A  straightforward  computation  shows  that  if  one  assumes 

the  equality  =  X,A,  then  the  number  of  intervals  of  a  given  size  r^n,  generated  by  iterating 

T1,  is  exactly  the  Fibonacci  number  Fn.  The  accumulation  of  data  points  around  the  two  lines 
Ta  and  TB  in  Fig.  7(a)  is  thus  the  clue  to  a  statistically  predominant  Fibonacci  multiplicative 
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Fig.  7  (a)  ID  map  extracted  from  20  WT  skeletons  of  the  azimuthal  Cantor  sets  of  electroless 
deposits.  The  solid  lines  correspond  to  the  two  branches  of  the  linear  cookie-cutter  (3)  with  the 

respective  slopes  ATa-  2.2  and  X*B  =  4.8.  (b)  ln(p)  vs  ln(r),  where  r  =  \  (p  =  IT¥  &n)l/ 

ITV  [|i](0n-i>  an_i)l)  is  the  ratio  between  the  scales  (amplitudes)  of  two  bifurcation  points 
associated  by  our  tree  matching  algorithm.  A  linear  regression  fit  of  the  data  provides  the  slope 
a  =  0.61  ±0.05. 
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Fig.  8  Same  as  Fig.  7  but  for  a  statistical  sample  of  240  WT  skeletons  of  DLA  azimuthal 
Cantor  sets. 

process,  whereas  the  fluctuations  around  these  lines  can  be  seen  as  the  signature  of  the  presence 
of  structural  defects.  These  fluctuations  are  not  specific  to  the  experimental  situation  ;  they  are 
clearly  evidenced  in  Fig.  8(a)  when  investigating  a  richer  statistical  sample  of  DLA  clusters  and 
they  prove  to  be  intrinsic44.  Moreover,  let  us  note  that  there  exists  another  source  of  randomness 
hidden  in  the  Fibonacci  multiplicative  process  itself  since,  for  both  the  experimental  and 

numerical  azimuthal  Cantor  sets,  at  each  bifurcation  A  —»  AB  in  the  WT  skeleton,  the  relative 
position  of  A  with  respect  to  B  (to  the  left  or  to  the  right)  is  found  to  be  governed  by  a  fair 
tossing  coin44. 

From  our  tree  matching  algorithm,  one  can  also  extract  the  amplitude  ratios  p  =  ITV  [|i](0m 
an)l/ITy  [|A](0n-i>  an_i)l  of  the  WT  modulus  evaluated  at  two  associated  bifurcation  points.  This 
amplitude  ratio  is  found  to  fluctuate  with  a  rather  broad  distribution,  but  as  shown  in  Fig.  7(b), 
the  random  variables  ln(p)  and  ln(r)  turn  out  to  be  strongly  correlated  according  to  the  law 
p  ~  r0-61.  These  experimental  results25  mimic  remarkably  what  is  observed  in  Fig.  8(b)  for  DLA 
clusters44.  Moreover,  this  estimate  of  the  local  scaling  exponent  a  =  0.61  ±  0.05  of  the  azimuthal 
Cantor  set  is  in  good  agreement  with  the  value  obtained  for  the  fractal  dimension  of  both  the 
electroless  deposits  and  DLA  clusters  :  DJlec  -  Dj?1^  -  1  +  a  =  1.61  ±  0.05. 


CONCLUSION 

To  summarize,  we  have  taken  advantage  of  the  WT  microscope  abilities  to  show  that 
electroless  deposits  grown  under  diffusion-limited  conditions,  display  the  same  morphological 
characteristics,  e.g.  five-fold  symmetry  and  Fibonacci  structural  ordering,  than  the  numerical 
aggregates  generated  with  an  off-lattice  DLA  algorithm.  This  correspondence  also  extends  to  the 
statistics  of  the  fluctuations  (structural  defects)  around  these  predominant  features.  To  our 
knowledge,  this  is  the  first  demonstration  of  the  existence  of  fractal  DLA  morphologies  in  an 
experimental  context,  that  relies  on  an  appropriate  structural  fractal  analysis.  Further 
comparative  applications  of  the  WT  microscope  to  various  experimental  morphologies  and  their 
numerical  modelling  look  very  promising. 
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Abstract 

I  formulate  a  theory  for  the  growth  of  an  interface  in  a  Laplacian  field.  The  problem 
is  mapped  to  a  many-body  system  and  the  process  is  shown  to  be  Hamiltonian.  The 
corresponding  set  of  dynamical  equations  is  analysed  and  surface  effects  are  introduced 
as  a  term  in  the  Hamiltonian  that  gives  rise  to  a  repulsion  between  the  quasi-particles 
and  the  interface.  The  theory  accommodates  anisotropic  surface  effects.  The  underlying 
Hamiltonian  allows  a  statistical-mechanical  analysis  of  the  limit  distribution  of  the  quasi- 
particles.  Noise  can  be  naturally  incorporated  in  this  formalism.  Finally  the  distribution 
of  the  particles  is  translated  into  the  statistics  of  the  interface,  which  leads  to  predictions 
on  the  morphology.  The  main  thrust  of  this  approach  is  in  finding  a  statistical  mechanical 
approach  to  this  nonequilibrium  process. 

Introduction 

Despite  the  abundance  of  diffusion  controlled  growth  processes,  the  morphologies  that 
these  interfaces  result  in  are  not  well  understood  theoretically.  Few  examples  are  solidifi¬ 
cation  of  supercooled  liquids,  diffusion-limited  aggregation,  electrodeposition  and  growth 
of  bacterial  colonies.  Existing  approaches  mostly  use  scaling  and  two  methods  recently 
lead  to  quite  accurate  predictions  of  the  fractal  dimension/ ^  Yet,  there  is  currently  no 
theory  that  starts  from  the  local  equations  of  motion  (EOM)  and  predicts  the  statistics  of 
such  patterns  or  whether  they  become  fractal  at  all.  Here  I  propose  such  a  first-principles 
theory. 

The  first  step  is  to  write  down  a  p.d.e.  for  the  evolution  of  the  interface.  Consider 
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an  interface  in  two  dimensions,  7(3),  that  is  parametrized  by  s,  and  which  encloses  a  (say, 
solidifying)  region,  outside  which  there  exists  a  Laplacian  field  V2$  =  0.  The  interface  is 
fixed  at  a  given  value  of  $  (say,  the  concentration)  and  a  higher  value  of  $  is  assigned  to 
a  circular  boundary  much  larger  than  the  growth’s  size.  The  interface  advances  at  a  rate 
proportional  to  the  local  gradient  of  the  field,  vn  —  — V$.  This  rate  is  assumed  sufficiently 
slow  to  allow  a  quasi-static  treatment.  By  conformally  mapping  the  interface  onto  the  unit 
circle  at  each  time  step,  solving  for  the  field  in  the  new  plane,  deriving  V#  in  terms  of  the 
map  and  then  equating  to  the  local  growth  rate,  7 *  one  finds^2^3^ 

&7(M)  =  -idaj(sJ)  [|ds7(s,t)|-2  +  ig(s)]  •  (1) 


In  fact,  it  is  only  the  first  term  within  the  square  brackets  that  is  derived  in  this  way  and 
it  represents  local  growth  normal  to  the  interface.  The  second  term  is  introduced  by  hand 
(although  it  is  uniquely  determined  for  analiticity)  and  represents  a  tangential  velocity. 
Rewriting  (1)  in  terms  of  the  conformal  map  F(z,t )  (where  7 (s,t)  =  lim*-,^  F(z,t ))  one 


(2) 

where  G(z,t)  is  an  analytic  function  that  tends  to  the  term  in  the  square  brackets  of  (1) 
as  2  tends  to  the  unit  circle.  Generally,  the  map  can  be  written  in  the  form 

(»> 

n=l  x  / 

where  the  time  dependence  appears  in  the  scaling  factor,  A ,  and  the  locations  of  the  zeros 
and  poles  (the  particles  of  the  many-body  system).  The  map  is 


C  =  F(z ,  t )  =  A(t)  l  +  ln(z  -  Pn 


The  quantities  Rn  are  the  residues  of  the  product  (without  A)  in  (3)  at  Pn.  Contour- 
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integrating  around  the  location  of  the  poles  and  zeros  in  (2),  one  finds  their  EOM: 

-A2(t)Zn  =  tiZ\{Zh{P}) 

-A\t)p„  =  fip\{zy,{P})  (5) 

The  quantities  A(t)Rn(t )  can  be  shown  to  be  independent  constants  of  the  motion  deter¬ 
mined  only  by  initial  conditions'4^5) 

The  Hamiltonian  structure 

The  fact  that  the  process  is  Hamiltonian  is  hinted  upon  by  Eq.  (1),  when  we  consider 
the  normal  rate  alone, 

da(s,t)  = .  (6) 

Expression  (6)  is  equivalent  to  Hamilton’s  equations,  suggesting  that  the  (rescaled)  length 
of  the  actual  growth,  s,  plays  the  role  of  a  Hamiltonian,  while  7  is  a  complex  field.  It  can 
be  shown  that  this  appealing  observation  can  be  extended  for  the  map,  Ff6) 

F  =  -  ,  0) 

where  $  is  the  complex  potential  in  the  physical  plane  and  Im{$}  =  Const,  represent 
the  stream  lines.  Thus  not  only  is  the  process  Hamiltonian,  it  is  also  related  to  the  real 
(electrostatic)  potential  energy.  There  are  a  couple  of  alternative  Hamiltonian  structures 
that  will  not  be  elaborated  on  here.^7)^8) 

Following  Hamiltonian  dynamics  means  that  the  p.d.e.  that  describes  the  curve’s 
enjoys  a  conserved  energy-like  quantity.  Since  the  many-body  formulation  is  an  equivalent 
description  of  the  interface’s  dynamics  it  follows  that  the  system  of  the  particles,  the  poles 
and  zeros,  must  also  conserve  that  quantity  and  hence  it  must  also  support  a  Hamiltonian 
structure.  Finding  the  explicit  Hamiltonian  for  the  two-dimensional  many-body  system 
proves  very  difficult  and  this  problem  is  currently  unsolved.  But  the  very  realisation  that 
such  a  Hamiltonian  exists  allows  access  to  a  bag  of  powerful  tools. 
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Surface  effects 

It  is  known  that  without  surface  effects,  or  capilary  forces,  cusps  form  along  the  inter¬ 
face,  corresponding  Saffman- Taylor  instability/9)  Real  interfaces,  however,  avoid  cusps  be¬ 
cause  the  energy  cost  increases  with  curvature.  Since  a  locally  high  curvature  corresponds 
to  a  zero  approaching  the  unit  circle  then  smoothening  surface  effects  must  correspond  to 
an  effective  repulsive  potential  between  the  particles  and  the  interface.  I  should  empha¬ 
size  that  only  the  existence  of  a  Hamiltonian  makes  it  possible  to  use  the  term  ’repulsive 
potential’  with  a  proper  physical  meaning. 

As  raditional  in  physics,  the  potential  should  be  based  on  knowledge  about  the  specifics 
of  the  system  under  study  and  the  nature  and  form  of  the  potential  term  determines 
to  a  large  extent  the  asymptotic  morphology.  Several  models  are  possible:  1)  Simply 
introducing  a  surface  potential  term  in  the  many-body  Hamiltonian.  Although  the  explicit 
form  of  this  Hamiltonian  is  unknown  yet  one  can  insert  such  a  term  in  the  Hamiltonian 
of  the  p.d.e.,  H  =  Ho  +  (t(z)V,  and  analyze  the  particles’  trajectories.  The  stronger 
the  repulsion,  the  smoother  the  resulting  interfaces.  Anisotropy  can  be  introduced  via 
the  ^-dependence  of  a.  2)  The  field  that  the  boundary  induces  can  effect  creation  and 
annihilation  of  zeros  and  poles  (in  pairs,  due  to  constraints  on  the  map).  This  corresponds 
to  tip-splitting  and  side- branching  in  the  real  stsrem  and  therefore  constitutes  a  better 
description  of  the  real  system  than  when  the  number  of  particles  is  constant  in  time/5)ln 
fact,  it  was  argued  that  the  form  of  the  map  is  naturally  suited  for  such  creation  and 
annihilation/6^ 

Statistical  analysis 

The  foregoing  discussion  focused  on  a  deterministic  evolution.  Yet,  these  dynam¬ 
ics  are  known  to  be  chaotic,  i.e.,  very  close  initial  conditions  lead  to  rapidly  diverging 
structures/10)The  Hamiltonian  allows  to  use  statistical  mechanics  and  in  particular,  one 


56 


can  construct  the  partition  function 

Z  =  j  e-PHm*ny~bodyVl z , 


where  VIZ  =  d?ZncPPn  is  a  an  infinitesimal  volume  in  phase  space.  The  parameter  j3 

reflects  the  ‘noise’  in  the  system.  Averages  of  the  moments  of  the  curvature  and  the  growth 
probability  distributions  can  be  found  from  this  partition  fuction.  Since,  at  present,  the 
form  of  ifmany-body  is  unknown,  this  approach  is  not  yet  easy  to  implement. 

Alternatively,  one  can  construct  the  master  equation  for  the  evolution  of  the  spatial 
distribution  of  the  particles,  N{{Z),  {P}),  using  Liouville’s  theorem 


dt 


dPn 


(8) 


Anticipating  a  steady  state  after  rescaling  A(t)  to  unity,  one  can  discard  the  explicit  time 
derivative  in  the  new  coordinates  (which  probably  correspond  to  a  similarity  solution).  I 
will  not  attempt  to  solve  this  equation  in  any  limit,  but  rather  assume  that  a  solution  has 
been  found.  Then  this  distribution  can  be  directly  converted  into  complete  knowledge  of 
the  asymptotic  morphology.  For  example,  the  distribution  of  the  curvature,  Vk  ,  is  directly 
derivable  from  M  by 


vK  =  l N m, {P})«  {*  -  [i  +  Reg  ™  ’ 


(9) 


where  K  is  the  measurable  curvature  along  the  interface.  Similarly,  any  morphology- 
related  quantity  that  can  be  written  in  terms  of  the  locations  of  the  particles  is  attainable 
in  this  fashion.  For  example,  of  great  interest  are  the  moments  of  the  growth  probability 
distribution  along  the  interface.  These  yield  the  so-called  multifractal  spectrum,  that  has 
been  measured  extensively  for  diffusion-limited- aggregation  and  similar  phenomena.  The 
growth  probability  at  a  point  s  along  the  interface  is 


p(s)  =  Co|V$00|  =  Km  Co  IF'MI  ;  C0  =  1/  <f  jV*(Z)|<H  . 

z—*e'a  J  along  the  interface 


57 


Therefore,  (after  algebra)  we  find  that  the  integer  moments  of  this  distribution  are 
exactly^ 

"(10) 

where  J(z)  is  a  known  function  of  z,  { Z }  and  {P}.  In  particular,  the  third  moment 
can  be  found  explicitly,  which  immediately  yields  the  fractal  dimension^1 1h(12) through 
Df  =  InMs/lnR,  where  R  is  the  growth  size  (say,  the  radius  of  gyration).  Similary  one 
can  find  the  moments  with  2v  +  1  <  1 


(nfe)  fc=aPi£n(H*)' 


It  is  possible  to  simplify  these  expressions  using  a  dilute  gas  approximation,  where 
only  particles  that  are  sufficiently  close  to  the  unit  circle  are  taken  into  account/6^8)  This 


approximation  corresponds  to  probing  only  the  distribution  of  the  exposed  parts  of  the 
growth  and  also  allows  to  calculate  the  distribution  of  the  curvature,  Vk,  in  terms  of  the 
distribution  of  the  distances  of  these  zeros  from  the  unit  circle,  Vn{p)-  This  approximation 
yields  an  interesting  result,  namely, 

Vk  =  Const.  K~3t2V„  (/9  =  (C/K)1^  .  (12) 

Vn  is  unknown  at  the  moment,  but  regardless  of  its  exact  form  we  can  see  that  the  dis¬ 
tribution  of  K  develops  an  algebraic  tail.  Such  tail  usually  leads  to  fractal  behavior  and 
therefore  this  feature  immediately  points  to  onset  of  fractality.  If  Vn  decays  rapidly,  the 
above  calculation  would  imply  that  the  moments  of  the  curvature  distribution  are 

=  (Km“  K"VKdK  ~  -  a(1-2?)/2  ,  (13) 

where  a  is  a  small  cutoff  lengthscale.  But  since  the  entire  aggregate  grows  this  cutoff  also 
renormalizes  with  time  by  a  factor  of  1/A2(t)  and  therefore 

N  ~  AV"-'\t)  .  (14) 
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If  Vn  also  entertains  an  algebraic  tail  then  the  behaviour  of  Mq  is  dierctly  affected  and  a 
multifractal  behaviour  of  fiq  should  emerge. 

Summary 

To  conclude  I  showed  that  the  p.d.e.  that  governs  the  growth  of  an  interface  in  a 
Laplacian  field  is  Hamiltonian  and  pointed  out  the  relation  between  this  Hamiltonian  and 
the  two-dimensional  complex  field.  I  discussed  the  implications  of  the  Hamiltonian  on  con¬ 
verting  the  problem  into  an  equivalent  many-body  system,  whose  dynamics  are  equivalent 
to  the  curve’s  evolution.  Surface  energy  was  proposed  to  give  rise  to  a  repulsive  potential 
term  (possibly  anisotropic)  in  the  Hamiltonian,  which  naturally  prevents  cusp  singular¬ 
ities  along  the  interface  and  regularizes  the  growth.  This  regularization  method  avoids 
the  pitfall  of  traditional  singular  perturbation  approaches,  namely,  the  extreme  sensitivity 
of  the  asymptotic  morphology  to  initial  conditions.  The  distribution  of  the  particles  was 
discussed.  The  construction  of  the  partition  function  and  the  solution  of  the  pertinent 
master  equation  are  difficult,  but  this  is  no  different  than  in  usual  statistical  mechanical 
treatments,  where  some  physically  valid  approximations  are  needed  to  obtain  exact  solu¬ 
tions.  The  curvature’s  distribution  along  the  interface  (viz.,  the  morphology)  was  related 
to  the  distribution  of  the  particles  in  the  plane.  The  moments  of  the  growth  probability 
distribution  along  the  interface  were  calculated  exactly,  which  allows  to  calculate  the  frac¬ 
tal  dimension  and  the  multifractal  spectrum.  A  dilute  gas  approximation  showed  that  the 
distribution  of  the  curvature  in  the  exposed  regions  of  the  growth  develops  an  algebraic 
tail ,  and  it  has  been  conjectured  that  this  tail  indicates  the  onset  of  fractality  in  such  pro¬ 
cesses.  This  observation  should  hopefully  shed  light  on  the  mysterious  origin  of  fractality 
in  stochastic  growth  processes  in  general.  The  miraculous  availability  of  an  equilibrium 
formalism  to  describe  the  highly  nonlinear  nonequilibrium  Laplacian  growth  makes  this 
first-principles  approach  a  promising  candidate  for  a  full  theory  for  the  morphology  of 
these  and  other  diffusion- controlled  processes. 
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ABSTRACT 

We  have  experimentally  studied  the  growth  morphologies  of  carbon  tetrabromide  CBr4 
and  fullerene  C60  crystals  in  their  orientationally  disordered  solid  phases.  Very  rich  growth 
morphologies  have  been  observed  from  these  crystals,  ranging  from  facets  to  dendrites  and  to 
fractals.  In  the  vapor  growth  of  CBr4  crystals,  we  found  that  the  growth  morphologies  depend 
not  only  on  temperature  and  supersaturation,  but  also  sensitively  on  the  total  pressure  of  the 
inert  gas  in  the  growth  chamber.  With  increasing  total  pressure,  under  otherwise  the  same 
growth  conditions,  crystals  with  initially  smooth  surfaces  evolve  into  dendritic  structures.  For 
fullerene  C60,  the  growth  morphologies  from  solution  are  mainly  fractals  with  strong  anisotropy 
in  the  individual  crystals.  The  growth  morphologies  from  vapor  are  normally  faceted  and  the 
growth  proceeds  via  a  layer-by-layer  mode. 


INTRODUCTION  „  „  t  .  „ 

Study  of  pattern  formation  in  crystal  growth  is  technologically  as  well  as  theoretically 
important.  A  good  surface  morphology  is  necessary  for  the  growth  of  high  quality  single 
crystals  that  are  needed  in  device  applications.  A  crystal  with  poor  morphology  can  induce 
composition  inhomogeneities,  grain  boundaries  and  lattice  imperfections,  which  would  greatly 
degrade  the  performance  of  a  device.  The  study  of  pattern  formation  is  theoretically  important 
because  it  is  so  ubiquitous.  Pattern  formation  occurs  not  only  in  crystal  growth,  but  also  in  many 
other  different  growth  systems,  for  instance,  electro-deposition  [1],  colloid  aggregation  [2], 
viscous  fingers  [3],  bacteria  growth  [4]  and  bio-convection  [5],  to  name  a  few.  Though  these 
phenomena  are  typically  dealt  with  in  different  research  areas,  the  physics  of  their  formation  is 
the  same,  i.e.,  the  growth  is  governed  by  diffusion-limited  transport.  If  we  understand  pattern 
formation  in  crystal  growth,  we  may  readily  solve  other  pattern  formation  problems. 

When  a  substance  grows  by  diffusion-limited  transport  its  surface  morphology  may 
loose  the  stability  of  a  smooth  or  faceted  form  and  evolve  into  a  dendrite,  or  even  a  fractal. 
Morphological  instabilities  occur  most  commonly  in  melt  and  solution  growth  (see  ref.  [6]). 
They  also  appear  in  vapor  growth  [7]  and  sometimes  in  thin  film  epitaxial  growth  [8].  Recently, 
we  have  found  that  morphological  instabilities  may  even  occur  during  solid-solid  phase 
transitions  [9].  Among  various  crystals,  growth  of  molecular  crystals  is  particularly  interesting. 
Owing  to  weak  intermolecular  interaction,  molecular  crystals  are  usually  orientationally 
disordered  in  their  high  temperature  solid  phase.  That  is,  the  molecules  in  the  crystal  can  readily 
rotate  about  their  translationally  fixed  positions  [10].  As  a  result,  molecular  crystals  can  quickly 
relax  to  their  equilibrium  state  during  growth.  This  special  property  of  molecular  crystals 
facilitates  the  in-situ  observation  of  morphological  transitions  within  a  short  experimental  time. 

In  this  work  we  report  our  study  of  the  growth  of  CBr4  and  Cgo  crystals.  Both  are 
molecular  crystals  with  orientational  disorders  in  their  high  temperature  solid  phase.  The 
reasons  for  choosing  these  two  molecular  crystals  for  the  study  of  crystal  growth  pattern 
formation  are  as  follows.  As  for  CBr4,  its  relatively  high  vapor  pressure  near  room  temperature 
is  convenient  for  experimental  control  [11].  As  for  C60>  large  size  of  its  molecules  provides  us 
with  an  opportunity  to  examine  the  effect  of  molecular  size  on  material  transport  during  growth. 
Besides,  C6o  is  a  newly  discovered  material  [12]  and  many  of  its  physical  and  chemical 
properties  are  still  unknown.  The  search  for  the  optimal  conditions  for  growing  large  C60  single 
crystals  is  deemed  to  be  of  great  practical  significance. 


EXPERIMENTAL  PROCEDURES 

The  growth  of  CBr4  crystals  was  conducted  in  a  vapor  growth  cell  which  was  specially 
designed  for  in-situ  observation  of  the  crystal  morphology  under  well-defined  conditions  of 
temperature,  supersaturation  and  total  pressure  (for  details,  see  ref.  [11]).  The  source 
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temperature  Ts  and  the  crystal  temperature  Tc,  and  thus  the  supersaturation  0  ~  AT  =  Ts  -  Tc, 
were  controlled  within  a  resolution  of  ±  0.0 1°C.  After  introduction  of  the  source  material,  the 
growth  cell  was  evacuated  and  back-filled  to  a  desired  inert  gas  pressure.  Since  the  vapor 
pressure  of  CBr4  at  the  current  experiment  temperature  range  was  much  less  than  that  of  the 
inert  gas  pressure,  the  total  pressure  was  actually  the  pressure  of  the  inert  gas.  Nucleation  on  the 
glass  substrate  was  initiated  via  a  sudden  decrease  of  the  Tc  (increase  in  supersaturation).  The 
growing  crystals  were  monitored  in-situ  with  an  optical  microscope.  The  images  were  either 
directly  recorded  with  an  automatic  camera  or  stored  in  high  resolution  video  and  digital 
recorders  with  1024  x  1024  pixels/screen  and  256  gray  levels.  Stored  images  were  selectively 
processed  and  quantified  with  a  lateral  resolution  of  0.3  micrometers.  The  final  images  were 
photographed  directly  from  the  screen  of  a  high  resolution  monitor. 

For  C 60  crystals,  two  different  experiments,  solution  growth  and  vapor  phase  deposition, 
were  conducted.  For  the  solution  growth,  toluene  was  used  as  a  solvent.  First,  Cgo  powder  of 
high  purity  (99.5%)  was  dissolved  in  the  solvent.  Then,  saturated  C60  solution  was  poured  onto 
a  glass  slide  which  was  kept  at  room  temperature.  The  slide  was  covered  by  a  glass  lid  with  a 
small  opening  to  allow  toluene  to  evaporate.  By  adjusting  the  size  of  the  opening,  the 
supersaturation  of  the  C60  solution  could  be  controlled.  An  optical  microscope  was  used  to 
monitor  the  whole  growth  process.  For  the  vapor  growth  of  Ceo  crystals,  elevated  temperatures 
(500  °C  -  600°C)  were  used  to  achieve  an  appreciable  vapor  pressure.  The  growth  was 
conducted  in  a  quartz  vacuum  tube  (with  a  base  pressure  of  x  10'6  torr)  in  a  gold  mirror 
transparent  furnace  with  three  temperature  zones  (for  details,  see  ref.  [13]).  Due  to  the  high 
growth  temperature,  in  this  case,  we  were  unable  to  carry  out  a  close-up  in-situ  observation. 
The  observation  of  crystal  growth  morphology  was  done  right  after  the  crystal  was  removed 
from  the  vacuum  chamber  after  the  experiment  was  completed. 


RESULTS  AND  DISCUSSION 

A.  GROWTH  MORPHOLOGIES  OF  CBr4  CRYSTALS 

There  is  a  polymorphic  phase  transition  at  around  47°C  in  CBr4  [11].  The  low 
temperature  phase  is  monoclinic  and  the  high  temperature  phase  is  face-centered  cubic  (fee).  In 
the  fee  phase  the  CBr4  crystal  is  orientationally  disordered.  We  observed  a  very  different 
morphology  of  CBr4  at  its  two  solid  phases.  In  the  low  temperature  phase  CBr4  crystals  were  all 
faceted,  but  in  the  high  temperature  fee  phase  crystals  were  not  faceted  at  all,  and  in  many 
situations  dendritic  crystals  occurred  [Fig.  1(b)].  The  reason  for  such  a  big  change  in  growth 
morphology  is  due  to  a  large  reduction  of  anisotropic  surface  kinetics  as  the  crystal  undergoes  a 
surface  roughening  transition  near  the  polymorphic  transition  point  [11]. 


It  is  known  that  when  a  crystal  surface  is 

atomically  rough  it  easily  becomes  unstable  in  (a) 

against  a  perturbation,  and  even  a  very  small 
supersaturation  can  induce  crystal  morphological 
instability.  Results  in  Figs.  2(a)  and  (b)  clearly  j  „ 

show  a  morphological  break-down  as  supersa- 
turation  was  increased.  At  zero  supersaturation,  a 
crystal  shows  a  smooth  surface  morphology  [Fig. 

2(a)].  By  introducing  a  very  small  supersatu¬ 
ration  (AT  =  0.05°C),  cellular  patterns  appeared 
[Fig.  2(b)].  In  addition  to  supersaturation,  the 
total  pressure  in  the  chamber  can  also  greatly  af¬ 
fect  crystal  growth  morphology.  The  result  in 
Fig.  2(c)  was  obtained  under  the  same  growth 
conditions  as  that  shown  in  Fig.  2(b)  except  that 
the  total  pressure  was  increased  from  50  torr  to 
200  torr.  As  one  can  see,  at  a  total  pressure  of  P  = 

50  torr,  cellular  structures  with  large  widths 
occurred  [Fig.  2(b)].  However,  as  the  total 
pressure  increased  to  P  =  200  torr  [Fig.  2(c)]  a 
much  finer  cellular  pattern  developed. 

The  evolution  of  crystal  morphologies 
from  smooth  to  cellular  structures  (as  shown  in 
Fig.  2)  with  increas-ing  total  pressure  is  due  to  a 
decrease  in  diffusivity  of  CBty  molecules  in  the 
vapor  phase.  From  the  theory  of  gas  kinetics,  we 
know  that  the  mass  diffusivity  is  inversely 
proportional  to  the  total  pressure.  With  increasing 
total  pressure,  CBty  molecules  undergo  more  col¬ 
lisions  with  vapor  particles  (mainly  inert  gas), 
and  diffusion  limited  conditions  become  more 
pronounced,  and  hence,  the  crystal  becomes  more 
unstable.  Such  changes  of  crystal  morphology  Fig.  2.  Effect  of  supersaturation  and  total 

with  increasing  total  pressure  is  in  good  agree-  pressure  on  the  growth  morphologies,  (a) 

ment  with  our  earlier  results  of  computer  Simula-  P  =  50  torr,  Tc=  49  °C,  AT=0.0 ;  (b)  P=50 

tion  [14].  By  employing  a  modified  diffusion  torr,  Tc=49°C,  AT=0.08°C;  (c)  P=200  torr 

limited  Monte  Carlo  model,  we  have  found  that  Tc  =49  °C,  AT=  0.08  °C. 

crystal  surfaces  change  from  completely  flat  to 

center-depressed  and  finally  become  dendritic  with  increasing  mean  free  path  (or  decreasing 
total  pressure)  in  the  vapor  phase. 

In  the  diffusion  limited  growth  regime,  the  means  of  material  transport  is  a  key  factor  in 
the  control  of  growth  morphology.  Due  to  an  insufficient  supply  of  material,  growing  crystals 
always  compete  for  material  from  the  nutrient.  This  is  clearly  shown  from  Fig.  3,  in  which  two 
dendrites  were  found  to  grow  toward  each  other.  When  they  were  far  away,  the  two  tips  grew 
independently  at  a  constant  rate  (~1.2  gm/sec)  Fig.  3(a)].  However,  as  they  grew  closer  to 
within  a  critical  distance  of  about  15  micrometers  their  growth  rates  started  to  slow  down,  and  in 
the  mean  time  their  tip-radii  became  larger  (fatter).  We  found  that  the  closer  the  tips  were  the 
slower  they  grew  and  the  fatter  they  became.  It  seemed  as  though  these  two  dendritic  tips  were 
avoiding  contact  [Fig.  3(b)].  Only  after  approximately  20  minutes  did  the  two  tips  finally  meet. 
We  explain  this  phenomenon  as  follows.  The  vapor  source  materials  first  impinged  onto  the 
substrate  surface,  and  then  diffused  toward  the  growth  front  by  means  of  surface  diffusion. 
When  these  two  dendritic  tips  grew  to  within  certain  distance,  their  diffusion  fields  overlapped 
and  the  material  supply  became  depleted  due  to  growth  species  competition,  and  hence,  their 
growth  rates  decreased.  The  closer  the  dendritic  tips  became,  the  more  severe  was  the  depletion 
of  the  material  supply  and  the  more  difficult  it  was  for  the  tips  to  grow.  From  the  distance  at 
which  the  growth  of  two  dendritic  tips  began  to  slow  down,  we  could  estimate  the  width  of  the 
surface  diffusion  boundary  layer,  which  was  about  15  micrometers  in  this  case. 


63 


Fig.  3.  Growth  competition  and  depletion  of  material  supply  at  the  growth  front,  (a)  fast 
growing  tips  when  they  were  far  away  (no  material  depletion);  (b)  very  slow  tip  growth  (10 
min  later)  due  to  material  depletion. 

B.  GROWTH  MORPHOLOGIES  OF  C60  CRYSTALS 

One  of  the  polymorphic  phase  transitions  in  C6o  occurs  at  about  260  K  [15].  The  low 
temperature  phase  is  simple  cubic  and  the  high  temperature  phase  is  fee.  Only  the  high 
temperature  fee  phase  is  orientationally  disordered.  In  comparison  to  CBr4  molecules,  the 
diameter  of  the  C6o  molecules  is  quite  large  (about  7.1  A).  For  such  a  large-size  molecule  the 
material  transport  during  growth  is  expected  to  be  very  difficult.  As  a  result,  the  diffusion 
limited  transport  condition  should  be  more  apparent,  especially  during  solution  growth.  This  can 
be  clearly  seen  from  the  result  shown  in  Fig.  4,  in  which  C60  crystals  were  grown  from  a  toluene 
solution  with  different  supersaturations  established  by  adjusting  the  opening  of  the  cover-glass. 
The  supersaturation  was  successively  reduced  from  Figs.  4(a)  to  4(d).  The  result  shown  in  Fig. 
4(a)  was  obtained  with  the  cover-glass  fully  open,  which  resulted  in,  as  one  can  see,  many  tiny 
crystals.  As  the  glass  opening  became  smaller,  the  size  of  crystals  became  bigger  and  longer 
[Figs.  4(b)  -  4(d)].  We  measured  the  fractal  dimension  (N  ~rD)  of  the  growth  pattern  shown  in 
Figs.  4  (a)  and  (b),  which  was  approximately  1.55  in  both  cases.  The  fractal  dimension  of  the 
patterns  shown  in  Figs.  4(c)  and  (d)  could  not  be  measured  due  to  limited  sampling  size. 

It  is  interesting  to  note  that,  although  the  overall  growth  patterns  are  all  fractal-like,  the 
individual  crystals  in  Fig.  4  were  all  grown  with  large  anisotropy  (all  crystals  are  elongated  with 
a  very  large  aspect  ration)  no  matter  how  different  the  supersaturations  were.  Intuitively, 
crystals  with  weak  intermolecular  bonding,  should  show  an  more  isotropic  morphology.  The 
results  in  Fig.  4  are  clearly  contrary  to  our  expectation.  It  is  amazing  that  small  crystals  could 
not  form  between  the  big  crystals  in  Figs.  4(c)  and  (d)  although  there  was  plenty  of  free  space. 
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Fig.  4.  Morphologies  of  solution-grown  C60  crystals  at  room  temperature,  (a)  at  the  highest 
supersaturation  (cover-glass  fully  open);  (b)  at  an  intermediate  supersaturation  (cover  glass 
half  open);  (c)  at  a  small  supersaturation  (cover-glass  slightly  open);  (d)  near  the  equilibrium 
(cover-glass  nearly  closed,  slow  growth  for  24  hours). 

The  material  was  depleted  near  the  growing  crystals,  a  similar  phenomenon  as  that  shown  in 
Fig.  3.  Of  course,  the  depletion  in  solution  growth  was  more  severe,  which  can  be  further  seen 
in  Fig.  5.  Here,  big  crystals  grew  at  the  expense  of  small  crystals,  and  they  were  surrounded  by 
wide  depletion  zones.  In  some  cases,  grass-like  patterns  [Fig.  5(b)]  would  be  formed  readily. 


Fig.  5.  Depletion  of  nutrient  material  near  the  growing  C6o  crystals,  (a)  Depletion  zone  around 
big  crystals;  (b)  grass-like  growth  pattern  with  wide  depletion  zones. 


In  comparison  to  the  solution  growth,  the  surface  morphologies  of  vapor-phase 
deposited  C60  crystals  are  quite  different.  We  have  found  that  C60  crystals  grown  from  vapor 
are  usually  faceted  [Fig.  6(a)].  Close-up  observation  by  a  high  resolution  (Normarski) 
microscope  reveals  that  the  faceted  C60  crystal  grew  in  a  layer-by-layer  mode  [Fig.  6(b)].  This  is 
because  at  500  °C  -  600  °C  the  vapor  pressure  of  Ceo  was  quite  high  and,  hence,  the  supply  of 
material  was  not  limited.  Also,  the  spherical  shape  of  Cgo  molecules  may  have  aided  surface 
diffusion.  Due  to  a  large  molecular  size  of  C6o>  we  were  able  to  see  monolayer  steps  under  a 
high  resolution  (Nomarski)  microscope  in  conjunction  with  a  double-beam  interferometer. 

In  conclusion,  we  have  studied  the  growth  morphologies  of  carbon  tetrabromide  CBr4 
and  fullerene  C60  crystals  in  their  orientationally  disordered  solid  phases.  Very  rich  growth 
morphologies  have  been  observed  from  these  crystals,  ranging  from  facets  to  dendrites  and  even 
fractals.  In  the  vapor  growth  of  CBr4  crystals,  we  found  that  the  growth  morphologies  depend 
not  only  on  temperature  and  supersaturation,  but  also  on  the  total  pressure  of  the  inert  gas  in  the 
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growth  chamber.  With  increasing  total  pressure,  under  otherwise  the  same  growth  conditions, 
crystals  with  initially  smooth  surfaces  evolve  into  dendritic  structures.  For  fullerene  C60,  the 
crystal  morphologies  grown  from  solution  are  mainly  fractals  with  strong  anisotropy  in  the 
individual  crystals.  The  crystal  morphologies  grown  from  vapor  are  normally  faceted  and  the 
growth  proceeds  in  a  layer-by-layer  mode. 


Fig.  6.  Morphologies  of  vapor-phase  grown  C60  crystal  (with  a  base  pressure  of  P  =  15x1  O'3 
torr),  Tc  =  520  °C,  AT  =  30  °C.  (a)  faceted  C60  crystal;  (b)  locally  enlarged  view  of  the 
crystal  in  (a),  showing  crystal  growth  in  a  layer-by-layer  mode.  Note  that  the  large  particles 
in  picture  (b)  were  dust  which  stuck  onto  the  crystal  after  exposing  it  to  air. 
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ABSTRACT 

We  have  introduced  a  new  renormalization  group  approach  that  allows  us  to  describe  the 
critical  stationary  state  of  sandpile  models  (Phys.  Rev.  Lett.  72,  1690  (1994)).  We  define 
a  characterization  of  the  phase  space  in  order  to  study  the  evolution  of  the  dynamics  under 
a  change  of  scale.  We  obtain  a  non  trivial  actractive  fixed  point  for  the  parameters  of 
the  model  that  clarifys  the  self  organized  critical  nature  of  these  models.  We  are  able  to 
compute  the  values  of  the  critical  exponents  and  the  results  are  in  good  agreement  with 
computer  simulations.  The  method  can  be  naturally  extended  to  several  other  problems 
with  non  equilibrium  stationary  state. 

INTRODUCTION 

The  words  Self  Organized  Criticality  (SOC)  define  a  vast  class  of  dynamical  systems  which 
evolve  spontaneously  toward  a  critical  point  without  the  need  to  fine  tune  any  critical 
parameter.  To  illustrate  these  ideas  Bak  and  co-workers  [1]  introduced  a  cellular  automaton 
inspired  by  the  flow  of  avalanches  in  a  pile  of  sand.  These  models  have  been  investigated 
extensively  by  computer  simulations  [2-8]  and  some  exact  results  have  been  derived  by  Dhar 
and  co-workers  [9].  In  this  paper  we  develop  a  Real  Space  Renormalization  Group  scheme 
for  the  dynamics  of  these  models  [10].  We  are  able  to  identify  the  scale  invariant  dynamics 
and  to  compute  from  that  the  critical  exponents.  This  procedure  is  similar  to  the  Fixed 
Scale  Transformation  [11]  for  fractal  growth  models  where  the  fractal  dimension  is  computed 
from  the  knowledge  of  the  parameters  at  the  critical  point.  This  is  in  contrast  with  the  case 
of  ordinary  critical  phenomena  where  the  presence  of  a  relevant  critical  parameter  allows  one 
to  evaluate  the  critical  exponents  linearizing  the  RG  transformation.  In  SOC  systems  this 
procedure  is  conceptually  impossible  because  by  definition  no  relevant  critical  parameter 
can  be  identified. 

THE  MODEL 

Sandpile  models  are  cellular  automata  defined  on  a  lattice.  In  the  following  discussion 
we  will  refer  to  the  two  dimensional  Critical  Height  Models  [6].  A  variable  that  we  call 
energy,  is  assigned  to  every  lattice  site.  Energy  is  added  randomly  on  the  system  until  the 
energy  at  some  site  reaches  a  given  threshold  ( Ec ).  When  this  happen  the  site  becomes 
unstable  and  the  energy  is  released  to  the  neighbours  according  to  the  specific  rules  of  the 
model.  In  particular,  in  the  BTW  model  [1]  energy  takes  discrete  values  and  when  the 
energy  reaches  the  threshold  ( Ec  =  4)  four  grains  are  equally  distributed  between  the  four 
neighbours.  In  this  way  subsequent  relaxation  events  will  generate  avalanches.  The  system 
has  open  boundary  conditions  that  allow  the  dissipation  of  energy  outside.  After  some  time 
the  system  reaches  a  stationary  critical  state  charachterized  by  power  law  distributions  for 
avalanche  amplitudes. 
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Various  modifications  of  the  original  model  have  been  proposed.  The  values  energy  can 
be  chosen  as  continous  [7]  or  dichotomic  [5],  the  flux  can  be  directed  [3]  or  a  certain  degree 
of  dissipation  [8]  can  be  introduced  in  the  dynamical  rules.  It  is  possible  to  descibe  all  these 
different  variations  in  term  of  universality  classes.  For  example  the  introduction  of  non 
conservation  changes  dramatically  the  critical  properties  of  the  model.  Our  renormalization 
scheme  provides  a  natural  framework  to  understand  many  of  these  differences. 

THE  RENORMALIZATION  TRANSFORMATION 

In  order  to  construct  a  Renormalization  Group  transformation  for  the  dynamics  of  sandpile 
models  we  have  first  to  identify  a  suitable  parameter  space.  In  full  generality  we  can  define 
three  classes  of  sites: 

i)  Stable  sites  are  those  whose  energy  is  far  from  the  threshold  value.  This  implies  that 
the  addition  of  a  ’’quantum”  of  energy  will  not  induce  relaxation. 

ii)  Critical  sites  are  those  whose  energy  is  critical  in  the  sense  that  the  addition  of  a 
’’quantum”  of  energy  will  induce  relaxation. 

iii)  Unstable  sites  are  those  that  will  relax  at  next  time  step  according  to  the  specific  rules 
assigned. 

These  definitions  can  be  easily  generalized  if  we  want  to  describe  the  system  at  a  coarse 
grained  scale.  A  relaxation  event  happens  at  scale  b  if  an  avalanche  cluster  spans  the  cell 
and  transfers  some  energy  to  the  neighbouring  cells.  We  define  p(b)  as  the  density  of  critical 
cells  at  scale  b.  The  way  in  which  the  relaxation  event  takes  place  in  the  coarse  grained 
system  is  described  by  the  dynamical  rules  at  scale  b.  In  general  energy  can  be  transferred 
to  one,  two,  three  or  four  neighbors  with  a  probability  distribution  defined  by  the  vector 

4 

P  =  {PuP2,P3,Pa),  =  1  M 

i=l 

The  actual  values  of  this  vector  will  depend  on  the  model  we  chose  and  on  the  scale  un¬ 
der  consideration.  For  example  the  BTW  dynamics  at  the  minimal  scale  is  described  by 
p(°)  =  (0,0,0, 1).  The  vector  P  is  the  natural  candidate  on  which  to  act  with  the  RG 
transformation.  In  order  to  find  the  actual  form  of  this  transformation  we  consider  a  cell  at 
scale  6  =  2 k+1b0  composed  by  critical  and  stable  subcells  at  scale  6/2.  We  assume  that  one 
of  the  critical  subcells  relaxes  and  we  study  how  the  energy  is  distributed  to  the  neighboring 
cells  at  scale  6  (figure  1).  For  every  starting  configuration  (o)  we  obtain  in  this  way  a  con¬ 
tribution  to  the  value  of  the  renormalized  {pj*+1)}  in  terms  of  the  values  of  the  probabilities 
{p^}  defined  at  a  smaller  scale.  We  average  over  all  the  possible  starting^configurations 
and  we  obtain  a  renormalization  equation  for  the  component  of  the  vector  P\ 

p'*+1)  =  (2) 

a=2 

where  Wa  is  the  weight  of  the  configuration  a  expressed  in  terms  of  p^ .  The  density  of 
critical  cells  at  scale  k  -+■  1  can  be  computed  considering  a  stationarity  condition  for  the  flow 
of  energy  in  and  out  of  the  cell.  Namely  the  energy  that  goes  into  the  cell  in  average  is 
equal  to  the  energy  that  goes  out.  This  can  be  expressed  as 

SE(b)  =  p<*+1>(«£(6)p(1‘+1>  +  2  6E(b)p?+1)  +  3  SE(b)p^+l)  +  4«£(6)p<*+1>).  (3) 
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Microscopic  relaxation  processes  Coarse  grained  relaxation 

Figure  1:  Example  of  the  renormalization  scheme  for  the  relaxation  dynamics.  The  process 
shown  in  the  figure  contributes  to  the  value  of 

where  8E(b)  represent  the  energy  “quantum”  at  scale  b.  These  equation  reflect  a  conserva¬ 
tion  law  present  in  the  dynamics  and  provides  a  feedback  mechanism  between  statics  and 
dynamics  that  is  an  essential  element  for  the  process  of  self  organization.  Equations  2  and 
3  can  be  iterated  in  order  to  study  the  nature  of  the  phase  space.  We  found  that  no  matter 
how  it  is  the  value  of  the  small  scale  parameters  (p^°\P^0))  the  system  flows  into  the  same 
non  trivial  fixed  point  (p*,P*).  This  fact  defines  the  universality  class  of  the  model.  In 
particular  different  microscopic  rules  give  all  rise  to  the  same  asymptotic  dynamics. 


CRITICAL  EXPONENTS 

The  actractiveness  of  the  fixed  point  reflects  the  self  organized  nature  of  the  problem  and 
corresponds  to  a  lack  of  relevant  control  parameter.  Therefore  the  critical  exponents  can 
not  be  found  in  the  usual  way  by  linearizing  the  RG  equations.  The  exponents  have  to 
be  computed  from  the  values  of  the  fixed  point  parameters  that  describe  the  asymptotic 
dynamical  rules  for  the  model.  As  an  example  we  show  here  how  to  compute  the  dynamical 
critical  exponent  z  relating  the  linear  size  of  an  avalanche  with  its  duration.  This  can  be 
expressed  using  the  discretized  lenght  of  our  scheme 

tk  ~  (bmY-  W 


using  the  fact  that  b ^  =  2*6o  we  obtain 

tjr-  =  (2)z  (5) 

tk 

The  time  scale  tk+ j  can  be  obtained  as  a  function  of  the  time  scale  tk  from  the  RG  equations. 
In  fact, the  renormalized  dynamical  process  is  given  by  the  weighted  average  of  the  series  of 
sub-processes  at  scale  b^k\  whose  time  scale  is  tk.  Therefore  we  have 

tk+ 1  =<t>tk  (6) 


where  <  t  >  is  the  average  number  of  steps  at  scale  b^  needed  to  have  a  relaxation  process 
at  scale  b^k+1K  For  example  the  process  shown  in  figure  1  is  composed  by  two  steps.  In 
general  <  t  >  can  be  computed  in  terms  of  the  fixed  point  parameters.  Using  equation  (5) 


we  obtain 


log  <  t  > 
log  2 


1.168. 


(7) 
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Critical  exponents  | 

T 

a 

A 

z 

RG  scheme 

1.253 

1.432 

1.506 

1.168 

BTW  simulations 

1.22 

1.38 

1.44 

1.21 

Table  I:  In  this  table  are  summarized  the  value  of  the  critical  exponents  calculated  with  our 
RG  scheme.  For  comparison  we  also  list  the  values  obtained  from  large  scale  simulations 
on  the  BTW  model  ( d  =  2)  [6]  .  We  define  r,  A  and  a  respectively  as  the  exponents  of  the 
distribution  of  avalanche  sizes,  linear  sizes  and  durations.  For  the  definition  of  z  see  text. 


This  value  can  be  readily  compared  to  existing  estimates  of  z  and  our  analytical  prediction 
is  in  very  good  agreement  with  the  numerical  results  that  give  z  ~  1.20  [1,  4,  6].  The 
avalanche  distribution  exponent  r  can  be  computed  using  similar  methods,  the  details  of  the 
calculation  are  reported  in  [10].  In  table  I  we  report  the  value  of  the  various  critical  expo¬ 
nents  of  the  model  obtained  with  our  method  compared  with  the  best  numerical  extimates. 


CONCLUSIONS 

In  this  paper  we  have  presented  a  new  renormalization  approach  suited  to  study  the  SOC 
state  of  sandpile  models.  Using  this  method  we  were  able  to  understand  the  nature  of 
the  critical  state  and  to  compute  the  critical  exponents.  According  to  our  scheme  all  the 
Critical  Height  Models  with  isotropic  conservative  dynamics  belong  to  the  same  universality 
class.  The  method  has  been  extendend  to  non  conservative  cases  as  well  [12].  It  has  been 
shown  that  the  introduction  of  a  dissipation  parameter  turns  the  attractive  fixed  point  into  a 
repulsive  one.  Therefore  a  dissipation  in  the  dynamical  rules  destroys  the  critical  properties 
of  the  model.  This  result  has  been  confirmed  by  computer  simulations  [8].  Recently  this 
formalism  has  been  applyed  to  directed  sandpile  models  [13]  and  to  the  Forest  Fire  model 
[14].  The  results  are  in  good  agreement  with  computer  simulations  and  with  exact  results 

[9]- 
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ABSTRACT 

In  order  to  understand  better  the  morphology  and  the  asymptotic  behavior  in  Diffusion  Limited 
Aggregation  (DLA),  we  studied  a  large  numbers  of  very  large  off-lattice  circular  clusters.  We 
inspected  both  dynamical  and  geometric  asymptotic  properties,  namely  the  moments  of  the 
particle's  sticking  distances  and  die  scaling  behavior  of  the  transverse  growth  crosscuts  ,  i.e.,  the 
one  dimensional  cuts  by  circles.  The  emerging  picture  for  radial  DLA  departs  from  simple  self¬ 
similarity  for  any  finite  size.  It  corresponds  qualitatively  to  the  scenario  of  infinite  drift  starting 
from  the  familiar  five  armed  shape  for  small  sizes  and  proceeding  to  an  increasingly  tight  multi- 
armed  shape.  We  show  quantitatively  how  the  lacunarity  of  circular  clusters  becomes 
increasingly  "compact"  with  size.  Finally,  we  find  agreement  among  transverse  cuts  dimensions 
for  clusters  grown  in  different  geometries,  suggesting  that  the  question  of  universality  is  best 
addressed  on  the  crosscut. 


INTRODUCTION 

The  first  model  of  irreversible  growth  that  generates  fractal  structures  was  Diffusion  Limited 
Aggregation  (DLA)  [1],  followed  few  years  later  by  the  Dielectric  Breakdown  Model  [2].  These 
models  account  for  origin  of  fractal  structure  in  a  great  variety  of  process:  dendritic  growth, 
viscous  fingers  in  fluids,  dielectric  breakdown,  electrochemical  deposition  etc.  [3,4].  DLA’s 
most  characteristic  feature  is  that  it  is  intrinsically  critical  and  gives  rise  spontaneosly  to  a 
fractal  structure.  However,  as  soon  as  one  tries  to  make  this  statement  precise  and  quantitative, 
diverse  problems  appear,  many  of  which  are  still  open.  We  tackle  the  question  of  asymptotic 
self-similarity,  which  has  not  to  this  day  been  resolved  adequately.  In  fact,  several  clues 
suggests  that  asymptotic  self-similarity  is  not  the  only  possible  scenario:  conflicting  values  of 
the  fractal  dimension,  slow  cross-over  to  the  asymptotic  regime,  weak  universality  with  respect 
to  the  growth  geometry  and  deviations  from  simple  self-similarity  such  as  lacunarity  etc. 
[1,5, 6, 7].  To  gain  a  deeper  understanding  of  these  problems  we  have  undertaken  a  systematic 
study  of  the  properties  of  large  numbers  of  very  large  clusters  of  off-lattice  circular  DLA. 

The  construction  of  DLA  clusters  is  very  simple.  It  begins  with  a  particle  at  a  random  location 
on  a  "birth”  circle  at  some  distance  to  the  existing  cluster.  The  new  particle  undergoes  Brownian 
motion  until  it  comes  in  contact  to  the  cluster,  at  which  point  it  becomes  permanently  stuck.  A 
new  particle  is  then  added  at  random  along  the  birth  circle,  and  the  process  continues.  Our  study 
is  based  on  50  clusters  of  1M  perticles  and  20  clusters  of  10M  particles,  grown  under 
meticulous  control  to  avoid  large  scale  instabilities  due  to  approximations  in  the  alghorithm  [8]. 
We  investigate  the  geometric  structure  of  circular  DLA  from  two  points  of  view.  A)  Growth  of 
various  relative  moments  and  of  the  maximum  cluster  radius.  B)  Structure  of  the  transverse 
growth  crosscuts,  i.e.,  the  one-dimensional  cuts  by  circles.  On  these  cuts  we  study  the  fractal 
dimension,  the  gap  distribution,  the  behavior  of  the  maximum  gap  and  other  morphological 
properties. 

We  find  that  the  moments  of  the  distribution  of  the  particle's  sticking  distance  fail  to  cross 
over  to  the  behavior  characteristic  of  self-similarity,  even  for  very  large  clusters.  The 
measurement  of  the  fractal  dimension  on  the  transverse  cuts  reveal  a  correction  term  that  can  be 
accounted  for  by  postulating  a  power  law  behavior  in  the  prefactor  that  measures  the  mass 
lacunarity.  This  "misbehavior"  may  help  understand  previous  disagreements  between  estimates 
of  the  fractal  dimension  and  suggests,  moreover,  that  the  question  of  universality  is  best 
addressed  on  the  transverse-cuts.  Die  analysis  of  gap  also  is  fully  compatible  with  this  picture. 
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and  the  maximum  gap  behavior  is  compatible  with  a  lacunaiity  effect  revealing  that  the  cluster 
drift  to  an  increasingly  tight  multi-armed  shape. 

The  conclusion  is  that,  for  radial  geometry,  the  present  results  support  Mandelbrot's  scenario  [6] 
in  which,  as  samples  grow,  some  properties  of  DLA  drift  without  non  trivial  limit  and  with 
diverse  departures  from  the  simple  self-similarity  for  any  finite  size  cluster.  This  paper  is  a 
survey  of  various  forms  of  analysis  and  the  corresponding  results.  For  the  sake  of  clarity  and 
concision,  we  avoid  most  of  the  technical  details  that  will  be  reported  elsewhere  [9,10,1 1]. 


"MOMENTS"  ANALYSIS  USING  NORMALIZED  SCALE  FACTORS 

First  we  investigated  the  distributions  we  call  radial  density  profiles  [9].  Given  a  cluster  of  N 
particles  let  F(R,N)  be  the  number  of  particles  at  a  distance  <R  from  the  seed.  The  particles 
that  become  part  of  the  cluster  when  cluster  size  ranged  between  N  -AN  and  N  are  said  to 
form  a  cluster  shell.  The  radial  cluster  shell  profile  is  therefore 

A F(R  ,N)  =  F(R  ,N  )  -  F(R  ,N  -  AN)  (1) 

For  AN  =  N,  the  cluster  shell  is  of  course  the  entire  cluster.  The  function  F(R,N)  is  a 
cumulative  distribution  relative  to  distances  «  R ,  and  is  often  usefully  replaced  by  a  density¬ 
like  function.  For  that,  one  divides  logR  into  uniform  bins  and  plots  the  number  of  atoms  in 
each  bin.  Letting  Rk  be  the  distance  from  the  seed  to  the  k- th  particle  (in  order  of  absorption 
into  the  cluster),  the  moment-based  scale  factors  of  the  cluster  shell  are  defined  as 


<rq(N,AN)  = 


1 

AN 


N 

1 

k^N-dN+1 


1  N 
~  lRn 
^  n=N-AN+ 1| 


ni  iq 


(2) 


In  all  cases,  the  q  <  0  values  of  <Jq  are  without  interest,  being  dominated  by  the  inner  cutoff 
due  to  the  atoms'  positive  size.  It  is  obvious  indeed,  that  cr0  =  1  and  it  is  easy  to  show  that  q  <0 
yields  <Jq  ~  Nllq .  To  the  contrary,  when  q> 0  and  N  » 1,  the  atom'  size  no  longer  matters.  As 
q-><*>,  aq  converges  to  R^  (N),  the  largest  distance  from  the  seed  to  a  particle  in  a  cluster. 
It  is  important  to  notice  that  our  shell  analysis  focuses  particularly  on  the  active  region  of  the 
DLA  cluster,  where  new  particles  become  part  of  the  aggregate.  If,  beyond  atom  size,  the 
cluster  had  been  statistically  self-similar,  it  would  have  been  characterized  by  a  single  well- 
defined  D ,  and  all  the  quantities  aq(N,AN)  would  have  been  proportional  (for  large  N)  to 

N1ID  and  to  each  other. 

The  first  inference  from  our  data  is  a  very  familiar  one.  For  q- 1  we  find,  as  previous  authors 
observed  again  and  again,  that  cx(N)  =  1  /  N^Nk=lR k  <*Nl/D  ,  where  D  =  1.71.  The  study  of 
the  cluster  shell  moment  continues  more  easily  by  normalizing  and  writing 

Oq(N)  =  ox(N)-Xq(N);  and  Rmax=  lim^Nj-X^N) .  (3) 

For  given  IV,  the  factors  Xq(N)  necessarily  increase  with  q.  A  necessary  but  not  sufficient 
condition  for  the  clusters'  being  self-similar  is  that  each  Xq(N)  tends  to  a  limit  as  N  -»  ®°.  To 

test  this  inference,  we  evaluated  these  quantities  for  logarithmically  spaced  values  of  IV ,  and 
plotted  them  in  doubly  logarithmic  coordinates  (see  fig.l).  Our  most  striking  observation  is  that 


74 


Fig.l)  Analysis  of  DLA  circular  clusters  based  on  the  annular  moments  behavior.  The  various 
moments  are  normalized  with  respect  to  the  first  one  and  averaged  over  50  one  million  particle 
clusters. 


Xq(N)  continually  decrease  for  every  value  of  <7>2,  including  q  — » °°.  In  fig.l,  it  is  easy  to 
note  the  curvature  of  the  Xq  (N )  up  to  the  limit  sample  size.  In  order  to  visualize  this  behavior, 
we  perform  a  local  slope  analysis  of  Xq(N)  (fig.2).  The  local  slope  is  definitely  different  from 

zero  even  for  N  =  106,  and  approaches  zero  only  for  very  large  size  clusters.  The  cross-over 
from  fast  to  slow  decrease  depends  on  q.  For  large  q,  Xq(N)  continues  to  decrease  rapidly, 
even  in  the  range  where,  in  absence  of  other  information,  it  might  have  been  argued  that  X2(N ) 
has  finally  settled  down.  Thus,  Xq(N)  continues  to  decrease  non  trivially  up  to  the  size  of  our 
simulations.  Moreover,  accurate  analysis  shows  that  a  logarithmic  behavior  of  the  Xq(N) 

curves  seems  consistent  up  to  N  =  10^  but  not  for  larger  clusters.  Therefore,  these  results 
support  the  scenario  of  an  "infinite  drift"  with  persistent  deviations  from  self-similarity  for 
arbitrary  large  finite  size  samples  and  an  unusual  approach  to  the  thermodynamic  limit. 


ANALYSIS  OF  THE  TRANSVERSE  GROWTH  CROSSCUTS 

The  moments-based  analysis  in  the  preceding  section  is  two  dimensional,  but  can  also  be 
performed  geometric  and  quantitative  analysis  on  various  one-dimensional  sub  sets  of  the 
cluster.  In  this  spirit,  we  analyzed  DLA  via  transverse  growth  crosscuts,  namely  one¬ 
dimensional  cuts  by  circles  of  different  radius  R.  Each  is  roughly  transverse  to  the  growth 
direction  of  the  aggregate.  "Generically"  a  one-dimensional  cross-section  (slice)  of  a  fractal  of 
dimension  D  is  a  fractal  dust  of  dimension  D-l.  For  DLA  the  widely  accepted  value  £>=1.71 


75 


Fig.2)  Local  slope  analysis  of  the  moments  behavior.  Excluding  the  initial  region  (small  sizes 
effect),  the  local  slope  is  appreciably  and  definitely  lower  than  zero. 


obtained  from  the  mass-radius  relation  yielded  the  heuristic  expectation  that  the  fractal 
dimension  of  the  crosscuts  is  Dc=  0.71. 

We  measured  the  fractal  dimension  of  the  crosscuts  of  20  10M  particles  clusters  and 
intersecting  circles  with  a  radius  ranging  from  R  =  200  to  R  =  5000  particle  diameters.  The 
radius  did  not  exceed  3/4  of  the  radius  of  gyration  of  the  clusters  to  ensure  that  our  study 
concerns  the  frozen  part  of  the  aggregates  that  is  extraordinarily  unlikely  to  change  in  the 
further  growth. 

Our  first  method  to  obtain  the  fractal  dimension  on  the  crosscut  set  is  box-counting.  We  rescale 
each  crosscut  in  the  unit  circle  and  then  we  coarse  grain  with  boxes  of  different  lengths.  Our 
second  method  uses  the  mass-radius  relation  in  one  dimension.  It  measures  the  total  number  of 
particles  within  an  increasing  distance  from  an  occupied  point  of  the  crosscut.  The  scaling 
behavior  corresponding  to  the  values  of  the  fractal  dimension  is  obtained  from  the  log-log  plots 
of  the  number  of  occupied  boxes  or  cluster's  points  versus  the  scaling  size.  To  eliminate  noise, 
we  always  average  the  data  over  several  clusters  of  the  same  size.  Both  methods  are  clearly 
affected  by  finite  size  effects  corresponding  to  very  small  sizes  (particle  radius)  and  very  large 
sizes  (the  entire  crosscut),  therefore,  as  the  radius  of  intersection  for  the  crosscut  increases  the 
fractal  dimension  is  measured  more  precisely.  In  our  experience  a  reliable  result  is  possible  only 
with  very  large  samples  that  ensure  enough  statistics  on  the  crosscuts. 

Strikingly,  the  fractal  dimension  obtained  in  this  way  is  lower  than  the  expected  value  0.71. 
In  fact,  both  methods  thus  agree  the  fractal  dimension  is  practically  constant  from  R  =  1500,  its 
average  value  being 


Dc  =  0.65  ±0.01  (4) 

This  result  differs  strongly  from  the  expected  one  and  can  be  related  to  a  mass-lacunarity 
effect  in  the  measurement  of  the  fractal  dimension.  In  fact,  as  already  done  in  [6],  we  can  write 
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the  exact  scaling  relation  on  a  crosscut  as 


(5) 


where  N  is  the  number  of  particles  and  £  is  the  scaling  length.  For  each  crosscut  R  is  a 
constant,  namely  the  radius  of  the  intersection,  and  X(R)  is  therefore  a  constant  prefactor.  The 
fractal  dimension  of  the  crosscut  is  obtained  from  the  scaling  with  respect  to  the  size  £  and  with 
our  method  we  have  the  result  of  eq.(4). 

For  the  whole  cluster,  we  can  relate  the  mass-radius  fractal  dimension,  i.e.,  scaling  behavior  in 
the  two-dimensional  embedding  space,  to  the  scaling  on  the  crosscuts  by  using  the  following 
formula 

N,W  =  J0*AW-(y)°‘dR  (6) 

where  Nt  is  the  total  number  of  particles  in  a  cluster  of  radius  R  and  £  is  fixed  and  corresponds 
to  the  resolution  scale.  We  know  that 


Nt(R)ocRD  (7) 

with  £>=1.71  with  a  scaling  behavior  confirmed  on  several  decades.  If  X (R)  changes 
gradually,  there  is  only  one  way  for  log(Ar()  to  be  represented  by  a  straight  line;  one  must  have 

X(R)  <>=  Rsd  from  which  we  have 

(8) 

By  comparing  this  relation  with  eq.(7)  we  have 


8D  —  D  —  \~  Dc  (9) 

and  substituting  the  numerical  values  obtained  for  the  crosscuts  fractal  dimension  we  can 
estimate  the  bias  due  to  the  lacunarity  prefactor  as  : 


<5D  =  0.05  (10) 

It  easy  to  recognize  that  the  prefactor  X(R)  is  a  characteristic  of  the  clusters.  It  is  a  numerical 
rate  that  contribute  to  measuring  lacunarity.  Therefore,  our  results  indicate  that  the  lacunarity 
decreases  as  the  DLA  cluster  grows  and  becomes  increasingly  compact.  This  lacunarity  effect  is 
specific  to  DLA  grown  in  circular  geometry  and  could  explain  the  discrepancies  among  various 
measurements  of  the  fractal  dimension.  The  discrepancies  among  DLA  clusters  growing  with 
different  boundary  conditions  indicate  a  sort  of  "weak"  universality  of  this  phenomenon. 
However,  it  is  worth  observing  that  the  value  of  the  fractal  dimension  we  measure  for  circular 
crosscuts  is  the  same  as  that  obtained  for  crosscuts  of  cluster  grown  in  cylindrical  geometry. 
This  seems  to  suggest  that  the  question  of  the  universality  of  DLA  is  best  addressed  on  the 
crosscuts.  In  fact,  this  is  the  only  set  that  possesses  an  important  geometric  characteristic  that  is 
independent  of  the  growth  boundary  conditions:  it  is  always  transverse  to  the  growth  direction. 
Therefore  it  is  possible  that  measurements  on  this  set  takes  into  account  only  the  intrinsic 
growth  dynamics  of  the  phenomenon  leaving  apart  the  effects  induced  by  the  geometry  of  the 
boundary  conditions. 
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Fig.3)  Average  angles  of  the  six  largest  gaps  on  the  crosscuts  with  respect  to  the  radius  of 
intersection.  The  fact  that  the  gaps  become  smaller  corresponds  to  a  decreasing  lacunarity  on 
the  crosscuts. 

In  support  of  the  previous  numerical  result  we  performed  a  detailed  analysis  of  the  gap  lengths 
on  the  crosscuts.  This  kind  of  analysis  was  introduced  in  Ref  [6].  A  gap  is  defined  as  an  interval 

whose  end  points  belong  to  the  fractal  set  but  whose  interior  points  do  not.  Denote  by  y  a 
possible  value  of  the  gap  on  the  crosscut  To  compare  the  gap  length  distribution  for  different 
crosscuts  of  different  radius  we  rescale  each  intersection  by  the  radius  R,  so  that  gaps  are 
measured  in  angles.  In  fig.  3  we  plot  on  a  doubly  logarithmic  scale  the  average  angles  of  the  six 
largest  gaps  with  respect  to  the  radius  of  intersection  of  the  crosscut  In  the  usual  picture  of 
DLA  the  structure  evolves  rapidly  towards  a  five  fold  symmetry  (five  main  branches), 
suggesting  that  largest  gaps  fluctuate  around  the  constant  value  y  =  2z/5.  In  sharp  contrast, 
our  data  show  that  the  largest  gaps  continuously  decrease  as  R  increases  and  the  value  of  ymax 
is  definitely  <  lie  15.  The  fact  that  the  few  largest  gaps  become  smaller  as  the  cluster  grows 
indicates  that  the  structure  is  drifts  to  a  tighter  multi-armed  shape.  It  is  simple  to  recognize  that 
this  corresponds  to  a  decreasing  lacunarity  on  the  crosscuts.  In  fact,  the  narrowing  of  the  larger 
Qords  implies  the  presence  of  an  increasing  number  of  main  branches,  and  therefore  a  less 
lacunar  structure  even  if  the  scaling  properties  on  the  crosscut  remain  the  same. 
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Angle,  1M  particle  DLA 


Fig4)  Plot  of  a  1M  particle  DLA  circular  cluster  in  polar  coordinates.  The  coordinates  of  each 
particle  represent  the  radial  distance  from  the  seed  and  the  angle  on  the  circumference. 


In  order  to  visualize  this  effect  we  introduced  a  novel  graphical  way  to  seek  on  the  structure  of 
DLA  clusters,  namely  polar  coordinates.  Fig.4  shows  a  circular  DLA  cluster  in  which  each 
point  is  identified  by  the  radial  distance  from  the  seed  and  the  corresponding  angle  on  the 
circumference.  This  figure  is  the  pictorial  counterpart  of  the  quantitative  analysis  shown  so  far. 
The  fjords'  geometric  behavior  is  particularly  well  represented  and,  confirming  the  previous 
analysis,  we  observe  that  the  fjord  widths  tend,  on  the  average,  to  decrease.  Evidently  fjords 
widths  correspond  to  angular  gaps  on  the  crosscuts  and  the  perception  that  they  "shrink"  is 
indeed  the  pictorial  confirmation  of  the  lacunarity  effect  on  the  structure  morphology. 


DISCUSSION  AND  CONCLUSION 

Our  analysis  of  very  large  DLA  clusters  suggests  a  new  picture  of  this  phenomenon,  and 
likely  of  other  irreversible  growth  phenomena.  In  fact,  DLA  is  mainly  a  non-equilibrium 
phenomenon  in  which  the  dynamical  aspects  play  a  major  role.  We  can  identify  two  different 
cluster  regions.  The  first  is  a  fully  grown  core  that  will  not  be  further  modified  by  growth.  The 
second  region  is  the  active  zone  where  the  growth  process  continues.  This  situation  differs 
strongly  from  the  usual  equilibrium  problems,  such  as  percolation  and  the  Ising  clusters,  where 
there  is  no  distinction  between  cluster  regions.  Moreover,  in  these  problems  the  deviations  from 
the  asymptotic  behavior  is  solely  due  to  finite  size  effects.  Growth  phenomena,  specifically 
DLA,  also  raise  the  problem  of  the  internal  boundary  conditions,  i.e.,  the  growing  structure 
itself  and  the  irreversible  nature  of  the  process.  This  means  that  the  "old"  part  of  the  cluster  had 
been  "young"  and  preserves  a  memory  of  the  dynamical  process  by  which  it  has  been  generated. 
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This  effect  is  emphasized  in  the  circular  DLA,  in  which  it  is  the  growing  structure  itself  that 
defines  the  boundary  conditions  size.  That  dynamical  aspects  are  present  in  this  geometry  from 
the  early  stages  of  the  growth  process  up  to  the  very  large  size  we  have  analyzed  and  suggest 
the  infinite  drift  scenario  supplied  previously  [6].  This  scenario  allows  persistent  deviations 
from  self-similarity  for  arbitrary  large  finite  size  samples  and  therefore  calls  for  other 
quantitative  characterization  of  the  clusters  such  as  lacunarity. 

The  present  picture  it  is  also  compatible  with  a  "weak"  universality  of  DLA.  In  fact,  the 
dynamical  process  generates  different  transient  effects  depending  upon  the  growth  geometries. 
For  example  there  are  numerical  indications  that  large  DLA  clusters  grown  in  cylindrical 
geometry  do  not  present  deviations  from  self-similarity.  This  is  probably  due  to  the  fact  that  the 
cylinder  size  is  defined  externally  and  it  does  not  depend  upon  the  growth  process.  In  this  sense 
we  believe  that  keeping  in  mind  the  dynamical  nature  and  the  "weak"  universality  of  the  DLA 
phenomenon  helps  discriminate  among  the  quantities  and  features  that  are  really  universal  and 
thus  which  can  be  considered  as  clues  or  elements  for  a  theory  of  fractal  growth  [12,13]. 
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ABSTRACT 

Experiments  aiming  at  the  measurement  of  the  roughness  index  C  of  ’’rapid”  fracture  surfaces  are 
briefly  reviewed.  For  rapid  crack  propagation,  measured  values  of  £  are  close  to  0.8,  which  seems  to  be 
a  universal  exponent.  However,  it  is  argued,  by  re-writing  the  Griffith  criterion  for  a  self-affine  crack, 
that  the  self-affine  correlation  length  £  might  depend  upon  the  microstructure,  and  hence  on  the  fracture 
toughness.  More  recent  experiments  are  also  described,  which  reveal  at  smaller  lengthscales  the  existence 
of  a  quasi-static  fracture  regime  separated  from  the  previously  studied  rapid  fracture  regime  by  a  crossover 
length  which  decreases  with  increasing  crack  velocity. 


INTRODUCTION 

It  is  now  clearly  established  that  fracture  surfaces  can  be  considered  as  self-affine  fractal  objects  [1,  2, 
3,  4,  5].  After  the  pioneering  work  of  B.  Mandelbrot  and  coworkers  [7],  many  experiments  using  various 
experimental  techniques  (profilometry  [8,  9],  microscopy  and  image  analysis  [10,  11,  12,  13,  14,  15,  16], 
electrochemistry  [17]...)  on  materials  as  different  as  steels  [7,  11,  17],  aluminium  alloys  [13],  rocks  [9], 
intermetallic  compounds  [14,  15],  ceramics  [10],  visco-elastic  pastes  [16],  have  shown  that  fracture  surfaces 
exhibit  scaling  properties  on  two  [8,  14,  15]  or  three  decades  [13]  of  lengthscales.  At  ’’large  enough” 
lengthscales  (the  micron  scale  for  metallic  materials),  for  rapid  crack  propagation  modes  (uncontrolled 
fracture),  all  reported  values  of  the  roughness  index  (or  Hurst  exponent)  (  [1],  [2],  [3],  [6]  are  close  to 
0.8.  It  was  suggested  [13]  that  this  value  might  be  ’’universal”,  i.e.  independant  of  the  fracture  mode  and 
of  the  material.  Very  recent  one  million  particles  molecular  dynamics  simulations  [21]  strongly  support 
this  assumption,  which,  however,  remains  controversial.  In  order  to  explain  that  the  fracture  toughness 
should  increase  with  the  fractal  dimension,  A.  Mosolov  [34]  proposed  a  re-writting  of  the  Griffith  criterion 
[33]  in  the  case  of  self-affine  cracks.  Although  we  do  not  agree  with  his  conclusions,  we  have  investigated 
this  idea  with  J.P.  Bouchaud  [35]  ,  and  shown  that  the  revisited  criterion  leads  in  fact  to  a  correlation  of 
the  fracture  toughness  Kic  with  the  ’’spikiness”  zmax /£  of  the  fracture  surface,  where  £  is  the  self-affine 
correlation  length  and  zmax  is  the  typical  height  on  the  fracture  surface  outside  the  fractal  regime. 

On  the  other  hand,  significantly  smaller  values  of  the  roughness  index  are  measured  either  at  very  small 
lengthscales  (nanometers),  or  in  the  case  of  slow  crack  propagation.  As  a  matter  of  fact,  STM  experiments 
[18]  report  values  of  the  roughness  exponent  close  to  0.6  in  the  case  of  fractured  tungstene  (regular  stepped 
region),  and  close  to  0.5  for  graphite  [19].  On  the  micrometer  scale,  low  cycle  fatigue  tests  on  a  steel  sample 
have  led  to  a  value  of  £  close  to  0.6  [20].  These  results  are  particularly  attractive  since  they  report  roughness 
indices  close  to  the  roughness  of  a  minimum  energy  surface  in  a  random  environment  [23],  [24],  [25].  It 
was  suggested  by  A.  Chudnowsky  and  B.  Kunin  [26],  M.  Kardar  [27],  and  by  S.  Roux  and  D.  Francois  on 
the  basis  of  a  fracture  model  for  porous  ductile  materials  [28],  that  the  path  chosen  by  a  crack  in  a  random 
environment  should  be  such  that  the  overall  fracture  energy  is  minimised.  It  seems  that  this  quasi-static 
assumption  is  not  fulfilled  for  rapid  crack  propagation,  but  might  be  valid  at  small  enough  lengthscales  or 
for  low  enough  velocities.  As  a  matter  of  fact,  we  have  shown  on  a  T^Al-based  alloy  that  this  assumption 
is  valid  indeed  up  to  a  distance  £qs  which  decreases  with  increasing  crack  velocity.  At  larger  lengthscales, 
the  previously  reported  roughness  index  close  to  0.8  is  recovered.  Let  us  note  finally  that  these  two  regimes 
do  not  seem  to  exist  in  two  dimensions:  experiments  on  wood  (which  can  be  considered  as  two-dimensional 
in  the  plane  perpendicular  to  the  fibers)  [29],  and  on  paper  sheets  [30]  have  reported  a  roughness  index 
close  to  2/3,  which  is  expected  for  a  directed  random  walk  in  a  random  environment  [31].  This  result  is 
also  predicted  by  a  model  due  to  A.  Hansen  and  S.  Roux  [32]. 
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In  the  following,  however,  attention  is  paid  only  to  the  three-dimensional  case.  A  non-exhaustive  review 
of  the  main  experimental  results  is  proposed  (section  A).  In  section  B  of  this  paper,  the  Griffith  criterion 
[33]  is  revisited  for  self-affine  cracks,  and  new  conclusions  are  drawn  concerning  a  close  relation  between 
Hu  and  the  spikiness  parameter  zmaTji  of  the  fracture  surface  [35].  Finally,  section  C  is  devoted  to  a 
very  recent  experiment  performed  in  collaboration  with  S.  Naveos  [36],  which  shows  the  existence  of  a 
quasi-static  fracture  regime  at  low  lengthscales,  and  some  conclusions  and  perspectives  are  given  in  section 
D. 


A-  EXPERIMENTAL  DETERMINATIONS  OF  THE  ROUGHMESS  OF  FRACTURE  SUR¬ 
FACES:  PRINCIPLES  AND  RESULTS 


Experimental  apparatus  usually  requires  to  perform  cuts  of  the  sample,  either  within  a  plane  perpen¬ 
dicular  to  the  anisotropy  axis  z  or  in  a  plane  containing  it.  Thus  the  first  following  sections  are  concerned 
with  the  analysis  you  can  make  on  the  two  kinds  of  cuts.  The  last  paragraph  is  devoted  to  the  very  few 
techniques  which  provide  a  three-dimensional  information. 


Cuts  perpendicular  to  the  anisotropy  axis  z 

The  first  experiment  in  this  field  is  due  to  B.  Mandelbrot,  D.  Passoja  and  A.  Paullay  [7].  It  concerns 
six  samples  of  steel  to  which  different  heat  treatments  had  confered  different  fracture  energies  measured 
through  Charpy  tests.  The  experimental  procedure  consists  in  plating  the  fracture  surfaces  with  vacuum 
deposited  nickel.  Subsequently,  cuts  by  a  z  =  constant  plane  are  obtained  by  polishing  the  plated  specimen. 
Images  of  the  ’’islands”  of  steel  emerging  from  an  ’’ocean”  of  nickel  are  analysed,  and  both  the  area  A 
and  the  perimeter  V  of  the  islands  are  measured.  The  islands  themselves  are  dense  bidimensional  objects, 
but  their  contours  being  the  intersection  of  the  fracture  surface  with  a  z  —  constant  plane,  they  have  a 
dimension  dp  —  1  if  the  surface  itself  is  self-affine  of  ’’box”  dimension  [2,  6]  dr-  Thus: 

AocV7^  (1) 

Plotting  A  versus  V  on  a  log-log  plot  should  then  show  two  linear  increasing  regimes.  At  lengthscales 
smaller  than  the  correlation  length  f ,  one  should  measure  a  slope  2  -  <,  and  at  higher  lengthscales,  one 
should  get  back  the  usual  slope  2.  Note  that  with  this  method  of  measurement,  a  slight  overestimation  of  £ 
leads  to  an  underestimation  of  the  exponent,  i.e.  to  an  overestimation  of  C-  This  remark  will  be  exploited 
in  section  B.  Measured  values  of  <  lie  between  0.70  and  0.85.  The  apparent  increase  of  C  with  decreasing 
fracture  energy,  which  means  that  rougher  fracture  surfaces  correspond  to  lower  energies,  will  however  be 
re-interpreted  in  the  following. 

With  G.  Lapasset  and  J.  Planes  [13],  we  have  redone  the  same  kind  of  measurements  on  a  commercial 
aluminium  alloy,  the  7475,  with  a  different  experimental  procedure,  however.  Four  samples  are  stud¬ 
ied,  to  which  different  solution  heat  treatments  and  quenches  confer  different  fracture  toughnesses.  I<jc 
is  measured  on  CT  (compact  tension)  specimens  first  precracked  in  fatigue.  The  fracture  surfaces  are 
electrochemically  nickel-plated  —  a  route  which  is  far  less  directional  than  vacuum  evaporation  — ,  and 
polished  surfaces  corresponding  to  cuts  by  a  z  —  constant  plane  are  observed  at  various  magnifications 
with  a  scannnig  electron  microscope,  using  backscattered  electrons  which  give  a  very  good  contrast  be¬ 
tween  aluminium  and  nickel.  Attention  is  paid  to  focus  on  the  plane-strain  unstable  fracture  zone.  Images 
are  binarised,  and  the  self-correlation  function  C(r )  of  the  cut  is  computed  for  each  micrograph.  Since  the 
fractal  dimension  of  the  set  of  contours  is  equal  to  dF  -  1,  then  C(r )  is  expected  to  behave  as  C(r)  oc  r-c 
within  the  self-affine  region.  C{r)  exhibits  a  power-law  decrease  extending  up  to  a  size  A  comparable  to 
the  size  of  the  micrograph  itself. 

The  curves  relative  to  the  same  sample  are  put  on  the  same  diagram  by  plotting  C(r)  versus  rf  A.  In 
these  reduced  units,  the  scaling  domain  extends  over  two  decades,  but  it  corresponds  to  three  decades  in 
real  scale:  0.5/im  <  r  <  0.5mm.  Exponents  are  measured  in  each  case,  and  no  systematic  variation  of  Q 
with  KIc  is  found.  We  thus  conclude  to  no  correlation  between  the  roughness  exponent  and  the  fracture 
toughness,  and  propose  that  this  exponent  might  be  universal,  i.e.  independant  of  the  fracture  mode, 
fracture  toughness  and  material.  As  we  will  see  in  the  following,  this  idea  is  still  very  controversial,  but  we 
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do  think  that,  except  for  very  slow  crack  propagation  modes,  or  at  very  small  lengthscales,  3-dimensional 
fracture  surfaces  should  exhibit  the  same  roughness,  but  relevant  lengthscales,  among  which  the  self- 
affine  correlation  length,  do  depend  upon  the  microstructure  and  fracture  toughness  of  the  material.  Our 
experimental  results  read: 

c  =  0.80  ±0.05  (2) 

Finally,  let  us  quote  an  experiment  on  steel,  due  to  P.  Me  Anulty  and  collaborators  [20].  These  authors 
study  two  samples:  one  is  broken  during  a  Charpy  test,  and  the  other  one  is  fractured  in  fatigue.  The 
slit  island  method  is  used  in  both  cases.  In  the  first  case,  a  value  of  £  rather  close  to  0.8  is  reported,  but 
in  the  latter  one,  a  significantly  smaller  value,  close  to  0.6,  is  measured.  As  already  discussed,  this  value 
is  close  to  the  one  expected  for  a  minimum  energy  surface.  It  is  shown  in  section  C  that  this  result  is 
probably  of  kinetic  origin,  i.e.,  in  this  case,  the  crack  propagates  slowly  enough  to  justify  a  quasi-static 
assumption.  The  fact  that  the  reported  value  is  nevertheless  higher  than  the  expected  C  ~0.5  is  probably 
due  to  the  fact  that  the  observed  regime  is  partly  in  a  crossover  between  the  quasi-static  and  the  rapid 
fracture  regimes. 


Cuts  containing  the  anisotropy  axis  z 

Maloy  and  coworkers  [8]  have  studied  six  very  different  brittle  materials  (plaster,  bakelite,  porcelain, 
graphite,  steel  and  Al-Si)  by  recording  the  fracture  profiles  with  an  opto-mechanical  profilometer.  In  each 
case,  they  compute  both  the  first  return  probability  Pj(r)  (the  probability  that  the  height  goes  back  to  its 
initial  value  after  a  distance  z  within  the  horizontal  plane),  which  scales  as  r-2+^  and  the  power  spectrum, 
which  is  supposed  to  scale  with  an  exponent  -1  -  2<.  They  find  consistent  values  of  <  which  do  not  vary 
much  from  one  material  to  the  other,  and  they  conclude  that  <  seems  indeed  to  be  universal,  with  an 
avearge  value: 

C  =  0.87  ±0.07  (3) 

One  could  object  that  this  value  of  C  -  although  compatible  with  ours  in  regard  of  error  bars  is  closer 

to  0.9  than  to  0.8.  It  will  be  seen  in  section  C  that  the  limit  of  the  self-affine  domain  £  may  be  very 

sensitive  to  the  material  properties,  and  slight  differences  in  the  measured  values  of  the  roughness  index 
might  be  explained  by  the  pollution  of  the  scaling  regime  by  the  crossovers. 

An  other  very  different  material  is  studied  by  E.  Lemaire  and  collaborators  [16].  A  visco-elastic  paste 
made  of  sand  and  resin  is  put  between  two  plates  which  are  driven  away  from  each  other  at  a  given 
velocity  until  the  paste  "breaks”.  Five  velocities  ranging  from  1  to  10  mm.s-1  are  studied.  After  fracture, 
the  hardened  paste  is  sliced  parallel  to  the  tensile  direction,  and  the  fractal  dimension  of  the  profiles  is 
determined  by  two  methods:  directly  on  one  hand,  with  a  box  counting  procedure,  and  on  the  other  hand 
from  the  computation  of  the  power  spectrum.  It  is  found  that  C  is  independant  of  the  velocity  and: 

C  =  0.88  ±0.05  (4) 

This  value  is  remarkably  close  to  the  one  determined  by  Malloy  and  coworkers  [8]. 

With  G.  Lapasset,  J.  Planes  and  S.  Naveos,  we  also  investigate  mode  II  cracks  in  polycristalline  Ni3Al 
[14].  In  fact,  the  morphology  of  these  cracks  is  more  complex  than  for  previously  reported  experiments, 
because,  although  the  fracture  mode  is  simply  brittle  intergranular,  the  fracture  surface  is  "branched”  with 
secondary  cracks  developping  during  crack  propagation  . 

Two  samples  are  plated  with  either  opaque  resin  or  electrochelmically  deposited  NiPd,  and  polished 
within  a  plane  perpendicular  to  the  direction  of  propagation  of  the  main  crack.  Three  series  of  observations 
are  made  on  these  samples,  using  one  optical  micrograph  and  two  scanning  electron  microscopes  with  rather 
different  resolutions.  Computing  the  return  probability  Po  (the  probability  that  the  height  goes  back  any 
time  to  its  initial  values),  which  scales  as  Po{r)  oc  r-^  for  an  ordinary  (univalued  z )  self-affine  profile,  one 
finds: 

0.83  ±0.04  (5) 

This  value  concerning  the  whole  structure  (i.e.  including  secondary  branches)  is  similar  to  the  one  obtained 
only  by  considering  only  the  backbones.  Compatible  results  are  obtained  by  computing  zmax  defined  in 
the  following  way: 

Zmax(r)  =<  Moi{r(r')}I<r<<I+f  -  Min{z{r,)}x<r'<x\T  >*oc  r*  (6) 
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Once  again,  although  the  morphology  of  the  fracture  surface  is  very  different,  one  finds  back  an  exponent 
close  to  the  value  0.8. 

Let  us  finally  quote  two  methods  which  are  able  to  perform  a  global  analysis  of  the  three  dimensional 
object. 


Global  methods 


The  electrochemical  method,  extensively  studied  for  other  purposes  [44]  is  successfully  used  for  fracture 
surfaces  for  the  first  time  by  A.  Imre  [17]  and  coworkers.  The  diffusion  controlled  current  I(t)  is  plotted 
against  time  t.  It  can  be  shown  that,  at  time  t,  one  has  to  determine  the  area  using  tiles  of  size  ^/Dt, 
which  leads  to: 


I(t)  oc  t 


(7) 


The  Imre  experiment  is  performed  on  a  polished  steel  surface,  for  which  the  expected  £  —  1.00  ±  0.02  is 
recovered,  and  on  a  fracture  surface  of  the  same  material,  for  which  it  is  found: 


C  ~  0.81  ±  0.02  (8) 

Other  techniques  which  provide  a  three-dimensional  information  in  the  nanometer  range  [18],  [19]  ,  are 
the  STM  and  the  AFM  (Atomic  Force  Microscope).  New  experiments  are  currently  being  performed  with 
an  AFM  both  on  glass  and  on  metallic  alloys  [22],  but,  to  our  knowledge,  there  is  no  yet  available  result. 
Note  also  that,  in  principle,  stereoscopy  performed  with  a  scanning  electron  microscope  should  be  able  to 
provide  the  same  information  on  the  micrometer  scale  [38].  Values  of  the  roughnesss  exponent  seem  to 
vary  strongly  in  space  at  the  very  small  lengthscales  explored  with  an  STM.  Furthermore,  reported  values 
are  significantly  smaller  than  0.8,  lying,  according  to  the  material,  either  around  0.4,  or  around  0.6.  On 
the  basis  of  these  experiments,  V.  Milman  and  coworkers  contradicted  the  idea  of  universality.  We  will 
come  back  to  these  results  in  the  section  after  next  one,  when  kinetic  effects  will  be  discussed.  It  will 
be  shown  that  the  minimum  energy  surface  roughness  fits  with  experiments  at  any  velocity, but  for  small 
enough  lengthscales. 

However,  next  section  is  more  devoted  to  the  upper  limit  of  the  self-affine  regime. 


B-  REVISITED  GRIFFITH  CRITERION  FOR  SELF-AFINE  CRACKS: 
RELEVANT  LENGTHSCALES  AND  APPARENT  ROUGHNESS 


The  recently  proposed  idea  to  write  the  Griffith-Irwin  criterion  [33,34]  for  a  self-affine  crack  is  followed, 
and  new  computations  are  made  in  collaboration  with  J.-P.  Bouchaud  [35]. 


The  ”  classical”  Griffith  criterion 


Let  us  first  briefly  recall  the  content  of  the  classical  Griffith  criterion  [33]  for  a  crack  propagating  in 
mode  I  in  a  sample  of  width  b  submitted  to  a  uniaxial  tension  (see  Fig.  1). 

The  critical  value  of  the  stress  at  which  propagation  actually  takes  place  is  determined  by  equating  the 
elastic  energy  AUei.  due  to  crack  propagation  to  the  energy  A Us  required  to  create  two  free  surfaces  in 
the  material.  Furthermore,  it  is  assumed  that  the  stress  field  is  singular  in  the  vicinity  of  the  crack  tip: 

<r(r)  ~  Kr~a  (9) 

at  a  distance  r  ahead  of  the  crack  front.  K  is  the  stress  intensity  factor. 

When  the  fracture  path  is  regular,  the  surface  energy  is  proportional  to: 

A  U,  =  2ybR  (10) 

where  j  is  the  surface  tension  and  R  is  the  crack  length  increment. 
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Figure  1:  Mode  I  crack  propagation  through  a  notched  specimen  of  width  b. 


On  the  other  hand,  the  released  elastic  energy  can  be  estimated  by  noting  that  the  stress  field  is 
essentially  relaxed  on  scales  r  <  R  and  unperturbed  on  larger  scales: 


AVer 


K*_  [R 

"2  Eja 


r~Zabrdr  ~ 
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2(~2a  +  2)£ 


bR{-2a+2) 


(11) 


where  a  is  a  microscopic  cut-off  below  which  the  stress  field  saturates,  and  E  is  Young  s  modulus  of.  At 
the  onset  of  fracture,  the  two  energies  should  be  of  the  same  order  of  magnitude.  This  implies  first  that, 
a  =  4,  which  is  the  classical  result  in  elasticity  theory  [33]. 

Second,  one  obtains  the  critical  value  Klc  of  the  stress  intensity  factor  below  which  the  crack  is  unable 
to  progress  because  the  elastic  energy  is  not  high  enough  to  compensate  for  the  creation  of  two  free  surfaces. 
One  finds  a  material  dependent  fracture  toughness,  given  by:  Kic  oe  y/jE. 


Griffith  criterion  for  a  self  -  affine  crack 


Let  us  now  describe  very  simply  the  self-affine  fracture  surface: 


h(r)  =  Tf(r)  zmax 


©‘  < 


>  <0 


(12  —  a) 
(12-6) 


h(r)  =  i ]{r)  zmax  (r  >  £) 

where  r)(r )  is  a  random  variable  of  order  1  which  varies  on  the  scale  of  r  itself. 

The  surface  energy  corresponding  to  the  opening  of  the  crack  along  a  distance  R  -C  £  can  be  expressed 
in  the  following  way: 

(13) 


^cfm ir 


with:  dh(r)/dr  ~  h(r)/r  (r  <  £)  since  dr}{r)/dr  is  also  of  order  h(r)/r. 

From  equation  (13),  one  can  see  that  a  new  lengthscale  r*  appears,  r*  is  the  distance  where  the  local 
slope  of  the  self-affine  relief  is  of  order  one:  ^(r  =  r*)  ~  1,  while  for  r  «  r*,  dh/dr  »  1. 

It  can  be  shown  that: 

£  ~  1-<  (14) 

Since  C  is  an  exponent  lying  between  0  and  1,  two  cases  may  occur: 

★”  Shallow”  regime  :  Zmax  <  f  or  r* 

In  this  case,  the  surface  is  fractal  but  rather  ”shallov? ,  and  r*  is  smaller  than  £.  An  estimation  of  the 
surface  energy  then  provides: 

(15) 


(¥)(?)' 
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as  long  a s  R<  r*.  Note  that  this  result  is  different  from  Mosolov’s  expression  [34]. 

On  the  other  hand:  AU,  ~  2j bR  as  soon  as  R  >  r*  (even  if  R  <  £).  In  this  case,  even  at  lengthscales 
smaller  than  the  correlation  length  £,  provided  that  these  lengthscales  are  larger  than  r*,  the  surface 
energy  is  similar  to  the  one  necessary  to  create  a  flat  surface,  although  the  surface  is  actually  rough  up 
to  distances  of  the  order  of  which  may  even  be  infinite!  One  consequence  of  this  is  that  the  stress  field 
singularity  is  the  usual  —1/2  one  at  lengthscales  greater  than  r*.  On  the  contrary,  equation  (15)  implies 
the  existence  of  a  non-trivial  singularity  closer  to  the  crack  tip,  i.e.  at  distances  from  it  smaller  than  r*: 
<r  ~  K'r~a  (r  <  r*)  which  gives  rise  to  an  elastic  energy  term  AUei.  the  expression  of  which  is  given  in 
equation  (11).  Equating  A Uei.  and  AU,  leads  to  the  relation:  -2a +  2  =  (,  which  is  valid  in  two  as  well  as 
in  three  dimensions.  When  the  surface  is  flat,  i.e.  when  £  is  equal  to  unity,  the  value  a  =  1/2  is  recovered. 
As  expected  intuitively,  ”  rougher”  cracks  (smaller  £)  are  associated  to  more  singular  stress  fields. 

The  crossover  between  this  regime  and  the  “—1/2”  singularity  regime  takes  place  at  r  =  r*,  yielding: 

=  Kr *~i.  On  the  other  hand,  the  equality  Af7,  =  AUe/.  applied  in  the  regime  R>  r*  leads  to 
a  critical  value  of  K  ,  corresponding  to  the  measured  fracture  toughness  K/c,  which  is  independant  of  the 
characteristic  lengthscales  of  the  problem  in  the  ’’shallow”  regime:  Kjc  ~  y/yE.  It  is  now  shown  that  this 
conclusion  is  not  valid  when  ’’spiky”  surfaces  are  considered. 


Figure  2:  Evolution  of  the  fracture  toughness  Kje  as  a  function  of  the  spikiness  zmax/^. 
iPSpikxp  regime  :  zmax  >  £  or  £  <  r* 

From  the  definition  of  r*,  one  realizes  that  this  case  corresponds  to  £  <  r*.  This  means  that,  in  the 
whole  fractal  domain,  the  local  slope  of  the  surface  is  much  larger  than  one.  This  also  implies  that,  close 
to  the  crack  tip  (r  <  £),  the  stress  field  singularity  is  characterized  by  an  exponent  a  =  The  crossover 
between  the  —  and  the  —1/2  singularities  now  takes  place  for  r  —  r*  is  no  longer  a  relevant  length 
of  the  problem.  Thus,  one  can  write:  K'£>^~L  =  K£~ %  (stress  field  continuity,  which  allows  to  find  K') 
and,  for  R  >  £,  At/,  ~  276  R  which  leads  to  an  interesting  expression  for  the  fracture  toughness: 

(16) 

The  evolution  of  Jf/e  as  a  function  of  the  ”spikiness”  zmax/£  of  the  surface  is  shown  in  Fig.  2. 

Note  that  the  results  pertaining  to  the  case  of  a  penny  shaped  crack  are  similar  to  those  reported  above 
since  in  that  case,  the  sample  width  6  is  replaced  by  the  crack  radius  R.  Indeed,  in  the  short  lengthscales 
regime  (r  <  r*  in  the  shallow  case  and  r  <  £  in  the  spiky  case),  the  surface  energy  scales  as  A U,  ^  R1+^ 
while  the  elastic  energy  is  proportional  to:  A Uei.  —  R(~2a+3\ 

Thus,  although  the  roughness  index  of  fracture  surfaces  is  universal,  morphology  of  the  fracture  surface 
and  fracture  toughness  are  closely  related.  For  ’’shallow”  fracture  surfaces,  for  which  the  maximum  height 
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zmax  is  smaller  than  the  self-affine  correlation  length  £,  the  relevant  length  is  the  distance  r*  smaller  than 
£  for  which  the  local  slope  becomes  of  the  order  of  unity.  In  this  case,  Kie  does  not  depend  on  the  various 
lengthscales,  and  the  energy  spending  is  the  same  that  for  fracturing  through  a  regular  flat  surface. 

On  the  contrary,  in  the  "spiky”  case  for  which  the  ratio  zmaxf£  is  greater  than  unity,  £  is  the  only 
relevant  lengthscale  in  the  "horizontal”  plane,  and  Kic  is  proportional  to  the  square  root  of  this  ratio. 

This  could  well  be  an  explanation  for  the  difference  in  Kjc  measured  for  crack  propagations  in  two 
orthogonal  directions  on  anisotropic  materials. 

It  might  also  explain  the  apparent  correlation  between  Kjc  and  the  fractal  dimension  dp  of  the  fracture 
surface,  observed  by  B.  Mandelbrot  et  a  1.  [7]  (see  previous  section).  If  tougher  samples  correspond  to 
smaller  correlation  lengths  £,  assuming  zmax  is  fixed  and  the  regime  is  "spiky”,  the  apparent  exponent 
measured  in  a  fixed  lenthscale  window  is  larger  than  the  actual  one,  which  leads  to  an  apparent  fractal 
dimension  smaller  than  the  real  one.  This  could  also  be  the  reason  why  from  one  experiment  to  the  other, 
reported  values  of  £  may  slightly  differ.  However,  in  the  case  of  our  experiments  on  the  7475  aluminium 
alloy  [13],  £  cannot  be  measured  because  it  is  larger  than  the  limit  length  imposed  by  the  microscope. 
Hence  these  measurements  should  not  be  sensitive  to  the  variation  of  £  and  the  measured  exponent  might 
be  closer  to  its  actual  value. 

We  now  turn  back  to  the  lower  lengthscale  limit  of  the  regime  which  was  just  described. 


C-  FROM  QUASI-STATIC  TO  RAPID  FRACTURE 


Let  us  now  analyse  a  recent  experiment  performed  with  S.  Naveos  [36],  where  kinetic  effects  were 
considered.  A  notched  CT  sample  (dimensions  12.5mmx  30mmx  31mm,  see  Fig.  3)  of  the  Supers  alloy 
[39]  -  Ti3Al  based  -  is  first  precracked  in  fatigue  at  30  Hz,  with  a  fixed  R  ratio  of  0.1;  the  ratio  a/W  is  of 
order  0.6.  Fracture  is  achieved  through  uniaxial  tension  in  mode  I.  The  broken  sample  is  electrochemically 
nickel  or  NiPd-plated,  and  four  profiles  are  obtained  by  subsequently  cutting  and  polishing  the  sample 
perpendicularly  to  the  direction  of  propagation  of  the  crack. 

These  profiles  are  observed  with  a  scanning  electron  microscope  at  various  magnifications  —  from  x50 
to  x2000  approximately  — ,  with  a  backscattered  electron  contrast.  See  an  example  in  Fig.  4.  zmax(r)  (Eq. 
(6))  is  computed  on  each  micrograph,  for  profiles  1  to  4.  In  the  four  cases,  all  the  curves  relative  to  the 
various  micrographs  are  put  on  the  same  spectrum.  The  behaviour  of  the  spectrum  relative  to  profile  1 
(fracture  in  fatigue)  at  smaller  distances  is  first  studied,  revealing  a  rather  noisy  power  law  increase  with 
an  exponent  lying  between  0.4  and  0.5,  i.e.  close  to  the  theoretical  roughness  index  £qs  of  a  minimum 
energy  surface.  Then  zmax/r^s,  with  Cqs  —  0.4,0.45  and  0.5  is  plotted  against  r,  and  the  three  plots  are 
fitted  with  a  non  linear  curve  fit  using  the  expression: 

=  A  +  B  r^MS  (17) 

rKQS 

Expression  (17)  is  the  simplest  to  account  for  the  asymptotic  power  law  behaviours  corresponding,  at 
short  distances,  to  a  quasi-static  fracture  mode  -  power  law  with  a  roughness  index  Cqs  —  and  at  larger 
distances,  to  a  rapid  fracture  mode  —  power  law  with  a  roughness  index  £  yet  to  be  determined  — .  The 
real  crossover  function  is  certainly  more  complex,  but,  as  it  will  be  seen  in  the  following,  this  assumption  is 
not  too  far  from  reality,  especially  for  profiles  1  (fatigue)  and  4  ("instantaneous  fracture”),  which  are  closer 
to  the  asymptotic  cases.  Furthermore,  this  allows  to  define  the  crossover  length  £qs,i  f°r  profile  t  between 
the  quasi-static  fracture  zone  and  the  rapid  fracture  one  as  the  length  at  which  the  two  asymptotic  terms 
are  equal,  i.e.: 

^s:=expGc^) '"(£))  (18) 
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Figure  3:  Sketch  of  the  broken  sample  where  profiles  1  to  4  are  defined.  Profile  1  stands  in  the  fatigue 
crack  zone,  while  profiles  3  and  4  lie  within  the  unstable  fracture  regime. 


Figure  4:  256  grey  levels  1024  pixels  long  image  obtained  from  the  scanning  electron  microscope  with 
a  backscattered  electron  contrast.  The  plating  (NiPd  in  this  case)  appears  in  very  light  grey,  while  the 
alloy  is  darker.  This  good  contrast  allows  for  a  straightforward  binarization  and  edge  detection  in  image 
analysis,  and  hence  a  precise  determination  of  the  fracture  profile. 

The  fit  obtained  for  Cqs  =  0.45  (profile  1)  is  shown  in  Fig.  5. 

Results  concerning  the  three  following  sets  of  results  obtained  are  summarised  in  Table  1. 

Consistency  with  previously  measured  values  of  C  for  high  velocity  cracks  [1-15],  as  well  as  the  short 
distance  power  law  behaviour  (  see  insert  of  Fig.  5)  favours  a  value  of  Cqs  close  to  0.45;  Cqs  =  0.5  leads  to 
a  particularly  high  value  of  C-  Subsequently,  the  spectra  relative  to  profiles  2  to  4  are  fitted  also  according 
to  Eq.  (28),  but  C  is  kept  equal  to  its  previously  determined  value,  while  A  and  B  are  the  results  of  the 
fitting  procedure.  Values  of  the  £qs,»  (*  =  2,3,4)  are  again  determined  through  Eq.  (29).  For  C<3S=0.45, 
one  finds:  Cqs  =  5,2, 1  and  0.3 fim  fo  r  profiles  1  to  4  respectively.  In  fact,  the  actual  values  of  the  £qs,» 
are  very  sensitive  to  the  value  of  Cqs  (f°r  profile  1,  Cqs.i  is  found  to  be  equal  to  3  fim  for  Cqs—' 0-4  and 
lO^im  for  Cqs=0.5),  for  which  the  precision  is  not  so  good  because  of  the  too  few  experimental  points 
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at  short  distances,  even  in  the  case  of  profile  1.  Further  investigations  with  an  AFM  are  currently  being 
performed  [22].  On  the  other  hand,  it  is  clear  that  ^Qs,i  decreases  when  the  local  stress  intensity  factor  K 
-  or,  correlatively,  the  crack  velocity  -  increases.  Lying  in  the  micrometer  region  for  fracture  in  fatigue, 
it  could  decrease  below  1  micron  at  the  end  of  the  fracture  process,  in  the  unstable  crack  propagation 


Figure  5:  zmas{r)  is  plotted  as  a  function  of  r;  error  bars  are  estimated  from  the  dispersion  of  points 
measured  on  various  micrographs.  The  fit  is  given  by  Eq.  (28)  with  C QS  =  0.45:  A  —  0.56  ±  0.02,  B  — 
0.28  ±0.01;  <  =  0.838  ±0.07.  The  confidence  ratio  is  equal  to:  r  ~  0.987.  Insert:  small  lengthscales 
power-law  fit  of  the  data,  giving  a  roughness  index  of  0.46. 


^QS 

C 

^  QS,1 

^  QS,2 

^QS,3 

^QS,4 

0.40 

0.815 

3 

2 

0.6 

0.05 

0.45 

0.838 

5 

2 

1 

0.3 

0.50 

0.875 

10 

6 

3 

1 

Table  I:  £  is  the  long  distance/high  velocity  regime  roughness  index  and  is  poorly  sensitive  to  the 
value  of  £qS  ,  contrarily  to  the  crossover  lengths  (i=l  to  4  for  profiles  1  to  4, 

expressed  in  micrometers). 
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Fracture  can  be  seen  in  the  following  way  —  borrowed  from  polymer  physics  — :  within  a  ”  quasi-static 
blob”,  i.e.  over  distances  smaller  than  £qs,  the  crack  is  able  to  optimize  its  own  path  in  order  to  minimise 
its  energy  spending.  An  alternative  description  might  be  the  following:  it  was  recently  suggested  that  the 
fracture  surfaces  could  be  modelled  as  the  trace  of  a  line  propagating  at  a  non-zero  velocity  V  in  a  random 
environment  [42].  From  this  picture  and  using  the  results  of  Ertas  and  Kardar  [45]  for  the  motion  of  vortex 
lines  in  dirty  superconductors,  one  finds  that  the  high  velocity  fracture  surface  should  be  anisotropic,  with 
a  roughness  index  perpendicular  to  the  direction  of  crack  propagation  —  0.75  in  a  certain  regime,  which 
is  rather  close  to  the  experimental  values  reported  here  (indeed  measured  perpendicularly  to  propagation). 
Interestingly,  however,  there  is  also  a  low  velocity  regime  for  this  problem,  where  the  line  is  close  to  the 
‘depinning’  transition,  below  which  the  crack  would  not  propagate  at  all.  Ertas  and  Kardar  recently 
investigated  this  regime  [46],  with  the  result  that  Cqs  is  slightly  smaller  than  1/2.  Furthermore,  this  low 
velocity  behaviour  is  predicted  to  hold  below  a  velocity  dependent  crossover  length  decreasing  as  £  ~  V  ^ , 
with  <j>  =  3,  in  qualitative  agreement  with  our  observations.  For  a  given  velocity,  £qs  has  to  be  related 
with  the  range  of  the  stress  field;  even  if  in  the  case  of  a  purely  brittle  material  —  this  is  not  the  case  of  the 
Superc*2  which  exhibits  some  plasticity  —  shielding  might  provide  a  finite  cut-off  in  the  actual  stress  field 
felt  by  the  crack,  because  of  the  complexity  of  the  environment.  Further  experiments  in  fatigue,  for  which 
crack  velocities  can  be  measured  electrically,  should  provide  a  precise  determination  of  the  relationship 
between  £qs  and  the  crack  velocity,  and  between  £qs  and  K.  The  roughness  of  fracture  surfaces  strongly 
depends  on  the  kinetics  of  crack  propagation.  One  can  emphasize  also  the  importance  of  disorder  in  that 
respect:  for  homogeneous  materials,  one  often  observes  very  flat  fracture  surfaces  at  low  crack  velocities, 
refered  to  as  ’’mirror”  [37].  Higher  crack  velocities  lead  to  rougher  fracture  surfaces,  but  it  seems  now 
that  this  roughening  is  due  to  an  instability  [40]  which  has  never  been  observed  on  metallic  alloys,  to  our 
knowledge.  In  the  latter  case,  further  crack  morphology  transformations  only  concerns  secondary  crack 
branching  [14],  [37],  [41],  [42],  which  increases  with  the  crack  velocity.  An  influence  of  the  size  of  the 
defects  is  shown  in  a  study  of  a  microstructure  of  the  Supers  which  is  similar  but  three  times  coarser 
than  the  one  described  here  [36]. 


D.  CONCLUSION 

In  conclusion,  there  are  clearly  two  distinct  fracture  regimes.  The  ’’high  speed/  large  lengthscales 
one  was  extensively  studied  experimentally,  for  various  materials,  using  different  experimental  techniques. 
Reported  values  of  the  roughness  index  nevertheless  remain  rather  close  to  the  value  0.8  in  these  cases, 
in  agreement  with  the  recent  simulation  due  to  Nakano  and  coworkers  [21].  This  value  might  well  be 
universal,  whereas  relevant  lengthscales,  as,  for  example,  the  self-affine  correlation  length,  might  depend 
on  the  microstructure,  and  hence  be  related  to  mechanical  properties. 

As  a  matter  of  fact,  it  was  shown  by  re-writing  the  Griffith  criterion  for  a  self-affine  crack  that  the  ratio 
Zmaxft  increases  with  the  fracture  toughness,  whenever  the  surface  is  ’’spiky”. 

Note  that  there  is,  up  to  now,  no  model  available  to  understand  this  regime  (for  an  attempt  see  for 
example  [42]). 

At  very  small  lengthscales,  or  for  lower  crack  velocities,  fracture  can  be  ragarded  as  ’’quasi-static”, 
since  the  experimental  measurements  report  values  of  the  roughness  index  significantly  closer  to  the  value 
0.45,  which  is  supposed  to  describe  minimum  energy  surfaces.  The  crossover  length  which  separates  the 
two  regimes  was  shown  to  decrease  with  increasing  crack  velocity.  Further  experiments  should  enable  to 
make  more  quantitative  observations.  This  crossover  seems  to  be  specific  of  three  dimensional  systems, 
since  no  smoothing  of  cracks  at  high  velocities  has  been  observed  yet  for  bidimensional  samples.  This 
might  be  due  to  various  reasons,  in  particular  to  stronger  topological  constraints  in  two  dimensions. 

Finally,  at  even  higher  fracture  speeds,  one  observes  crack  branching  in  disordered  materials.  In  more 
’’homogeneous”  materials,  crack  flow  instabilities  are  observed,  which  might  be  shielded  in  the  case  of 
heterogeneous  microstructures.  One  can  wish  that  in  future,  more  experiments  are  carried  on  model 
materials  for  which  microstructural  disorder  can  be  controlled,  exploring  various  ranges  of  lengthscales 
thanks  to  the  use  of  many  different  techniques. 
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Bouchaud,  P.  Daguier,  G.  Lapasset,  J.  Planes  and  S.  Naveos.  I  am  also  indebted  to  S.  Roux  for  many 
interesting  discussions  and  suggestions. 


92 


References 

[1]  B.B.  Mandelbrot,  J.W.  Van  Ness,  SIAM  Rev.  10,  422  (1968). 

[2]  B.B.  Mandelbrot,  Phys.  Scr.  32,  257  (1985). 

[3]  M.B.  Isichenko,  Review  of  Modern  Physics  64,  961  (1992). 

[4]  E.  Bouchaud,  in  Dislocations  93 ,  edit.  Y.  Brechet,  L.  P.  Kubin,  J.  Rabier,  Sol.  Stat.  Phenomena 
35-36,  Scitec  Publications  ,  353  (1993). 

[5]  F.  Family,  in  Fractals  in  the  Natural  and  Applied  Sciences,  edit.  M.  M.  Novak,  Elsevier  Science  B.V. 
(North-Holland),  1  (1994). 

[6]  J.  Feder,  Fractals,  Plenum  Press  (New- York),  (1988). 

[7]  B.B.  Mandelbrot,  D.E.  Passoja,  A.J.  Paullay,  Nature  (London)  308,  721  (1984). 

[8]  K.J.  Maloy,  A.  Hansen,  E.  L.  Hinrichsen,  S.  Roux,  Phys.  Rev.  Lett.  68,  213  (1992). 

[9]  J.  Schmittbuhl,  S.  Gentier,  S.  Roux,  Geophys.  Lett.  ,  20,  639,  (1993). 

[10]  J.J.  Mecholsky,  D.E.  Passoja,  K.S.  Feinberg-Ringel,  J.  Am.  Ceram.  Soc.  72,  60  (1989). 

[11]  Z.Q.  Mu,  C.W.  Lung,  J.  Phys.  D  :  Applied  Physics  21,  848  (1988). 

[12]  R.H.  Dauskardt,  F.  Haubensak,  R.O.  Ritchie,  Acta  Metall.  Mater.  38,  143  (1990). 

[13]  E.  Bouchaud,  G.  Lapasset,  J.  Planes,  Europhys.  Lett.  13,  73  (1990). 

[14]  E.  Bouchaud,  G.  Lapasset,  J.  Planes,  S.  Naveos,  Phys.  Rev.  B,  48,  2917  (1993). 

[15]  J.  Planes,  E.  Bouchaud,  G.  Lapasset,  Fractals,  1,  1059  (1993). 

[16]  E.  Lemaire,  Y.  Ould  Mohamed  Abdelhaye,  J.  Larue,  R.  Benoit,  P.  Levitz,  H.  Van  Damme,  Fractals 
1,  968  (1993). 

[17]  A.  Imre,  T.  Pajkossy,  L.  Nyikos,  Acta  Metall.  Mater.  40,  1819  (1992). 

[18]  V.  Y.  Milman,  R.  Blumenfeld,  N.  A.  Stelmashenko,  R.  C.  Ball,  Phys.  Rev.  Lett.  71,  204,  (1993). 

[19]  V.  Y.  Milman,  N.  A.  Stelmashenko,  R.Blumenfeld,  preprint  (1994). 

[20]  P.  McAnulty,  L.V.  Meisel,  P.J.  Cote,  Phys.  Rev.  A  46,  3523  (1992). 

[21]  A.  Nakano,  R.  K.  Kalia,  P.  Vashishta,  Phys.  Rev.  Lett.  73,  2336  (1994). 

[22]  S.  Henaux,  P.  Daguier,  E.  Gailloteau,  F.  Creuzet,  E.  Bouchaud,  in  preparation. 

[23]  M.  Kardar,  Nul.  Phys.  B290,  [FS20],  582  (1987). 

[24]  M.  Mezard,  G.  Parisi,  J.  Phys.  France  I  1,  809  (1991). 

[25]  T.  Halpin-Healy,  Phys.  Rev.  A  42,  711  (1990). 

[26]  A.  Chudnovsky,  B.  Kunin,  J.  Appl.  Phys.  62,  4124  (1987). 

[27]  M.  Kardar,  in  Disorder  and  Fracture,  edited  by  J.C.  Charmet,  S.  Roux,  E.  Guyon,  (Plenum,  New 
York  (1990). 

[28]  S.  Roux,  D.  Francois,  Scripta  Metall.  25,  1092  (1991). 

[29]  T.  Engoy,  K.  J.  Maloy,  A.  Hansen,  S.Roux,  Phys.  Rev.  Lett.,  73,  834  (1994). 

[30]  J.  Kertesz,  V.  Horvath,  F.  Weber,  Fractals  1,  67  (1993). 

[31]  M.  Kardar,  Y.-C.  Zhang,  Europhys.  Lett.  8,  233  (1989). 


93 


[32]  A.  Hansen,  E.L.  Hinrichsen,  S.  Roux,  Phys.  Rev.  Lett.,  66,  2476  (1991). 

[33]  A.A.  Griffith,  Phil.  Trans.  Roy.  Soc.  Lond.  A221,  163  (1920). 

[34]  A.B.  Mosolov,  Europhys.  Lett.  24,  673  (1993). 

[35]  E.  Bouchaud,  J.-P.  Bouchaud,  accepted  for  publication  in  Phys.  Rev.  B,  Rapid  Communication  (1994). 

[36]  E.  Bouchaud,  S.  Naveos,  submitted  to  Physical  Review  Letters  (1994). 

[37]  B.R.  Lawn,  Fracture  of  brittle  solids,  Cambridge  University  Press  (Cambridge),  2nd  edition,  (1993). 

[38]  G.  Le  Besnerais,  S.  Menet,  E.  Bouchaud,  D.  Boivin,  G.  Lapasset,  in  preparation. 

[39]  M.J.  Blackburn,  M.P.  Smith,  US  Patent  n°  4,716,020,  (1987). 

[40]  J.  Fineberg,  S.P.  Gross,  M.  Marder,  H.L.  Swinney,  Phys.  Rev.  Lett.  67,  141  (1984). 

[41]  see  for  example  J.E.  Field,  Contemp.  Phys.  12,  1  (1971);  E.H.  Yoffe,  Phil.  Mag.  42,  673  (1961);  K. 
Ravi-Chandar,  W.G.  Knauss,  Int.  J.  Fract.  26,  65  (1984);  ibid  141  (1984) 

[42]  J.-P.  Bouchaud,  E.  Bouchaud,  G.  Lapasset,  J.  Planes,  Phys.  Rev.  Lett.  71,  2240,  (1993);  E.  Bouchaud, 
J.-P.  Bouchaud,  J.  Planes,  G.  Lapasset,  Fractals  1,  1051  (1993).  294,  835  (1982). 

[43]  B.  Sapoval,  J.-N.  Chazalviel,  J.  Peyriere,  Phys.  Rev.  A  38,  5867  (1988). 

[44]  D.  Ertas,  M.  Kardar,  Phys.  Rev.  Lett.  69,  889,  (1992). 

[45]  D.  Ertas,  M.  Kardar,  preprint  (1994). 


i 


94 


SPATIAL  AND  TEMPORAL  PROBES 
OF  DEFORMATION  AND  FRACTURE  AT  INTERFACES 


J.  T.  DICKINSON,  S.  C.  LANGFORD,  AND  LOUIS  SCUDIERO 
Physics  Department,  Washington  State  University,  Pullman,  WA  99164-2814 


ABSTRACT 

During  the  peel  of  a  ductile  material  from  a  rigid  substrate,  a  number  of  instabilities  can 
arise  in  the  shape  and  motion  of  the  peel  front.  For  instance,  void  formation,  viscous  fingering, 
and  fibril  formation  and  bifurcation  can  modulate  the  local  rate  of  detachment  between  the  two 
materials.  These  fluctuations  affect  the  rate  of  energy  dissipation  and  depend  directly  on  the 
micromechanics  of  the  detachment  zone.  Exploiting  the  consequences  of  contact  charging 
between  dissimilar  materials,  we  have  developed  sensitive  methods  for  detecting  fluctuations 
during  interfacial  failure.  We  have  also  developed  a  sensitive  probe  of  ductile  deformation  in 
reactive  metals  and  use  these  measurements  to  probe  energy  dissipation  during  interfacial  failure. 
We  present  examples  of  chaotic  behavior  and  discuss  the  relation  between  these  results  with  our 
current  understanding  of  energy  dissipation  during  interfacial  crack  growth. 


INTRODUCTION 

The  chemical  forces  responsible  for  adhesion  between  dissimilar  materials  are  electronic 
in  nature  (e.g.,  ionic,  covalent,  metallic  or  Van  der  Waals  bonding),  and  thus  interfacial  failure 
often  produces  strong  electrical  effects.  These  may  include  intense  emissions  of  light  and 
charged  particles,1  as  well  as  transient  electrical  signals  in  conducting  phases.2  Since  the 
processes  responsible  for  these  signals  are  inherently  atomic  in  nature,  they  can  often  be 
exploited  to  yield  time-resolved  information  about  the  process  of  failure. 

We  have  recently  employed  sensitive  current  measurements  to  study  the  peel  of  a 
pressure  sensitive  adhesive  from  a  copper  substrate.  The  extremely  nonlinear,  viscous  behavior 
of  pressure  sensitive  adhesives  results  in  considerable  energy  dissipation  during  peeling  over  a 
wide  range  of  peel  speeds  and  substrates.  In  particular,  the  formation  and  elongation  of  adhesive 
fibrils  during  adhesive  detachment  is  generally  the  dominant  dissipative  process  during  peeling,3 
provided  that  these  fibrils  do  not  fail  prematurely  (cohesively  or  adhesively).  The  interplay 
between  fibril  release  and  the  viscoelastic  properties  of  the  adhesive  is  of  fundamental 
importance  in  the  design  and  application  of  pressure  sensitive  adhesives.  The  current 
fluctuations  during  peel  change  dramatically  with  peel  speed  and  can  be  analyzed  to  extract 
information  on  the  dynamics  of  the  peel  process.  Numerical  analysis  of  these  signals  is  strongly 
suggestive  of  deterministic  chaos. 

In  metal-ceramic  composites,  the  plastic  deformation  associated  with  void  formation  in 
the  metallic  phase  is  often  the  dominant  dissipative  process  during  interfacial  failure.  This 
deformation  is  a  strong  function  of  the  tortuosity  or  roughness  of  the  interface,4*5  the  thickness  of 
the  metallic  phase, 6,7  and  the  presence  of  interphase  materials.^  When  competing  mechanisms 
of  energy  dissipation  operate  simultaneously,  the  contribution  of  deformation  to  the  measured 
toughness  must  be  estimated  by  careful  fractographic  examination  and  numerical  modeling. 
More  direct  methods  are  desirable,  and  can  be  especially  useful  when  ductile  deformation  of  the 
metallic  phase  and  brittle  fracture  at  or  near  the  interface  occur  simultaneously.9  In  this  work, 
we  exploit  the  phenomenon  of  chemisorptive  emission  (CSE — electron  emission  accompanying 
the  adsorption  of  reactive  gases  with  clean  metal  surfaces)  to  provide  such  a  probe.  This 
procedure  depends  on  the  ability  of  CSE  to  detect  small  patches  of  fresh  metal  produced  by  the 
growth  of  ductile  voids  during  failure. 
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ELECTRICAL  TRANSIENTS  GENERATED  DURING  PEEL10 


In  related  work,11  we  have  shown  that  measurable  electrical  transients  are  induced  in  a 
copper  substrate  when  a  pressure  sensitive  adhesive  is  peeled  from  its  surface.  These  currents 
show  significant  fluctuations  associated  with  micromechanical  events  during  peeling.  However, 
the  interpretation  of  these  fluctuations  at  low  peel  speeds  is  complicated  by  current  spikes 
accompanying  strong  electrical  breakdown  events.  In  this  work  we  analyze  the  current  signals 
obtained  at  somewhat  higher  peel  speeds  in  the  180°  peel  geometry,  where  strong  electrical 
breakdown  events  are  seldom  observed.  Additional  modifications  in  the  experimental  geometry 
further  enhance  the  sensitivity  of  the  current  signals  to  micromechanical  events  along  the  peel 
front  (the  line  of  adhesive  detachment  from  the  substrate).  We  show  that  these  fluctuations  are 
neither  random  nor  strictly  deterministic.  This  suggests  that  the  current  fluctuations  and  the 
underlying  process  of  adhesive  detachment  are  chaotic. 

A  diagram  of  the  experimental  geometry  is  shown  in  Fig.  1.  Figure  2  shows  typical 
current  measurements  in  air  at  three  peel  speeds.  At  these  peel  speeds  (2-6  mm/s),  a  large 
number  of  small  negative  current  spikes  are  observed.  Sensitive  measurements  of  photon  and 
long-wavelength,  radio-frequency  emissions  confirm  that  these  current  spikes  accompany  small 
gaseous  discharge  events.  The  magnitude  of  the  average  current  (between  negative  spikes) 
increases  with  peel  speed.  Under  these  conditions  a  strong  correlation  between  load  and  low- 
frequency  current  fluctuations  are  observed,  where  the  highest  currents  are  observed  during 
periods  of  falling  load.  This  is  consistent  with  the  expectation  that  the  current  is  proportional  to 
the  rate  of  detachment.  When  the  tape  is  drawn  at  a  constant  speed,  transient  increases  in  the  rate 
of  detachment  decrease  the  applied  load  and  increase  the  current. 


Experimental  Geometry  for  180°  Peel 
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Fig.  1.  Diagram  of  typical  180°  peel  experiment. 

The  current  fluctuations  are  readily  analyzed  by  a  variety  of  numerical  techniques.  For 
instance,  the  power  spectra  of  the  current  signals  at  three  different  peel  speeds  are  shown  in  Fig. 
3.  These  spectra  were  computed  by  two  distinct  methods,  once  from  the  Fourier  transform  of  the 
current  signals  and  once  by  a  maximum  entropy  technique.12  Maximum  entropy  methods 
typically  render  broad  band  features  in  a  smoother  fashion,  but  are  also  capable  of  representing 
isolated,  sharp  features. 

At  the  two  lower  peel  speeds,  the  power  spectra  show  a  relatively  constant  level  of 
“power”  at  the  low  frequencies,  a  broad  peak  in  the  50-60  Hz  region,  and  a  rapid  drop  in  power 
as  a  function  of  frequency  at  the  higher  frequencies.  (The  contribution  of  60  Hz  electrical  noise 
to  the  observed  signals  is  evident  in  the  sharp  60  Hz  peak  in  the  Fourier  transform  power  spectra 
of  Fig.  3(a).  This  peak  is  well  below  the  “signal”  in  the  other  two  power  spectra.)  The  total 
power,  as  measured  by  the  area  under  the  power  spectra,  is  about  five  times  greater  at  4.5  mm/s 
than  at  2.2  mm/s.  Since  the  “power”  associated  with  a  fluctuation  varies  as  the  square  of  its 
amplitude,  this  consistent  with  the  doubling  of  the  amplitude  of  the  current  fluctuations  observed 
as  the  peel  speed  is  raised  from  2.2  mm/s  to  4.5  mm/s  [Figs.  2(a)  and  2(b)]. 
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Current  Signals  at  Three  Different  Peel  Speeds 
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Fig.  2.  Current  observed  at  peel  speeds  of  (a)  2.2  ram/s,  (b)  4.5  mm/s,  and  (c)  6  mm/s. 

The  maximum  entropy  “spectral  estimates”  follow  the  average  behavior  of  the  power 
spectra  computed  from  the  Fourier  transforms  quite  well.  At  the  lower  two  peel  speeds,  the 
general  shape  of  the  spectral  estimates  are  similar  to  the  spectra  of  an  underdamped  harmonic 
oscillator  with  a  resonant  frequency  of  50-60  Hz.  As  noted  below,  this  comparison  can  be  made 
quantitative.  It  is  important  to  note  that  the  features  in  the  50-60  Hz  range  are  at  frequencies  too 
low  to  be  attributed  to  individual  discharge  events  (which  produce  the  negative  current  spikes) 
and  are  too  broad  to  be  attributed  to  electrical  noise  (which  produces  distinctive,  but  much 
smaller  features).  Thus  they  appear  to  reflect  a  mechanical  resonance  along  the  peel  front. 

As  the  peel  speed  is  increased  to  6.0  mm/s,  the  power  spectra  of  the  current  fluctuations 
change  dramatically.  A  broad  peak  centered  at  zero  frequency  appears,  suggesting  a  highly 
overdamped  mechanical  response,  although  a  shoulder  at  about  75  Hz  suggests  a  weak 
underdamped  response  remains.  The  power  spectrum  at  6  mm/s  is  well  described  by  two 
harmonic  oscillators  in  parallel,  one  overdamped  and  one  underdamped.  This  behavior  may 
reflect  an  inhomogeneity  in  the  mechanical  response.  For  instance,  void  formation  and 
interfacial  failure  ahead  of  the  nominal  peel  front  could  yield  current  fluctuations  with  an  entirely 
different  (highly  damped)  character  than  interfacial  failure  along  the  peel  front  itself. 
Alternatively,  the  peel  front  as  a  whole  may  be  oscillating  between  two  different  mechanical 
behaviors  (intermittency). 
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Power  Spectra  of  Current  Signals 


Fig.  3.  Power  spectra  of  the  current  signals  of  Fig.  2  accompanying  peel  at  (a)  2.2  mm/s, 

(b)  4.5  mm/s,  and  (c)  6  mm/s.  The  vertical  bars  show  the  power  spectra  computed  from 
the  Fourier  transforms  of  the  current  signals,  while  the  smooth  curves  show  power  spectra 
estimates  computed  by  the  maximum  entropy  method. 

The  maximum  entropy  spectra  of  Fig.  3  can  be  quantitatively  modeled  in  terms  of 
underdamped  (at  the  lower  peel  speeds)  and  overdamped  (at  the  higher  peel  speeds)  harmonic 
oscillators.  The  power  spectrum,  S,  of  a  perturbed  harmonic  oscillator  has  the  form13d4 
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In  a  simple  mass-spring-dashpot  system,  y  is  the  damping  constant,  k  is  the  spring  constant,  and 
m  is  the  effective  mass.  Underdamping  prevails  when  8  <  0  and  overdamping  when  5  >  0.  The 
least  square  fit  of  the  maximum  entropy  spectral  estimates  to  Eq.  (1)  are  displayed  in  Fig.  4.  As 
suggested  above,  the  power  spectrum  at  6.0  mm/s  is  modeled  by  two  mass-spring-dashpot 
elements  (arranged  in  parallel),  one  overdamped  and  one  underdamped.  Given  the  simplicity  of 
these  models,  the  fits  to  the  experimental  power  spectra  are  excellent. 


Power  Spectra  of  Current  Signals  with  Model  Fits 


Fig.  4.  The  maximum  entropy  power  spectra  of  Fig.  3  (dark  lines)  and  the  least 
squares  fit  to  the  power  spectra  from  Eq.  1  (light  lines). 

Peeling  at  lower  relative  humidities  increases  the  amplitude  of  the  fluctuations  at  all  peel 
speeds,  and  raises  the  peel  speed  for  the  transition  from  underdamped  to  overdamped  behavior. 
We  attribute  the  greater  fluctuations  in  large  part  to  the  improved  adhesive- substrate  adhesion  at 
lower  humidities.  This  produces  greater  strains  in  the  adhesive  along  the  peel  front,  and  thus 
more  rapid  and  extensive  fibril  movements.  Assuming  a  rubber-like  response  in  the  adhesive, 
these  greater  strains  are  also  associated  with  higher  stiffness  [higher  k  in  Eq.  (lb)].  Overdamping 
is  more  difficult  with  “stiff’  springs  [smaller  8  in  Eq.  (la)],  which  would  account  for  the  higher 
velocities  required  for  the  transition. 

The  origin  of  the  onset  of  overdamped  behavior  between  4  and  6  mm/s  is  not  entirely 
clear.  Overdamped  behavior  is  typical  of  highly  dissipative  systems — and  is  thus  desired  in 
adhesive  systems.  Since  the  performance  of  a  pressure  sensitive  adhesive  depends  on  dissipation 
in  a  large  area  adjacent  to  the  region  of  actual  detachment,  this  transition  may  not  be  evident  in 
more  broad  measures  of  peel  behavior,  such  as  the  peel  force.  (The  power  spectra  of  fluctuations 
in  the  peel  force  become  increasingly  broad  in  this  region  of  peel  speeds,  but  is  otherwise  not 
remarkable.)  Nevertheless,  the  highest  strains  in  the  adhesive  system  occur  along  the  peel  front, 
which  is  thus  the  “weak  link”  in  the  peel  system.  Thus  any  change  in  the  behavior  of  the  peel 
front  is  of  considerable  importance. 

The  broad,  low  frequency  peaks  in  the  power  spectra  of  the  current  fluctuations  can  be 
described  in  terms  of  a  simple  mechanical  response  to  a  perturbation.  However,  the  perturbation 
appears  to  be  quite  complex.  For  instance,  attempts  to  model  the  current  signals  with  random, 
autoregressive  processes  (constructed  from  analysis  of  the  maximum  entropy  spectra)  yield 
signals  which  are  incompatible  with  the  data.  Chaotic  systems  typically  display  broad  band 
noise  similar  to  that  observed  here.15  The  definitive  test  for  chaos  is  an  extreme  sensitivity  to 
initial  conditions,  which  can  be  quantified  in  terms  of  Lyapunov  exponents.  Chaotic  systems 
have  at  least  one  positive  Lyapunov  exponent.  Unfortunately,  the  available  algorithms  do  not 
yield  reliable  Lyapunov  exponent  estimates  in  many  experimental  systems,16  including  this  one. 
An  important  alternative  analysis  involves  testing  for  fractal  behavior  (the  search  for  a  “strange 
attractor”).17  Although  fractal  character  does  not  mathematically  require  chaos,  few  fractal, 
nonchaotic  systems  have  been  identified.18  This  analysis  confirms  that  the  current  signals  are 
indeed  fractal  (5.5  <  D  <  5.6),1  ^  consistent  with  a  chaotic  origin.  These  dimension 
measurements  also  exclude  the  possibility  that  the  corresponding  current  fluctuations  (reflecting 
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mechanical  and/or  electrical  perturbations  along  the  peel  front)  are  random.  Random  signals  are 
inherently  infinite  dimensional,19  so  that  dimension  estimates  on  random  signals  fail  to  converge 
altogether. 

CHEMICAL  STIMULATED  EMISSION  AS  A  PROBE  OF  PLASTIC  DEFORMATION20 

In  previous  work,21  we  showed  that  CSE  is  a  sensitive  measure  of  plasticity  during 
tensile  deformation  of  a  number  of  metals.  In  principle,  the  method  is  similar  to  the  use  of 
photoelectron  emission  as  a  probe  of  tensile  deformation22  and  fatigue  damage23  in  metals  such 
as  A1  and  Mg.  Steps  produced  by  the  intersection  of  dislocations  with  the  surface  increase  the 
surface  area  of  the  low  work  function  metallic  phase  and  thus  increase  the  photoelectron 
emission  intensities.  The  chief  advantage  of  CSE  is  its  uniform  sensitivity  to  deformation  in  a 
variety  of  sample  geometries.  Gas  molecules  tend  to  be  adsorbed  uniformly  on  complex 
surfaces,  whereas  in  photoelectron  measurements,  portions  of  the  surface  are  often  shadowed 
from  the  uv  source.  Further,  the  background  CSE  signals  from  undeformed  material  are  often 
quite  low  due  to  the  presence  of  a  thin  oxide  layer.  CSE  requires  adsorption  on  fresh  metal, 
whereas  uv  photons  and  photoelectrons  can  penetrate  sub-pm  oxides  to  produce  intense  signals 
even  in  the  absence  of  deformation.  Thus,  CSE  is  often  a  superior  probe  of  the  increase  in 
surface  area  accompanying  plastic  deformation. 

The  experiments  here  were  conducted  in  two  vacuum  systems  with  base  pressures  less 
than  1  x  10"5  and  1  x  10'7  Pa,  respectively.  A  schematic  of  the  experimental  arrangement  is 
shown  in  Fig.  5(a).  Oxygen  was  used  as  the  reactive  gas  and  was  leaked  into  the  system  through 
a  clean  manifold  and  leak  valve,  raising  the  pressure  in  the  vacuum  system  to  4  x  10'4  Pa. 
Electron  emission  was  detected  with  a  Channeltron  electron  multiplier  (CEM).  The  front  cone  of 
the  CEM  was  biased  at  +1000  V  for  efficient  electron  detection.  Within  about  2  s  after  the 
completion  of  peel,  the  two  sides  of  the  sample  were  drawn  apart,  allowing  for  efficient  detection 
of  electrons  emitted  from  the  Mg  surface. 


(a)  Apparatus  for  CS EE  Measurements  (b)  Sample  Geometry 


Fig.  5.  Diagram  of  the  (a)  apparatus  employed  in  the  CSE  measurements  and 
(b)  geometry  of  the  peel  sample. 

Measurements  of  CSE  intensity  as  a  function  of  Mg  surface  area  (by  exposing  a  freshly 
evaporated  Mg  film  to  oxygen)  yielded  3  x  108  electrons/cm2,  which  corresponds  to  a  yield  of  1 
x  10-7  electrons/Mg  surface  site.  AFM  scans  of  the  Mg  film  surface  confirmed  that  its  surface 
roughness  was  negligible.  All  AFM  images  were  acquired  with  a  Digital  Instruments  Nanoscope 
TIT  in  the  contact  mode  using  commercial  Si3N4  tips  with  nominal  radii  of  curvature  of  40  nm. 
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The  Mg/glass  interfaces  were  formed  by  evaporation  in  vacuum.  After  cleaning,  the 
slides  were  mounted  in  an  ion-pumped  deposition  system  with  a  base  pressure  of  <  1  x  10  ^  Pa. 
The  film  thickness  was  monitored  by  a  quartz  microbalance  positioned  near  the  glass  slide. 
Small  angle  x-ray  scattering  measurements  on  a  typical  l-|um  film  indicated  a  high  degree  of 
orientation  in  the  polycrystalline  film,  with  the  c-axis  of  the  grains  aligned  normal  to  the  surface^ 
A  similar  preferential  orientation  has  been  observed  in  Mg  films  deposited  by  “cluster-beam 

techniques  onto  room  temperature  glass  substrates.24 

The  sample  geometry  employed  is  shown  in  Fig.  5(b).  A  triangular  piece  of  Mg-coated 
glass  was  epoxied  between  two  other  glass  slides  to  which  the  load  was  applied.  Sandwiching 
the  metal  film  between  brittle  substrates  minimized  the  effect  of  residual  stresses  on  crack 
growth.9  Failure  initiated  at  the  tip  of  the  triangle  and  proceeded  along  the  Mg/glass  interface, 
the  Mg  remaining  on  the  epoxy.  After  initial  “pop-in”  of  a  small  starter  crack,  steady  crack 
growth  followed  at  roughly  constant  load.  Microscope  observations  indicated  that  the  starter 
crack  represented  only  a  small  fraction  (<  1%)  of  the  total  surface  area. 

The  total  energy  expended  during  crack  growth  (here  designated  the  peel  energy)  was 
determined  from  the  total  area  of  the  constant  load  portion  of  the  load  vs  displacement  curve. 
We  note  that  the  energy  so  derived  is  not  simply  related  to  the  critical  strain  energy  release  rate  at 
the  onset  of  crack  growth  (except  possibly  in  very  brittle  materials),  but  represents  an  average 
energy  for  surface  formation  during  continuous  crack  growth.  As  the  great  majority  of  the 
surface  is  formed  during  continuous  crack  growth,  the  peel  energy  is  a  more  appropriate  measure 
of  deformation  for  comparison  with  emission  measurements. 

Figure  6  shows  the  CSE  emission  intensities  (log)  vs  time  from  a  high  peel  energy 
surface  (a  1-jim  film  with  a  peel  energy  of  about  16  J/m2)  and  a  low  peel  energy  surface  (a  0.5- 
jim  film  with  a  peel  energy  of  3.2  J/m2).  Both  samples  yielded  intense  emissions  during  the  peel 


CSE  Intensities  accompanying  Peel  of  Mg  from  Glass 
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Fig.  6.  Typical  CSE  signals  following  the  peel  of  Mg  films  from  soda-lime  glass:  (a)  a 
1-p.m  film  and  (b)  a  0.5-^im  film.  The  partial  pressure  of  O2  was  lowered  from  4  x  10'4 
Pa  to  about  7  x  10'6  Pa  twice  in  (a)  and  once  in  (b). 
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event  itself,  saturating  the  electron  counting  electronics.  The  emission  from  the  0.5 -p.m  film 
drops  rapidly  after  peel  and  continues  to  drop  for  the  duration  of  data  acquisition.  Although  the 
emission  from  the  1-p.m  film  drops  two  orders  of  magnitude  after  peel,  it  subsequently  returns  to 
high  levels  before  beginning  a  long,  slow  decay.  Furthermore,  the  emission  from  the  1-pm  film 
depends  strongly  on  the  partial  pressure  of  O2,  falling  sharply  when  the  O2  pressure  is  reduced 
and  rising  when  the  O2  pressure  is  restored.  A  strong  pressure  dependence  is  characteristic  of 
CSE.  In  contrast,  the  emissions  from  the  0.5  nm-film  are  not  significantly  affected  by  changing 
the  O2  partial  pressure,  implying  very  small  CSE  intensities.  Thus  peeling  the  0.5-pm  film  has 
exposed  very  little  metallic  Mg,  consistent  with  failure  through  a  brittle  interphase.  In  contrast, 
the  emissions  from  the  1-pm  film  correspond  to  a  metallic  Mg  surface  coverage  of  about  16%  of 
the  nominal  surface  area.  This  is  still  a  relatively  small  fraction  of  the  nominal  surface  area, 
consistent  with  localized  patches  of  deformed  material  in  conjunction  with  failure  through  a 
brittle  interphase.  This  apparently  small  amount  of  deformation  has  a  dramatic  effect  on  the  peel 
energy. 

Electron  emission  during  and  immediately  after  crack  growth  has  been  investigated 
previously,25’26  and  occurs  with  or  without  O2;  the  fracture-induced  emission  alone  is  weakly 
correlated  with  peel  energy.  For  instance,  both  samples  in  Fig.  6  show  intense  emissions  during 
peel.  To  reduce  the  influence  of  these  prompt  emissions  on  sample-to-sample  comparisons,  the 
emissions  during  the  first  fifty  seconds  after  peel  were  not  included  in  the  analysis.  Good  results 
were  obtained  when  the  electron  counts  were  integrated  from  50  s  to  1200  s  after  the  onset  of 
peeling.  The  resulting  CSE  intensities  are  plotted  in  Fig.  7  as  a  function  of  peel  energy.  The 
peel  energies  of  the  1-p.m  films  (determined  from  the  load  curves)  range  from  about  8  to  about 
16  J/cm2  and  are  strongly  correlated  with  the  CSE  intensities.  The  low  peel  energy  point 
corresponding  to  the  0.5-pm  film  of  Fig.  6(b)  is  also  included  in  Fig.  7,  along  with  a  least  squares 
fit  to  the  data  corresponding  to  the  1-pm  films  (omitting  the  0.5-pm  film  point).  The  least 
squares  fit  to  the  1-pm  film  data  crosses  the  x-axis  near  the  point  corresponding  to  the  0.5-pm 
film,  which  yielded  extremely  weak  emissions.  Thus  the  peel  energy  of  the  0.5-pm  film  appears 
to  represent  the  “zero  plastic  deformation”  limit  of  failure  in  this  system. 

The  peel  energy  of  the  0.5-pm  film,  about  3  J/m2,  is  well  below  metallic  fracture 
energies,  and  is  significantly  lower  than  the  fracture  energy  of  the  soda  lime  glass  substrate 
(about  9  J/m2).  Magnesium  oxides  [e.g.,  MgO(lOO)27]  have  fracture  energies  similar  to  that  of 
the  0.5-pm  film  and  would  readily  form  in  the  early  stages  of  deposition  at  the  pressures 
employed  in  this  work.  The  presence  of  a  brittle  interphase  can  have  dramatic  effects  on  the 
fracture  of  metal-ceramic  composites.6  We  attribute  the  rather  large  sample-to-sample  variation 
in  peel  energies  of  the  1-pm  films  to  variations  in  the  metal  microstructure  and  interphase 
composition.  Both  phases  are  strongly  affected  by  the  deposition  rate,  which  varied  somewhat 


Fig.  7.  A  plot  of  CSE  intensities  vs  peel  energy,  where  the  CSE  intensities  include  the 
total  number  of  electrons  detected  beginning  50  s  after  the  peel  event  and  ending  1200  s 
later.  The  line  represents  the  least  squares  fit  to  the  data  from  the  1-p.m  films  only. 
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from  sample  to  sample.  The  good  correlation  between  peel  energy  and  CSE  intensities  suggest 
that  the  sample- to- sample  variations  in  peel  energy  are  due  to  real  differences  in  material 
behavior,  rather  than  measurement  uncertainties.  . 

Figure  8  shows  typical  AFM  images  of  the  Mg  surfaces  which  yielded  the  emissions  of 
Fig.  6.  All  of  the  high  peel  energy,  high  emission  surfaces  showed  large  numbers  of  submicron¬ 
sized  voids  along  the  surface,  similar  to  those  in  Fig.  8(a),  confirming  the  presence  of  ductile 
deformation.  No  similar  voids  were  observed  on  the  low  peel  energy  surface,  as  shown  in  Fig. 
8(b).  The  voids  in  the  high  peel  energy  samples  were  typically  about  10  nm  deep,  with  relatively 
flat  bottoms  and  angular  sides.  The  angular  sides  contrast  markedly  with  the  smooth  ellipsoidal 
profiles  of  ductile  voids  in  FCC  metals.  The  formation  of  smooth  ellipsoidal  features  in  Mg 
(HCP  structure)  is  hindered  (relative  to  the  FCC  metals)  by  the  absence  of  the  five  equivalent  slip 
planes  required  to  accommodate  arbitrary  deformations.28 


Fig.  8.  AFM  images  of  peeled  Mg  surfaces:  (a)  the  l-pm  film  yielding  the  intense  CSE 
shown  in  Fig.  6(a),  and  (b)  the  0.5-jim  film  yielding  the  very  weak  CSE  shown  in  Fig. 
6(b). 

AFM  images  of  the  mating  glass  surfaces  show  no  evidence  for  voids  or  protrusions 
comparable  to  the  voids  on  the  high  peel  energy  Mg  surfaces.  Therefore  we  attribute  void 
formation  in  the  Mg  to  nucleation  and  ductile  growth,  similar  to  the  formation  of  ductile  dimples 

in  thicker  metallic  films.29  .  . 

Chemisorptive  electron  emission  is  believed  to  occur  immediately  prior  to  the  collision  of 
an  electronegative  atom  or  molecule  (e.g.,  O,  O2,  X,  X2 — where  X  =  halogen)  with  an 
appropriate  metal  surface.30*32  As  the  gas  atom  approaches  the  surface,  the  energy  of  its  lowest 
unfilled  electron  state  (whose  energy  defines  the  electron  affinity  of  the  molecule,  Ea)  drops.  If 
Ea  falls  below  the  Fermi  level  of  the  metal,  Ep,  an  electron  can  tunnel  from  the  metal  to  the  atom 
to  produce  a  negative  ion.  In  the  rare  event  that  the  difference  between  Ea  and  Ep  is  greater  than 
the  metal  work  function  $,  tunneling  leaves  behind  a  hole  in  the  valance  band  deep  enough  to 
stimulate  electron  emission.  Although  the  emission  probability  per  incident  molecule  is  small 
(typically  <  10*6),  the  number  of  surface  sites  is  very  large  (typically  1015  cm*2).  With  our 
nearly  single-electron  sensitivity,  CSE  is  readily  observable  for  reactive  metals  such  as  Mg,  Ti, 
Zr,  Al,  and  alkali  metals  exposed  to  gases  such  as  oxygen  and  the  halogens. 

The  CSE  signals  from  Mg  are  extremely  high  due  to  its  high  affinity  for  oxygen.  Newly 
formed  oxide  is  incorporated  into  islands, 33>3^  leaving  small  patches  of  low  work  function 
material  in  between.  These  patches  yield  intense  emissions  long  after  the  surface  would 
otherwise  be  completely  covered  with  oxide.  In  the  early  stages  of  absorption,  the  work  function 
of  the  surface  actually  decreases.33-35  Since  the  CSE  efficiency  depends  exponentially  on  the 
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work  function,  the  emission  intensities  may  peak  long  after  the  onset  of  O2  exposure,  as  in  Fig. 
6(a).  By  integrating  the  CSE  intensities  over  several  hundred  seconds  after  the  peel  event, 
uncertainties  due  to  variations  in  emission  rate  as  a  function  of  time  can  be  minimized.  CSE 
intensities  do  depend  somewhat  on  the  crystallographic  orientation  of  the  emitting  surfaces.  In 
this  work,  this  effect  introduces  little  uncertainty  because  deformation  is  generally  dominated  by 
slip  on  a  set  of  equivalent  planes.  Thus  the  increase  in  CSE  intensities  due  to  deformation  should 
be  very  nearly  proportional  to  the  new  surface  area  created  by  slip. 

Assuming  a  simple  geometry  for  the  deformation  process,  the  relation  between  the 
creation  of  surface  area  and  the  work  of  deformation  can  be  made  more  quantitative.  An  edge 
dislocation  of  length  /  oriented  parallel  to  the  surface  and  moving  into  the  material  will  produce  a 
step  of  length  /  and  height  b,  where  b  is  the  magnitude  of  the  Burgers  vector.  The  corresponding 
change  in  surface  area  is  AA-bl  ,  and  the  work  of  performed  as  this  dislocation  moves  a 
distance  d  into  the  material  is  on  the  order  of  ay  b  d  •/,  where  ay  is  the  stress  required  to  move 
the  dislocation.  The  work  done  per  unit  surface  area,  Wpiastic/A,  can  then  be  expressed  as 

^Mli£  .  Oyd ^  .  (2) 

where  AA/A  is  the  ratio  between  the  surface  area  produced  by  deformation  and  the  nominal  area 
of  the  peeled  surface.  This  line  of  reasoning  equates  aA/A  with  the  effective  strain  at  failure,  e0, 
where  one  expects  Wpiastic/A  ~  ay  d  e0. 

Quantitative  CSE  measurements  can  be  used  to  infer  AA/A;  thus  the  only  two  unknowns 
in  Eq.  2  are  ay  and  d.  When  the  distance  between  ductile  voids  is  much  greater  than  one  tenth 
the  film  thickness  (as  in  this  work),  it  is  generally  adequate  to  assume  that  the  film  is  uniformly 
deformed  throughout  its  thickness.6  However,  the  effective  yield  stress  is  somewhat  uncertain. 
Cold  rolled  Mg  sheet  yields  substantially  at  a  stress  of  100  MPa.  With  ay  =  100  MPa  and  d  «  1 
pm,  the  maximum  observed  value  of  A  A/A  =  0.16  corresponds  to  a  predicted  work  of 
deformation  Wpiastic/A  -  oy-d-AA/A  =16  J/m2.  The  corresponding  experimental  peel  energy  was 
about  16  J/m2,  which  corresponds  to  a  work  of  plastic  deformation  Wp^c/A  =  13  J/m2.  In  view 
of  the  uncertainties,  better  agreement  is  not  expected.  The  surface  areas  inferred  from  CSE 
measurements  are  clearly  of  the  correct  order  of  magnitude  to  account  for  the  observed 
enhancements  in  peel  energy  due  to  plastic  deformation. 

CSE  signals  are  sensitive  to  small  amounts  of  deformation.  The  work  of  deformation 
corresponding  to  a  CSE  signal  ten  times  the  “zero  deformation”  limit  (from  the  0.5-pm  film 
point  in  Fig.  7)  is  less  than  0.1  J/m2.  In  smaller  samples,  with  correspondingly  small  background 
count  rates,  a  fresh  Mg  surface  of  area  aA  =  10'2  mm2  would  yield  a  readily  detectable  lOMO4 
counts. 

Roughness  measurements  based  on  AFM  observations  were  also  made  for  potential 
correlation  with  peel  energy  measurements.  These  measurements  displayed  significant 
“magnification  effects,”36  in  that  the  measured  roughness  was  a  strong  function  of  the  scan  size. 
Quantitatively,  the  measured  roughness  was  poorly  correlated  with  peel  energy  at  the  smallest 
scan  sizes  attempted  (500  x  500  nm2)  and  only  moderately  correlated  with  peel  energy  at  larger 
scan  sizes  (up  to  50  x  50  pm2).  The  poor  correlation  with  peel  energy  is  apparently  due  to  the 
wide  range  of  length  scales  required  for  proper  characterization — from  atomic  steps  (associated 
with  the  Burgers  vectors  of  individual  dislocations)  to  the  dimensions  of  the  ductile  voids  (some 
hundreds  of  nm  in  diameter).  Atomic  resolution  has  not  yet  been  demonstrated  by  either  AFM  or 
STM  of  surfaces  as  rough  as  the  Mg  surfaces  in  this  work.  Novel  acquisition  methods,  such  as 
large-area  scans  with  extremely  high  digitization  densities,  may  help  solve  this  problem.  Due  to 
its  high  lateral  resolution,  scanning  tunneling  microscopy  (STM)  can  also  be  a  valuable  tool.  For 
instance,  Warner  and  Bonnell37  have  used  STM  to  examine  the  metal  side  of  a  fractured 
ceramic-metal  interface  and  noted  correlations  between  the  observed  topography  and  fracture 
energy.  Nevertheless,  the  resolution  of  STM  can  be  limited  by  surface  roughness  and  the 
presence  of  insulating  interphases  and  oxides  formed  after  failure. 
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Applying  these  techniques  to  interfaces  involving  other  non-ferrous  metals  would  be 
interesting.  For  instance,  FCC  metals  like  A1  deform  more  homogeneously  (due  to  local  strain 
hardening)  and  yield  smoother  (although  often  larger)  surface  features.  In  contrast,  the  HCP 
metals,  such  as  Mg,  Ti,  and  Zr,  tend  to  deform  more  inhomogeneously  (due  to  local  strain 
softening)  and  produce  rougher  surfaces.  CSE  measurements  on  these  materials  would  yield 
reproducible  surface  area  values  despite  the  contrasting  morphologies. 


CONCLUSIONS 

Current  signals  accompanying  interfacial  failure  between  conducting  and  nonconducting 
phases  can  provide  time-resolved  information  on  the  course  of  failure.  In  the  case  of  pressure 
sensitive  adhesives,  visual  observations  of  adhesive  detachment  reveal  a  highly  branched 
structure  of  adhesive  “fingers”  in  a  constant  state  of  flux — branching,  merging,  extending,  and 
retracting.  However,  these  visual  observations  are  very  difficult  to  quantify  in  a  time  resolved 
fashion.  Current  measurements  provide  a  time-resolved  picture  of  the  collective  behavior  of  this 
very  complex  dynamical  system.  Numerical  analysis  of  the  current  signal  yields  direct 
information  on  the  mechanical  response  of  the  peel  front,  and  indicates  that  the  peel  front  is 
perturbed  in  a  nonrandom,  probably  chaotic  manner.  Our  present  efforts  are  focused  on 
improving  the  sensitivity  and  frequency  range  of  the  electrical  measurements,  was  well  as 
improving  observational  techniques  for  characterizing  the  events  occurring  in  the  peel  zone. 

In  ceramic  metal  composites  involving  reactive  metals,  CSE  measurements  have 
considerable  potential  as  a  probe  of  deformation  in  material  and  process  evaluation.  The 
ductility  of  thin  metal  films  may  be  a  key  to  understanding  deformation  10-100  nm  ahead  of  the 
crack  tip,  where  the  local  stresses  are  not  well  understood.6  The  sensitivity  of  CSE  measurement 
to  deformation  in  the  metallic  phase  is  particularly  valuable  in  systems  where  the  contribution  of 
competing  fracture  processes  (e.g.,  fracture  through  a  brittle  interphase  or  fracture  of  brittle 
reinforcements)  is  variable  or  not  known.  We  expect  that  this  technique  can  be  readily  extended 
to  thicker  metallic  structures  (possibly  commercial  metal-ceramic  composites)  and  to  other 
reactive  metals,  including  Ti,  Zr,  and  Al,  to  provide  quantitative  measures  of  the  integrated  work 
of  plastic  deformation  over  entire  fracture  surfaces. 

Current  and  particle  emission  processes  ultimately  depend  on  atomic-level  events,  which 
allows  for  potentially  very  high  spatial  and  temporal  resolution.  Departures  from  adiabatic 
separation  of  atomic  planes  or  molecular  bonds  are  reflected  in  the  topographical,  electrical,  and 
chemical  states  of  the  resulting  fracture  surface.  Thus  these  signals  typically  reflect  energy¬ 
consuming  processes  of  great  interest  for  their  potential  to  limit  the  rate  of  crack  growth.  The 
details  provided  by  these  and  similar  studies  complement  recent  developments  in  fracture 
mechanics,  where  atomic  scale  models  of  fracture  are  being  extended  to  still  larger  length  scales. 
Microscopic,  dynamic  descriptions  of  crack  growth  and  related  processes  may  require  new 
syntheses  of  mathematical  formalisms,  where  fractal  geometry  and  chaos  play  key  roles. 
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NATURE  OF  ENVIRONMENTALLY  ASSISTED  FRACTURES 
IN  POLYCRYSTALS 


LEONARDO  GOLUBOVIC  and  ANATOLI  PEREDERA 

Physics  Department,  West  Virginia  University,  Morgantown,  WV  26506 

ABSTRACT 

Environmentally  assisted  fracture  is  in  practice  one  of  the  most  important  fracture 
modes.  It  is  especially  dramatic  in  poly  crystalline  super-alloys,  which  are  believed  to 
be  embrittled  by  oxygen  diffusing  along  their  grain  boundaries.  We  used  a  large  scale 
atomistic  Monte-Carlo  simulation  to  study  phenomena  of  the  environmentally  assisted 
fracture  nucleation  in  solids  with  grain  boundaries  exposed  to  an  oxygen  atmosphere. 
We  find  nucleation  of  inter- granular  microcavities  in  a  region  which  is  well  in  front  of 
the  oxidized  zone  of  the  sample,  apparently  due  to  inhomogeneous  stresses  induced  by 
the  presence  of  oxide  particles.  This  effect  increases  with  decreasing  oxidation  rate  since 
then  the  oxidation  front  becomes  fuzzier  and  inhomogeneous  stresses  stronger.  These 
findings  compare  well  with  the  experimental  data  on  super-alloys  which  indicate  that 
the  environmental  embrittlement  effects  are  strong  for  slower  oxidation  rates,  whereas  at 
higher  oxidation  rates  the  embrittlement  may  be  suppressed. 

INTRODUCTION 

Fundamental  aspects  of  the  fracture  physics,  such  as  the  very  nature  of  the  state 
of  a  stressed  solid  and  the  role  of  thermal  fluctuations  has  been  addressed  in  a  number 
of  recent  studies. [1]- [6]  A  common  belief  is  that  a  stressed  solid  can  be  treated  as  a 
metastable  state  of  matter  analogous  to,  say,  supercooled  liquids.  In  this  picture,  the 
failure  threshold  corresponds  to  a  metastability  limit,  at  which  the  external  stress  a  as  a 
function  of  strain  reaches  its  maximum  &maz- 

If  the  external  tensile  stress  is  smaller  than  crmax,  the  stressed  solid  will  still  break, 
however,  with  time-delayed  fracture.  The  sample  lifetime  depends  on  the  temperature 
and  the  applied  stress. [7]  This  phenomenon  is  believed  to  be  directly  related  to  the  pro¬ 
cesses  of  microcavity  nucleation  and  growth.  [6]  Recent  theoretical  studies  of  time-delayed 
fracture  have  discussed  this  phenomenon  in  monocrystals  and  in  the  absence  of  an  envi¬ 
ronment  surrounding  the  stressed  solid.  [4]  [5]  However,  most  of  the  technologically  inter¬ 
esting  materials  are  polycrystals  and  the  intergranular  fracture  is  in  practice  one  of  the 
most  interesting  fracture  modes. [8]  Moreover,  the  environment  plays  an  important  role 
in  assisting  fracture  nucleation  and  growth  in  poly  crystals.  [8]  An  example  is  the  oxygen 
embrittlement  observed  in  poly  crystalline  nickel  based  super-alloys.[9][10] 

In  this  work  we  present  results  of  the  first  atomistic  Monte-Carlo  simulation  of  the 
fracture  nucleation  (  time-delayed  fractures)  in  polycrystals  in  the  presence  of  an  envi¬ 
ronment  chemically  reacting  with  the  stressed  solid. 

MONTE-CARLO  SIMULATION 

Atomistic  Monte-Carlo  simulations  are  at  present  unique  modeling  method  capable 
of  treating  extremely  slow  fracture  nucleation  phenomena  characterizing  time-delayed 
fractures. [4] [6]  To  date,  Monte-Carlo  dynamics  has  been  used  to  study  fracture  nucle¬ 
ation  in  mono-,  [4]  [6]  and  poly  crystals,  [6]  in  vacuum.  Here  we  incorporate  an  atmosphere 
chemically  reacting  with  a  solid  polycrystalline  sample  (  say,  an  alloy)  under  an  external 
tensile  stress.  In  our  simulation  we  have  three  molecular  species,  namely  three  species 
of  united  atoms  representing  the  alloy,  oxygen,  and  oxide  molecules.  We  model  their 
interactions  by  pairwise  Lennard-Jones  potentials.  In  addition  to  atomistic  Monte-Carlo 
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To  illustrate  this,  in  Figure  2  we  give  samples  obtained  at  fixed  time=7000  using 
different  oxidation  rates.  Note  that  the  sample  obtained  in  vacuum  and  that  obtained  with 
a  very  high  oxidation  rate  look  surprisingly  similar.  However,  a  much  faster  intergranular 
fracture  growth  is  observed  for  a  small  oxidation  rate.  Note  also,  that  for  high  oxidation 
rates  a  continuous,  apparently  “protective”  oxide  layer  is  formed  on  the  surface  of  the 
sample.  On  the  other  hand,  for  smaller  rates  the  oxide  is  formed  in  patches  rather  than 
as  a  continuous  layer. 

Similar  trends  have  been  observed  in  nickel-based  super-alloys.[9J-[llJ  For  example, 
in  Ni3Al2  in  air,  at  temperatures  around  700°C  one  has  a  slow  formation  of  the  oxide  and 
significant  embrittlement  effects.  On  the  other  side,  at  temperatures  around  1000°C  there 
is  a  fast  formation  of  the  oxide  in  the  form  of  a  protective  layer  and  no  embrittlememt 
has  been  observed. 


time=7,000 


time=7,000 


time=7,000 


vacuum 


rate=0.001 


oxide 

patches 


rate=0.9 


oxide 

layers 


FIG.  2:  Samples  obtained  at  time=7000  in  vacuum;  with  a  small  oxidation  rate 
yielding  patches  of  the  oxide;  and  with  a  high  oxidation  rate  yielding 
a  continuous  oxide  layer. 
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PHYSICAL  ORIGIN  OF  THE  EMBRITTLEMENT  PHENOMENA 


We  saw  that  two  conditions  favor  these  fracture  nucleation  phenomena:  (i)  a  low 
oxidation  rate  ensuring  that  the  oxide  forms  in  patches,  not  as  a  continuous  layer,  and 
(ii)  oxide  has  to  be  more  rigid  than  the  alloy.  These  two  conditions  conspire  to  enhance 
fracture  nucleation  in  the  way  indicated  in  the  Figure  3:  Since  the  oxide  is  more  rigid  than 
the  alloy  (i.e.,  has  bigger  elastic  moduli  than  the  alloy),  the  oxide  patches  are  causing 
local  stretching  stresses  in  the  regions  between  the  patches.  These  stresses  assist  in  the 
opening  of  the  grain  boundary  via  enhancing  the  intergranular  microcavity  nucleation. 
This  is  documented  in  Fig.  4  from  our  simulations,  which  illustrates  a  nucleation  of  an 
intergranular  microcavity  in  the  presence  of  the  oxide,  and  the  absence  of  such  nucleation 
for  a  sample  in  vacuum.  [  Here  we  applied  a  weaker  stress  than  in  Figs.  1  and  2  in  order 
to  obtain  longer  sample  lifetimes.] 


FIG.  3: 


Rigid  oxide  patches  are  causing  local  stretching  stresses  which  assist 
in  the  opening  of  a  grain  boundary  going  between  the  patches. 


time  =  64,000  time  =  80,000  time  =  104,000 


FIG.  4: 


time  =  72,000 


IN  VACUUM 

L-> 


time  =  104,000 


Oxide  patches  assist  nucleation  of  an  intergranular  microcavity.  For 
comparison,  we  also  give  the  situation  for  the  same  sample  in  vacuum. 


110 


ENVIRONMENTALLY  ASSISTED  INTERGRANULAR 
CRACK  GROWTH 


Based  on  these  observation,  we  propose  a  model  for  environmentally  assisted  inter¬ 
granular  crack  growth  in  poly  crystals  such  as  super-alloys  in  air,  see  Fig.  5:  First,  as 
discussed  above,  the  grain  boundary  opening  is  assisted  by  the  internal  stresses  induced 
by  the  oxide  patches.  Then  the  oxygen  can  go  further  and  produce  new  patches  on  the 
walls  of  intergranular  mocrocavities.  These  new  patches  then  assist  in  opening  the  grain 
boundary  portions  between  intergranular  microcavities.  As  this  process  continues,  the 
crack  grows. 


FIG.  5:  Physical  picture  of  the  environmentally  assisted  intergranular  crack  growth. 
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DISCRIMINATION  OF  SURFACE  TEXTURES 
USING  FRACTAL  METHODS 
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ABSTRACT 

This  paper  investigates  the  use  of  fractal  metrics  for  discrimination  of  copper  surface 
textures.  Measurements  of  copper  surfaces,  using  contacting  profilometry,  provided  the  raw 
data  for  the  fractal  analysis.  The  samples  tested  included  copper  foil  samples  and  a  copper 
lead  frame,  typical  of  those  in  use  in  plastic  electronic  packages.  The  fractal  Hausdorf 
dimension  and  upper/lower  ranges  of  fractal  scale  are  analyzed  by  the  coastline  method  and 
compared  using  Bonferroni  multiple  confidence  limits.  Metrics  show  significant  differences 
between  sample  couplets,  indicating  significant  precision  in  the  fractal  approach  to  adequately 
quantify  surface  texture  qualities. 


INTRODUCTION 

Many  techniques  are  used  to  measure  surface  roughness  and  to  obtain  a  quantitative 
value  descriptive  of  the  properties  of  the  surface.  Contacting  stylus  profilometers  output 
metrics  such  as  average  roughness,  average  peak  height,  and  maximum  peak  to  valley  height 
difference.  These  quantities,  though  useful  for  some  measurements,  may  not  adequately 
differentiate  among  complex  surface  textures  for  which  the  distributions  of  peak  heights  and 
valleys  differ,  although  the  ranges  and/or  means  do  not.  A  more  powerful  metric,  containing 
a  more  detailed  description  of  the  surface,  is  required. 

A  precise  characterization  of  surface  features  is  required  for  adhesion  studies.  Adhesion 
involves  both  mechanical  and  chemical  contributions,  which  are  interdependent.  A  rough 
surface  does  not  necessarily  imply  poorer  adhesion  than  a  smooth  surface  although  the  latter 
has  better  wetting  characteristics.  In  some  cases,  notably  that  of  the  adhesion  of  epoxy  resin 
to  copper,  rougher  surfaces  can  improve  the  adhesion  strength1.  That  example  is  of  particular 
interest  due  to  the  similarity  to  adhesion  between  epoxy-type  molding  compounds  and  copper 
lead  frames  in  plastic  electronic  packaging. 

Adhesion  is  a  crucial  factor  in  plastic  packaging  where  delamination,  or  loss  of  adhesion, 
can  lead  to  corrosion  problems  and  device  failures.  It  is  important  to  optimize  the  adhesion 
between  the  lead  frame  and  the  molding  compound.  This  paper  looks  at  various  copper  foils, 
as  prepared  by  suppliers  for  printed  wiring  boards,  and  at  a  copper  alloy  lead  frame, 
representative  of  those  used  in  plastic  electronic  packages. 

The  textures  of  various  metal  surface  finishes  have  been  recently  successfully 
distinguished  utilizing  2D  or  3D  fractal  analytic  techniques  2'7.  Fractal-based  metrics  capture 
texture  properties,  such  as  the  ranges  and  frequency  of  self-similar  surface  peaks,  not 
previously  possible  using  traditional  measures  (e.g.,  average  roughness  and  peak-to-valley 
metrics).  This  enables  the  use  of  metrics  as  predictors  of  physical  texture-dependent 
phenomena  such  as  fracture  toughness  7 ,  cleanability  of  metal  surfaces 2 ,  and  silicon  wafer 
surface  quality8.  The  motivation  for  this  study  is  to  define  a  set  of  fractal-based  metrics 
which  are  sufficiently  accurate  to  capture  the  concept  of  surface  texture  in  characterizing 
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metal  lead  frame  to  plastic  package  adhesion. 

The  coastline  method  9  of  fractal  dimension  computation  is  used  for  all  analyses 
presented  here.  Other  profile  and  surface  area  based  methods  for  determining  the  fractal 
dimension  are  well  documented  1013  and  will  be  investigated  for  future  comparison  of  fractal 
dimension  estimation  accuracy  and  precision. 

The  fractal  descriptors  of  surface  texture  represent  a  parameter  subset  involved  in  the 
prediction  of  mechanical  and/or  chemical  adhesion.  Future  work  will  incorporate  the  fractal 
metrics  as  well  as  other  process  parameters  (e.g.,  temperature,  pressure,  viscosity)  as  inputs  to 
an  adhesion  prediction  neural  network.  A  similar  approach,  using  fractal  characterization  for 
feature  extraction  as  an  input  into  a  neural  network  was  proposed  by  Stubbendieck  and 
Oldham  8  for  the  detection  of  flaws  in  silicon  wafers  via  neural  network  using  a  surface  area 
fractal  dimensioning  technique  for  feature  extraction. 


EXPERIMENTAL  PROCEDURE 

The  samples  tested  were  four  copper  foils  and  a  copper  lead  frame.  The  foil  samples 
were:  Sample  1,  1  ounce  double  treated;  Sample  2,  9  micron  foil  with  aluminum  backing; 
Sample  3,  1/2  ounce  JTCAM;  Sample  4,  1  ounce  JTCAM;  and  Sample  5,  lead  frame.  The 
1  ounce  double  treated  foil  was  from  Gould  Electronics  and  was  representative  of  the  current 
standard  foil  preparation  technology,  also  referred  to  as  JTC.  The  9  micron  foil  was  from 
Foil  Technology  and  was  expected  to  have  a  smoother  surface  than  JTC.  The  JTCAM  foils 
were  from  Gould  and  represented  a  new  process  intended  to  produce  foils  with  finer  surface 
texture  and  higher  surface  area  than  the  standard  JTC  treatment.  The  lead  frame  sample  was 
representative  of  those  used  in  plastic  packaging. 

The  surfaces  were  measured  using  a  Tencor  P-1  profilometer  with  a  0.26  micron  radius 
diamond  stylus.  Each  scan  was  0.5mm  long  and  was  comprised  of  2561  height 
measurements.  Five  scans  were  made  at  five  different  locations  on  each  sample.  SEM 
images  of  the  surfaces  are  shown  in  Figure  1.  An  example  of  the  profilometer  output  is 
shown  in  Figure  2. 


ANALYTIC  METHOD 

Fractal  models  have  been  successfully  applied  to  describe  a  wide  variety  of  natural 
surfaces  and  processes  such  as  cloud  formations,  wave  harmonics,  coastline  lengths,  etc. 
Mandelbrot  9  proposed  that  the  relationship  between  the  measured  length  $  and  the  ruler  size 
observed  by  Richardson  14  : 


sew 


a) 


represents  a  fractal  curve  of  Hausdorf  dimension  for  1<  0)  <2.  The  log  $(J\f)  vs.  log  Jf 
plot,  with  measured  slope  (1-D),  provides  a  means  for  estimating  the  fractal  dimension  of 
surfaces.  Underwood  and  Banerji 15  proposed  a  modification  of  (1)  : 

log  Rh(J)  =  log  C  -  (0-l)log  Jr  (2) 
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Figure  1.  SEM  micrographs  of  (a)  Sample  1,  (b)  Sample  2,  (c)  Sample  3,  (d)  Sample  4 
and  (e)  Sample  5,  all  at  2000X. 

1  ounce  JTCAM 


150  200  250  300  350  400  450  500 

Scan  position  (microns) 


Figure  2.  Example  of  a  profilometer  scan. 
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where  C  is  a  constant  and  RL  ,  the  profile  roughness  parameter,  is  defined  as  the  apparent 
profile  length  divided  by  its  projected  length. 

The  COASTFRAX  16  software  used  for  this  study  employs  the  above  "coastline"  method 
of  fractal  dimension  computation.  The  estimation  of  the  fractal  dimension  3  is  determined 
by  obtaining  the  most  negative  slope  parameter  fit  (min{-(l-^)})  via  regression  analyses,  the 
domain  of  each  spanning  a  decade  of  ruler  lengths  and  the  collective  domain  of  analyses 
spanning  the  total  range  of  ruler  lengths  6. 

In  addition  to  the  slope  parameter  lower  and  upper  log  ruler  length  crossover 

points  were  identified.  These  points  represent  the  minimum  and  maximum  ruler 
scale  range  over  which  the  measured  surface  is  fractal  in  nature.  Below  and  above  the 
minimum  and  maximum  values,  respectively,  the  slope  of  the  log-log  plot  approaches  zero. 

In  instances  where  the  minimum  crossover  point  coincides  with  the  size  of  the  stylus 
diameter,  the  stylus  is  the  limiting  factor,  rather  than  a  change  in  the  fractal  nature  of  the 
surface.  In  this  study,  the  stylus  was  .26  micron  radius  and  was  well  below  the  anticipated 
lower  crossover  point.  The  COASTFRAX  program  computes  the  minimum  (maximum)  scale 
range  crossover  for  a  sample  profile  as  the  ruler  scale  value  at  which  the  profile  roughness  , 
Rl,  first  decreases  by  10%  (90%). 


RESULTS 

All  of  the  profile  scans  for  the  samples  were  analyzed  using  the  coastline  method 
described  for  obtaining  the  slope  and  the  minimum  and  maximum  crossover  points  bounding 
the  scale  region  of  fractal  features.  Figure  3  shows  all  25  log  RL  vs.  log  J\f  plots.  The 
sample  slopes  decrease  with  increasing  sample  surface  roughness,  as  seen  in  Figure  1. 

Table  I  lists  the  Bonferroni  Confidence  interval  groupings  for  the  five  sample  types  for 
the  three  variables  computed  (slope,  minimum  crossover,  and  maximum  crossover)  for  Type 
1  error  (a)  =  .05.  The  slope  values  for  all  5  samples  are  significantly  different  from  one 
another  when  compared  by  all  possible  pairs,  with  the  exception  of  the  Samples  2  and  4.  The 
difference  betweeen  these  two  means  is  .0019  and  falls  short  of  the  .0029  delta  required  for 
significance  at  a  =  .05.  However,  investigation  of  these  two  samples'  dispersion  in  Fig.  1 
suggests  that  a  larger  sample  size  would  enable  a  more  precise  estimation  of  the  fractal 
dimension  and  would  result  in  discrimination  between  samples  in  the  correct  roughness  order. 

The  Bonferroni  simultaneous  confidence  intervals  for  all  2-sample  comparisons  for  the 
minimum  and  maximum  crossover  metrics  indicate  that  three  distinct  groups  evolve,  wherein 
the  first  group  contains  Samples  1  and  3,  the  second  group  contains  Samples  2  and  4,  and  the 
third  group  contains  Sample  5.  As  expected,  the  minimum  and  maximum  fractal  feature  scale 
values  for  the  coarser  surfaces  (Samples  1  and  3)  show  a  significant  shift  toward  a  larger 
scale  values  than  those  of  the  very  smooth  lead  frame. 


CONCLUSION 

Results  of  this  preliminary  investigation  of  texture  discrimination  of  Cu  surface  foils  via 
computation  of  fractal  dimension  and  feature  range  from  profilometric  data  proved  to  be 
promising.  Of  the  5  foil  types  investigated,  all  fractal  dimension  estimates  significantly 


Figure  3.  Plot  of  log  (relative  length)  vs.  log  (ruler  length)  for  all  samples. 


Table  I:  Bonferroni  tests  for  multiple  2-sample  mean  comparisons.  For  dependent  variables 
(slope,  maximum  scale  crossover,  and  minimum  scale  crossover)  a  series  of  ten  2-sample 
mean  difference  comparisons  are  made,  controlling  overall  Type  I  error  =  0.05.  Means  with 


the  same  Bonferroni 

Group 

number  are  not  significantly  different. 

Sample 

Slope 

-(®-U 

Group 

Min.  Scale 
Crossover 

Group 

Max.  Scale 
Crossover 

Group 

1 

-.0312 

A 

1408.0 

A 

21400 

A 

3 

-.0138 

B 

1496.0 

A 

21180 

A 

2 

-.0054 

C 

1106.0 

B 

15140 

B 

4 

-.0036 

C 

1036.0 

B 

12820 

B 

5 

-.0005 

D 

521.6 

C 

6516 

C 

Min.  Sign. 
Difference  .0029 

156.77 

4802.6 
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discriminate  between  all  samples,  taken  two  at  a  time,  with  the  exception  of  the  1  ounce 
JTCAM  and  9  micron  samples.  For  the  latter  two  samples,  the  mean  fractal  dimensions 
were  ordered  rough  vs.  smooth,  consistent  with  a  visual  assessment.  The  lack  of  statistical 
significance  here  is  principally  attributed  to  the  small  sample  size  used  for  the  comparisons. 
Alternatively,  another  method  of  surface  data  collection,  such  as  stereo  scanning  electron 
microscopy,  may  yield  more  precise  measurements,  thereby  reducing  the  variance,  and  may 
be  able  to  detect  smaller  mean  differences  than  those  obtained  with  the  Tencor  profilometer. 
In  addition,  a  more  precise  algorithm  for  fractal  dimension  estimation,  for  either  profiles  or 
surfaces  (e.g.  box-counting,  power  spectrum,  and  the  variation  method)  could  also  improve 
the  discrimination  among  sample  textures. 

Use  of  the  fractal  dimension  is  anticipated  to  more  thoroughly  characterize  textures  and 
profiles  than  traditional  surface  measures  such  as  peak-to-valley  range  and  average  roughness, 
due  to  the  built-in  mathematical  aspects  of  fractal  analysis  reflecting  the  quantity,  height,  and 
slope  of  the  peaks.  Given  the  intention  to  use  fractal  metrics  as  input  features  to  a  neural 
network  designed  to  predict  the  adhesion  quality  of  metal  lead  frame  materials  to  plastic 
packaging,  it  is  important  that  the  metric  can  discriminate  at,  or  better  than,  the  precision 
level  of  surface  differences  impacting  adhesion.  To  this  end,  work  will  continue  to 
investigate  other  fractal-based  analyses  of  both  profiles  and  surfaces  (e.g.  boxcounting,  power 
spectrum  and  the  variation  method  for  fractal  dimension  estimation)  as  well  as  other  means  of 
surface  data  collection. 
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COMPUTER  SIMULATION  OF  BENDING  PLASTIC  DEFORMATION  AND 
CREATION  OF  DISLOCATIONS  IN  COPPER  THIN  FILMS 
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ABSTRACT 

A  small  single  crystal  of  copper  with  a  notch  has  been  bent  by  use  of  the  molecular  dynamics 
method.  The  bend  axis  was  [110].  Dislocations  were  created  near  the  tip  of  the  notch  and  moved 
on  (1 1 1)  slip  plane.  Pulling  a  copper  single  crystal,  half  dislocations  were  created  in  such  a  way 
that  the  bending  was  compensated. 

INTRODUCTION 

It  is  well  known  that  creation,  motion  and  interaction  of  dislocations  play  an  important  role  in 
the  plastic  deformation  of  crystalline  solids.  It  is  important  to  know  how  the  dislocations  are 
automatically  created  and  moved  in  metals.  In  this  paper  creation  and  motion  of  dislocations  were 
simulated  by  use  of  molecular  dynamics  in  case  of  bending.  Copper  was  selected  as  an  example, 
because  it  is  one  of  the  most  common  metals  with  a  face  centered  cubic  lattice. 

INTERATOMIC  POTENTIALS 

In  metals,  the  conduction  electrons  travel  from  one  atom  to  another  atom  and  the  interaction 
cannot  be  represented  by  a  pairwise  potential  but  by  many  body  potentials.  The  interaction 
between  the  i-th  atom  and  the  j-th  atom  depends  not  only  on  the  distance  between  them  but  also 
other  factors.  By  the  embedded  function,  surface  problems  can  be  treated.  The  n-body  embedded 
function  proposed  by  Oh  and  Johnson  [1,2]  was  used  in  this  paper.  The  total  energy  is  given  by 


^total  -  ^ 

(1) 

rij  -  lri  '  rj  1 

(2) 

Ej  =F(  +(1/2)  2  <t> (r jj) 

(3) 

F  (/>)=  a{p/pe)n  +  b{p/pe) 

(4) 

P  i=  2  f  (I'm) 

(5) 

Here  Etotal  is  the  total  internal  energy.  E  j  is  the  internal  energy  associated  with  atom  i.  p  j  is  the 
electron  density  at  atom  i  due  to  all  other  atoms.  F(  p  •)  is  the  embedding  energy  of  atom  into 
electron  density  p  -v  <l>  (r  -)  is  the  two  body  central  potential  between  atoms  i  and  j  separated  by 
r  y.  f  (r  ”)  is  the  contribution  to  the  electron  density  at  atom  i  due  to  atom  j  at  the  distance  r  - 
from  atom  i. 

fM  =  foldW-fcM 
fold  =  feexPl-  ^ < r / re> - 1 } 
f  e  <r>  =  f  old< r  c)  +  S< Wf  'old(r  (VS  '<r  > 
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(6) 

(7) 

(8) 


$(r)=  *oldtt-*c(r>  (9) 

$old(r)  =  ^eexp{'  /(r/re'1))  00) 

°old(rc)  +  g<r>  *'  old  (rc)/  S’(rc>  <1]) 

g(r)  =  1  -exp  {  d  (r/re)-rc/r  e)}  (12) 


For  copper  Oh  and  Johnson  [1]  give  /?=5,  7  =8.5,  <5=20,  rc  =1.9  re,  <j>  e=0.36952  eV,  a 
=  -4.0956,  b  = -1.6979,  n  =  0.44217,  and  p  =  12.793. 


SPECIMENS 

Specimen  A  is  a  rectangular  parallelepiped  having  the  faces  of  (001),  (001),  (110),  (I  lb),  (1 10) 
and  (U0).  A  notch  was  introduced  near  the  center  of  (001)  (see  Fig.  1(a)).  The  x-axis  was  taken 
to  be  [110],  y  [110],  and  z  [001].  Specimen  A  contains  2296  atoms.  Specimen  B  is  also  a 
rectangular  parallelepiped  but  having  the  faces  of  (1 10),  (1 10),  (001),  (001),  (TlO)  and  (110).  x,y 
and  z  directions  were  taken  to  be  in  the  directions  of  [110],  [001]  and  [110],  respectively.  The 
size  of  Specimen  B  is  12dx8ax20d,  where  d  is  the  nearest  neighbor  distance  and  a  is  the  lattice 
parameter  (see  Fig.  1(b)).  The  number  of  atoms  in  Specimen  B  is  4896.  The  surfaces  are  free 
and  periodic  boundary  conditions  were  not  used. 


(a)  tooi] 


(b)  [i  f°] 


(110] 


Fig.  1.  Copper  Specimens,  (a)  Specimen  A  is  a  rectangular  parallelepiped  having  the  faces  of 
(001),  (OOl),  (110),  (*H0),  (1 10)  and  (HO).  A  notch  was  introduced  near  the  center  of  (001)  . 
Specimen  B  is  also  a  rectangular  parallelepiped  but  having  the  faces  of  (1 10),  (1 10),  (001),  (001), 
(HO)  and  (1 10)-  *>y  and  z  directions  were  t  aken  to  be  in  the  directions  of  [110],  [001]  and  [1 10], 
respectively. 
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Fig. 2.  The  projections  of  atom  positions  of  Specimen  A  on  (1 10).  A  dislocation  was  created  near 
the  tip  of  the  notch  (b)  and  moved  on  (1 1 1)  (c). 
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Fig.3.  The  projection  of  atom  positions  of  Specimen  B.  (a)  9%  elongation,  (b)  12%  elongation,  (c) 
13.5%  elongation  and  (d)  15%  elongation. 


DEFORMATION 

Specimen  A  was  uniformly  bent  around  the  x*axis![110]  and  relaxed  all  the  atoms.  Every  25 
cycles  uniform  small  amount  of  bent  was  given.  After  giving  a  uniform  bent  all  atoms  in  the 
specimens  were  relaxed  25  cycles  and  then  bend  again.  This  process  is  repeated.  Specimen  B  was 
uniformly  pulled  in  the  direction  of  z-axis[l  TO]  and  relaxed  all  the  atoms.  Every  25  cycles  uniform 
small  amount  of  elongation  was  given.  After  giving  a  uniform  elongation  all  atoms  in  the 
specimens  were  relaxed  25  cycles  and  then  pulled  again.  The  time  step  of  the  molecular  dynamics 

was  5  x  lO'^sec. 


RESULTS  AND  DISCUSSION 

The  projections  of  atom  positions  of  Specimen  A  on  (1 10)  are  given  in  Fig.  2.  A  dislocation 
was  created  near  the  tip  of  the  notch  (Figs.  2(b))  and  moved  on  (111)  (Figs  2(c)).  Uniform 
bending  without  notch  could  not  initiate  dislocations  but  at  certain  stage  the  specimen  became 
polycrystal. 

In  Fig.  3  the  atomic  positions  of  Specimen  B  are  projected  on  (110).  Fig3(a)  at  9%  -elongation, 
a  half  dislocation  was  createdat  the  left  lower  corner.  In  fig.3(b)  at  12%  elongation  the  half 
dislocation  was  ejected  from  (001)  and  another  (the  second)  half  dislocation  was  created  at  the 
right  lower  corner  of  the  specimen  in  such  a  way  that  the  deformation  compensate  the  bending  of 
the  specimen.  In  Fig3(c)  at  13.5%  elongation  the  second  half  dislocation  was  ejected  and  another 
half  dislocation  was  created  at  the  right  upper  corner  0f  the  specimen. 
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A 


i 

Fig.  4.  Schematic  figure  of  the  creation  of  edge  dislocations  in  the  tensile  deormation  of  a  copper 
single  crystal. 


This  is  schematically  shown  in  Fig.  4. 
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ABSTRACT 


Fractal  dimension  of  the  microstructure  of  AISI  316L  steel  (17  Cr,  12.7  Ni,  2.1  Mo,  1.5  Mn, 
0.01  C)  with  different  degrees  of  strain  were  obtained  from  Richardson  plots  of  grain  boundary 
perimeter  against  magnification.  Grain  boundaries  were  revealed  using  conventional 
metallographic  techniques  and  measurements  were  taken  with  the  aid  of  an  automatic  image 
analizer  (Quantimet  520)  attached  to  an  optical  microscope.  The  magnifications  used  were  50, 
100,  200,  400,  and  1000X.  The  samples  were  obtained  from  a  4”  diameter  tubing,  machined 
according  to  ASTM  A3 70  standard  test  method  and  deformed  to  5,  10,  15,  and  20  %  tensile 
strain.  The  results  show  that  the  fractal  dimension  of  the  grain  boundaries  changes  as  deformation 
is  imparted  to  the  material. 

These  results  suggest  that  fractal  dimension  may  be  used  to  describe  microstructural  evolution 
of  metals  during  deformation  processes. 


INTRODUCTION 


Fractal  Geometry  offers  an  alternative  tool  for  the  description  of  the  real  world1.  Esential 
features  of  a  fractal  object  are  self-similarity  and  fractal  dimension  (Hausdorff-Besicovitch 
dimension).  This  fractal  dimension  is  a  measure  of  the  complexity  of  the  figure  or  the  efficiency  of 
a  set  to  fill  the  metric  space  in  wich  it  lies2,3.  Recently,  efforts  had  been  made  to  apply  these 
concepts  to  the  analysis  of  microstructures4,5.  The  fractal  nature  of  microstructural  features  (grain 
boundaries,  dislocations,  dendrites,  fracture  surfaces,  among  others),  had  been  established  by  a 
number  of  authors2,6'9  .  Attempts  had  been  made  to  elucidate  the  possible  relationship  between 
fractal  dimension  of  microstucture  and  the  mechanical  properties10*11,  for  example,  there  seems  to 
be  a  relationship  between  fractal  dimension  of  fracture  surfaces  of  metals  and  the  energy  absorbed 
by  the  material.  It  can  be  said  that  fractal  analysis  of  microstructures  asumes  that  some 
microstructural  features  are  well  described  as  “  natural  fractals”  which  had  a  fractal  dimension 
that  can  be  measured  by  different  experimental  methods.  The  aim  of  this  work  is  to  report  the 
fractal  dimension  of  the  grain  boundaries  of  AISI  316L  stainless  steel  with  different  degrees  of 
strain. 
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MATERIALS 


The  material  analyzed  was  an  AISI  316L  stainless  steel  of  the  following  composition  (%  wt): 
17  Cr,  12.7  Ni,  2.1  Mo,  1.5  Mn,  0.01  C.  Samples  were  obtained  from  a  4”  diameter  tubing.  For 
comparison,  we  also  analyzed  a  hot  rolled  low  carbon  steel  with  composition  (%wt):  0.04  C,  0.21 
Mn,  0.012  P,  0.031  S,  0.09  Cu,  0.04  Ni,  0.053  Cr.  Fig.  1  ilustrates  the  mechanical  properties  of 
the  AISI  316L  as  measured  in  tension  test. 


AISI  316  L  STAINLESS  STEEL 


Fig.  L-  Stress-strain  curve  in  tension  for  the  AISI  316L  stainless  steel.  Markers  show  the  strain 
applied  to  the  different  samples  analyzed. 


EXPERIMENTAL 


Samples  were  machined  according  to  ASTM  A370  standard  test  method  and  deformed  to  5, 
10,  15  and  20  %  tensile  strain  on  a  Sintech  universal  testing  machine.  The  microstructures  were 
revealed  using  conventional  metallographic  techniques  an  observed  on  a  Nikon  epiphot  optical 
microscope.  Observations  were  made  on  planes  perpendicular  to  the  longitudinal  axis  of  the 
specimens.  Images  were  digitized  to  640  *  480  pixels  with  the  aid  of  an  automatic  image  analyzer 


126 


(Leica  Quantimet  520)  carefully  calibrated.  .  Magnifications  used  were  50,  100,  200,  400  and 
1000X  and  calibration  factors  were  1.904,  0.952,  0.479,  0.236,  and  0.094  microns  per  pixel 
respectively.  Measures  of  perimeter  of  grain  boundaries  at  the  different  magnifications  were 
taken  over  representative  grains  of  the  microstructures  for  each  one  of  the  samples.  Fractal 
dimension  of  the  microstructures  was  estimated  using  Richardson  plots  of  grain  boundary 
perimeter  against  the  reciprocal  of  the  yardstick  (  calibration  factor)  .  In  the  case  of  the  low 
carbon  steel  only  the  non  deformed  (as  rolled)  condition  was  analyzed  . 


RESULTS 


Figs.  2a  to  2c  shows  the  microstructures  of  the  AISI  316L  stainless  steel  at  0,  5,  20%  strain. 
For  the  purpose  of  this  work,  atention  was  focused  exclusively  on  grain  boundaries  so  the 
presence  of  twin  boundaries  was  ignored.  Fig.  3  shows  Richardson  plots  utilized  in  the  estimation 
of  fractal  dimension  of  the  grain  boundaries  for  the  different  samples.  Fractal  dimensions  were 
estimated  as  1.106,  1.104,  1.103,  1.09  and  1.08  for  the  0,  5,  10,  15  and  20%  strain  conditions 
respectively.  Fig.  2d  shows  the  microstructure  of  the  low  carbon  steel,  its  estimated  fractal 
dimension  was  1.04. 


Fig  2.-  Microstructures  of  AISI  3J6L  stainless  steel  at:  a)  0%  strain,  b)  5%  strain,  c)  20  % 
strain  and  d)  Low  carbon  steel  in  the  as  rolled  condition. 
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RICHARDSON  PLOT 


Fig  3-  Richardson  plots  ilustrating  the  fractal  character  of  the  microstructures  analized. 


AISI  316  STAINLESS  STEEL 


Fig  4.- Effect  of  tensile  strain  on  fractal  dimension  for  the  AISI  316L  stainless  steel. 
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DISCUSSION 


Altough  the  microstructures  of  the  samples  show  grain  boundaries  that  look  quite  straigth,  the 
perimeter  of  the  grains  (length  of  grain  boundary)  increases  as  it  is  measured  at  progresively 
higher  magnifications,  this  is  reflected  on  the  respective  Richardson  plots,  thus  revealing  their 
fractal  character.  Our  results  confirm  that  these  grain  boundaries  have  a  measurable  fractal 
dimension.  Values  estimated  are  similar  to  those  reported  on  literature  for  a  variety  of  natural 
curves,  for  example,  fractal  dimension  of  the  coast  of  Great  Britain12  (  a  highly  irregular  curve)  is 
1.25.  Results  obtained  show  a  decrease  on  fractal  dimension  as  deformation  is  increased,  this 
may  reflect  a  higher  degree  of  order  of  the  microstructure  as  it  is  deformed  in  tension. 


CONCLUSIONS 


Grain  boundaries  of  AISI  316L  stainless  steel  can  be  treated  as  natural  fractals  with  a 
measurable  fractal  dimension.  This  fractal  dimension  changes  as  deformation  is  imparted  to  the 
material.  This  facts  suggest  the  possibility  to  apply  fractal  dimension  to  the  description  and 
modeling  of  microstructural  evolution  during  deformation  processes. 
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RUPTURE  OF  RANDOM  FUSE  NETWORKS: 

DUCTILE  TO  BRITTLE  CROSSOVER 

Rafael  F.  Angulo  and  Ernesto  Medina 
Intevep  S.A.,  Apaxtado  76343,  Caracas  1070A,  Venezuela. 
ABSTRACT 

We  study  the  rupture  process  of  Random  Fuse  Networks  (RFN’s)  with  quenched 
disorder  in  the  microscopic  threshold  voltages.  If  lattices  are  driven  to  breakdown  in 
one  blow  by  an  externally  applied  voltage  the  RFN’s  are  shown  to  be  equivalent  to 
the  toughest  percolation  backbone.  Critical  path  analysis  holds  exactly  in  this  case 
for  all  disorder  distributions.  For  gradual  rupture,  it  is  shown  that  the  existence  of 
a  lower  cutoff  in  the  disorder  distributions  entails  a  crossover  from  ductile  to  brittle 
behavior.  The  crossover  length  is  a  function  of  microscopic  disorder  and  diverges  in 
the  limit  of  infinite  disorder. 

INTRODUCTION 

Scalar  models  of  rupture  are  amongst  the  simplest  caricatures  of  material  fail¬ 
ure.  The  rupture  properties  of  Random  Fuse  Network  (RFN)  models  have  attracted 
considerable  interests  in  recent  years,  not  only  because  of  their  relation  to  important 
technological  problems  such  as  fracture  and  corrosion[l] ,  but  also  because  -beyond 
their  apparent  simplicity-  they  exhibit  extraordinarily  complex  behavior. 

A  RFN  is  a  discrete  lattice  whose  bonds  are  fuses,  each  one  characterized  by  a 
value  of  conductance  and  threshold  voltage,  vc.  Fuses  behave  as  ordinary  resistors  if 
the  voltage  drop  v  across  them  is  smaller  than  vc,  but  turn  irreversively  into  insulators 
if  v  >  vc.  Quenched  disorder  may  be  introduced  in  several  ways[2]:  via  random 
conductances [3],  random  thresholds[4,6]  or  both;  or  it  may  be  introduced  as  bond 
dilution[5].  Here  we  study  disorder  in  the  threshold  voltages.  The  conductances  are 
set  all  to  one  and  it  is  assumed  that  the  samples  are  driven  to  rupture  by  an  external 
source  of  voltage,  as  opposed  to  current  control [6]. 

Two  types  of  mechanical  tests  are  often  conducted  experimentally[l]:  1)  tough¬ 
ness  tests  for  which  a  large  drive  is  applied  to  a  sample,  trying  to  break  it  in  one 
blow ,  and  2)  yield  tests,  whereby  the  external  drive  is  increased  gradually ,  until  the 
sample  breaks.  The  corresponding  two  cases  for  scalar  electric  models  have  been 
studied  before.  Rutpure  in  one  blow  can  be  analyzed  rather  simply  if  Hierarchical 
Lattices  (HL’s)  are  used  as  geometrical  support  (see  Fig.  1).  The  recursive  eqns.  for 
the  probability  to  survive  a  microscopic  voltage  drop  vc  can  be  obtained  by  simple 
means,  and  it  allows  to  explore  the  macroscopic  limit  probabilities [7].  The  analogy 
of  this  type  of  rupture  mechanism  with  the  case  of  infinite  disorder  (i.e.  threshold 
voltage  distributions  ~  w”1)  has  also  been  noted[8].  Here  we  show  that  the  analogy 
between  rupture  in  one  blow  and  extreme  disorder  is  a  formal  equivalence,  indeed. 
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As  to  gradual  rupture,  it  has  been  noted  that  the  existence  of  a  lower  cutoff  in  the 
Probability  Distribution  Function  (PDF)  of  threshold  voltages  induces  a  crossover 
from  ductile  to  brittle  behavior[4].  Here  we  also  simulate  the  process  of  gradual 
rupture  numerically  for  large  two  dimensional  (2D)  lattices.  The  crossover  is  clearly 
observable  from  our  simulations,  and  the  crossover  length  dependence  on  microscopic 
disorder  is  estimated  numerically. 


n  n - 1  n-2 

Figure  1.  First  three  generations  of  the  construction  of  a  2D,  eight-shaped  HL. 

Generations  axe  numbered  from  microscopic  (zeroth)  order  on  the  rightmost 

position  to  macroscopic  (nth)  order  on  the  left  of  the  figure. 

RUPTURE  IN  ONE  BLOW 

This  type  of  process  can  be  undestood  in  terms  of  Critical  Path  Analysis  (CPA). 
This  theory  arose  from  an  observation  by  Ambegaokar,  Halperin  and  Langer[9],  that 
the  equivalent  conductance  of  a  random  resistor  network  with  extreme  distribution 
of  conductances  is  identical  to  the  conductance  of  the  most  conducting  percolation 
backbone.  Given  a  realization  of  disorder,  such  a  backbone  is  produced  by  removing 
all  resistors  -keeping  record  of  their  locations-  and  bringing  them  back  in  decreasing 
order  of  conductance,  until  the  lattice  percolates  for  the  first  time.  The  numerical 
value  of  the  last  conductance  laid  down  equals  the  conductance  of  the  full  lattice.  For 
lattices  above  the  percolation  threshold  this  recipe  holds  exactly  for  extreme  disorder 
only[10\.  If  disorder  is  close  to  extreme,  however,  there  is  a  one-to-one  correspondence 
between  statistical  disorder  in  the  conductances  and  percolation  above  the  threshold 
[11].  Next,  it  is  shown  that  for  one  blow  rupture  the  toughness  of  RFN’s  is  equivalent 
to  that  of  the  strongest  percolation  backbone,  for  all  distributions  of  disorder  in  the 
threshold  voltages.  For  the  HL  of  Fig.  1,  we  show  that  the  recurrence  formulae 
to  extract  the  toughest  backbone  is  identical  to  the  recurrence  eqn.  relating  the 
breakdown  voltages  vc(n  -f  1)  and  vc(n)  at  two  consecutive  hierachical  orders. 

In  order  to  produce  the  toughest  backbone  of  the  HL  of  Fig.  1  one  needs  to  find 
the  largest  voltage  uc(n),  satisfying  the  condition  that,  if  all  microscopic  fuses  with 
threshold  voltage  vc(0)  smaller  than  uc(n)  are  removed,  the  lattice  still  conduces. 
Consider  a  cell  of  microscopic  bonds  with  threshold  voltages  vci(n  =  0)  (i  =  1)  ■■•}  4 
for  the  HL  of  Fig.  1).  The  first  order  representative  cutoff  value  vc(n  =  1)  that 
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satisfies  these  conditions  is  given  by 

vc(n  +  1)  =  mm[maz(vcl(n),  vc2(n)),ma:c(i;C3(ri),uC4(ra))],  (1) 

with  n  =  0.  The  process  is  repeated  recursively  n  times,  until  only  one  representative 
value  vc(n)  remains.  The  toughest  backbone  is  obtained  by  removing  all  microscopic 
bonds  with  uc(0)  <  vc(n). 

Now  we  show  that  eqn.  (1)  also  gives  the  voltage  drop  required  to  break  the 
lattice  in  one  blow.  From  Fig.  X  it  is  clear  that  in  order  to  break  the  basic  cell  one 
must  break  either  the  upper  or  the  lower  blob  or  both.  To  break  a  blob  (i.e.  two  fuses 
in  parallel)  one  must  apply  a  voltage  drop  -across  each  microscopic  bond-  equal  or 
larger  than  the  maximal  threshold  voltage  of  the  two  fuses.  As  the  two  blobs  are  in 
series,  the  voltage  needed  to  break  the  cell  is  the  minimal  of  the  two  maximal  values, 
as  given  by  (1),  indeed.  The  analysis  is  independent  of  the  PDF  and  can  be  extended 
to  HL’s  of  any  dimension. 

The  advantage  of  this  approach,  compared  to  following  the  renormalization 
flow[7],  is  that  the  microscopic  breakdown  voltage  vc(n)  is  obtained  directly  from 
the  percolation  condition [9] 


where  pc  is  the  percolation  threshold  and  b  is  the  upper  limit  of  P{x).  From  eqn.  2 
it  follows  that  vc  is  independent  of  lattice  length  L  =  2".  In  order  to  put  this  result 
to  test  we  performed  numerical  simulations  on  2D  HL’s  of  various  lengths,  assigning 
threshold  voltages  from  power  law  PDF’s.  Eq.  (1)  was  used  recursively  to  calculate 
uc(n).  In  Fig.  2  we  show  numerical  results  obtained  from  a  family  of  power  law 
distributions  with  strong  tails  towards  large  values  of  vcy  namely 

P(vc)  =  (3) 

Several  values  of  p  are  plotted  in  the  range  from  0.3  to  1.0.  From  (1)  and  (3)  one 
obtains  vc  =  p71^,  where  pc  =  (3  —  \/5)/2  =  0.381966....  Fig.  2  also  shows  a 
plot  of  logio(vc)  (for  large  L )  versus  —  (l/p)logio(pc).  The  agreement  of  theory  and 
simulations  is  excellent.  Similar  agreement  is  obtained  for  other  values  of  p  (positive 
and  negative)  and  for  other  PDF’s  (Weibull  and  Log-Normal)[12]. 

GRADUAL  RUPTURE 

In  order  to  explore  the  scaling  properties  of  gradual  rupture  we  selected  again 
the  PDF  (3).  Our  simulation’s  settings  are  the  same  as  carried  out  by  several  au- 
thors[2,4,7,8],  except  for  the  geometrical  support,  which  in  our  case  is  a  2D  HL. 
Numerical  simulations  in  HL’s  can  be  carried  out  much  faster  than  in  regular  lat¬ 
tices.  As  an  illustration,  two  hours  of  CPU  time  are  required  for  an  IBM  3090 
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mainframe  to  bring  one  2D  regular  lattice  of  length  L  =  80  with  mild  disorder  (i.e. 
fj,  =  —1)  to  breakdown[6].  A  comparable  simulation  for  a  HL  of  length  L  =  128  takes 
40  seconds  in  a  Sun4  workstation. 


L°9,o<L) 


-(1/n)Logio(pc) 


Figure  2.  The  breakdown  voltage  (per  unit  of  lattice  length)  vc  for  rupture  in 
one  blow  is  constant,  independent  of  L.  Departure  from  a  constant  for  small  L 
indicates  that  the  renormalized  PDF’s  have  very  strong  tails,  so  average  values 
increase  with  statistical  sample  size.  For  larger  L  the  renormalized  PDF’s  are 
self-averaging.  The  inset  shows  the  dependence  of  vc  as  a  function  of  /i.  The 
line  corresponds  to  eqn.  (2). 


In  our  simulations,  the  external  voltage  is  increased  the  right  amount  to  break 
only  the  weakest  bond.  Voltages  and  currents  redistribute  according  to  Kirchhoff’s 
laws  and  the  process  is  repeated  until  the  lattice  yields.  Two  values  of  driving 
voltage  (per  unit  of  lattice  length)  are  recorded:  the  voltage  v0  required  to  break  the 
weakest  fuse  and  the  yield  voltage  Many  realizations  of  disorder  are  simulated, 
renormalized  distributions  are  estimated  and  averages  are  calculated  from  them. 
Fig.  3  shows  numerical  data  for  PDF’s  (3)  for  /i  >  0  with  a  cutoff  at  vc  =  i.  The 
variations  of  <  vc  >,  <  >  and  <  vQ  >  with  L  are  show.  The  horizontal  axis  is  the 

logarithm  of  lattice  length  measured  in  units  of  crossover  length  £.  This  quantity  is 
determined  from  the  condition  that  all  the  data  set,  corresponding  to  several  values 
of  /i,  cross  over  to  a  flat  line  at  the  same  point.  The  best  collapse  of  the  crossover 
point  is  obtained  for  £  =  0.3/i-2-63.  The  vertical  axis  is  the  logarithm  of  the  voltage 
measured  in  units  of  —fi/logio(pc),  in  accord  to  CPA.  <  vc  >  is  an  upper  bound  for 
<  Vf,  >  for  10-L/f  «  1.  <  Vb  >  scales  as  L~6  with  non-universal  exponent  9  ~  p.  It 
is  clear  that  <  v\>  >  progressively  approaches  the  voltage  of  the  first  breaking  fuse. 
For  larger  lattices  the  two  voltages  coincide.  10 L  =  £  signals  the  onset  of  brittle 
behavior. 
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Figure  3.  Scaling  of  <  vc  >  (empty  boxes),  <  vb  >  (symbols  in  the  legend  for 
different  p)  and  <  v0  >  (filled  boxes) .  65000  realizations  of  disorder  are  sampled 
for  L  <  128  and  1000  for  larger  lattices. 

SUMMARY  AND  CONCLUSIONS 

We  have  shown  that  the  toughness  of  fully  occupied  HL’s  of  random  fuses,  with 
disorder  in  the  threshold  voltages  is  equivalent  to  that  of  the  toughest  backbone,  for 
all  distributions  of  disorder.  The  same  conclusion  should  hold  if  a  fraction  p  >  pc  of 
fuses  are  removed,  for  the  lattice  renormalizes  into  a  full  lattice  at  some  point.  This 
applies  to  toughness  test,  whereby  the  lattice  is  driven  to  breakdown  in  one  blow. 
Numerical  simulations  are  in  excellent  agreement. 

For  gradual  rupture,  our  numerical  simulations  confirm  the  observation  of  Ref. 
[4],  in  the  sense  that  the  existence  of  a  lower  cutoff  in  the  PDF  of  threshold  voltages 
induces  a  crossover  from  ductile  to  brittle  behavior.  Furthermore,  our  simulations 
for  large  lattices  and  several  values  of  disorder  strength  (controlled  by  p)  enable  to 
estimate  the  dependence  of  the  crossover  length  on  p  as  £  ~  p  z,  where  z  =  2.63  ± 
0.05.  The  rupture  voltage  <  >  shows  power  law  scaling  <  >~  with 

non-universal  exponent  (probably  varying  linearly  with  p).  The  scaling  of  <  Vf,  > 
does  not  seem  to  be  affected  by  the  lower  cutoff. 

Simulations  for  other  PDF,  such  as  Weibull,  Log-Normal  and  double  exponential 
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are  being  carried  out[12j.  preliminary  results  indicate  that  the  incidence  of  the  lower 
cutoff  to  the  crossover  is  also  present,  but  <  Vb  >  no  longer  scales  as  a  power  of 
L.  The  crossover  length  also  scales  as  a  power  of  \fi\  but  the  absolute  value  of  the 
exponent  is  somehow  smaller. 
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ABSTRACT 

A  study  of  fatigue  cracking  in  iron-copper  compacts  was  carried  out  to  compare  and 
analyse  the  performance  of  four  different  types  of  commercially  used  iron  powders.  The 
compacts  were  all  sintered  at  above  the  iron  copper  peritectic  temperature  to  facilitate 
liquid  phase  sintering.  Results  showed  that  the  powder  with  a  high  specific  surface  had 
inferior  fatigue  properties,  especially  at  high  stress  levels.  The  other  powders,  however, 
had  very  similar  fatigue  properties,  except  that  at  low  stresses  the  grade  with  the  large 
average  particle  diameter  resulted  in  significantly  longer  fatigue  lives.  The  differences  in 
performance  were  discussed  in  terms  of  the  microstructure  of  the  compacts  and  the  powder 
characteristics. 


INTRODUCTION 

PM  parts  are  used  in  many  automotive  applications,  and  of  their  more  important 
mechanical  properties  are  fracture  toughness  and  fatigue  strength  especially  where  moving 
components  are  involved.  Among  these,  iron  copper  compacts  are  widely  used.  In  the  last 
decade,  there  were  some  important  developments  in  the  understanding  of  the 
microstructure  and  its  formation  during  sintering  of  iron  copper  compacts  (refs  1  and  2).  A 
model  was  proposed  (ref  2)  which  explained  the  dimensional  changes  observed  during 
sintering  of  these  compacts,  predicting  the  extent  of  the  volume  change  for  different  types 
of  powders.  The  explanation  was  in  terms  of  liquid  copper  flow  during  sintering,  and  of 
the  final  site  of  the  copper  phase  in  the  microstructure.  It  is  inevitable  that  these 
microstructural  features  also  have  a  controlling  influence  on  the  processes  of  fracture  in  the 
compacts.  This  paper  presents  the  results  of  a  study  of  fatigue  cracking  in  iron  copper 
sintered  compacts  with  different  types  of  microstructure.  The  various  microstructures  were 
produced  by  using  different  types  of  commercially  used  iron  powders. 

EXPERIMENTAL 

Powders 

Four  types  of  commercially  used  iron  powder  with  different  specific  surfaces  and 
compressibilities  and  an  electrolytically  produced  copper  powder  were  chosen.  The  details 
of  the  four  powders  are  as  follows: 

i)  Normal  compressibility  sponge  iron  (NC  100.24),  specific  surface  =  50  m2/kg,  100 
mesh. 

ii)  Reduced  mill  scale  pyron  iron  (PYRON  D63),  specific  surface  =  150  m2/kg,  63 
mesh. 
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iii)  Atomised  super  compressibility  iron  (ASC  100.29),  specific  surface  =25  m2/kg, 
100  mesh. 

iv)  Reduced  mill  scale  pyron  iron  (PYRON  -  P100),  specific  surface  =  150  m2/kg, 
100  mesh. 

v)  90.2%  pure  electrolytic  irregular  Cu,  100  mesh 


Compaction  and  sintering 

Each  of  the  four  types  of  iron  powder  was  mixed  with  10wt%  copper  powder  before 
compacting  into  green  compacts.  The  die  dimensions  were  55  x  12.5  x  12mm.  At  least 
five  compacts  were  made  from  each  of  the  four  types  of  powder  mixture,  each  at  a 
compacting  pressure  of  approximately  700  MNm'2.  The  volume  and  density  of  each 
compact  were  measured  accurately  using  a  micrometer  and  a  microbalance. 

Liquid  phase  sintering  of  the  compacts  was  carried  out  at  a  temperature  of  1 135  oC  in 
an  atmosphere  of  90%  N  +  10%  H2  to  avoid  oxidation.  All  the  samples  were  kept  at  this 
temperature  for  a  period  of  60  minutes  and  then  cooled  in  the  furnace. 

The  volume  and  density  of  the  sintered  compacts  were  then  measured  to  compare  with 
the  data  from  the  green  compacts. 


Fatigue  tests 

Specimens  for  fatigue  tests  were  machined  from  the  sintered  compacts  without  any 
intermediate  treatment.  Machining  was  carried  out  by  roughing  the  test-piece  and  then 
machining  and  grinding  to  the  final  finish  size. 

The  fatigue  tests  were  carried  out  in  a  reversed  bending  machine  with  a  cycle  frequency 
of  ~  50Hz.  Each  test-piece  was  mounted  in  the  machine  in  a  manner  so  that  stresses  at  the 
gauge  length,  other  than  those  imposed  by  the  applied  load,  were  avoided. 


RESULTS 


The  results  of  the  fatigue  tests  are  shown  in  Figure  1 .  These  show  that  at  high  stress 
levels,  there  is  little  difference  between  the  different  powders,  except  that  the  compacts 
with  the  Pyron  100  have  a  significantly  lower  life  cycles.  At  low  stress  levels,  however,  it 
is  evident  that  the  compacts  with  the  Pyron  D63  have  measurably  longer  fatigue  lives  than 
those  with  the  other  powders.  At  intermediate  stress  levels  the  Pyron  D63  generally  gives 
the  longest  lives,  while  the  compacts  with  the  Pyron  100  seem  to  have  the  shortest  fatigue 
lives  in  comparison  with  the  other  compacts. 
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Figure  1  Influence  of  iron  powder  characteristics  on  the  fatigue  strength  of  Fe-Cu 
sinterted  compacts,  with 


DISCUSSION 

The  fatigue  results  in  figure  1  indicate  that  the  compacts  with  NC  100  and  ASC  100 
powders  have  similar  endurances  at  all  stress  levels.  The  similarity  of  performance 
between  these  two  types  of  compacts  is  interesting,  but  perhaps  not  surprising  when 
considered  in  the  light  of  previous  data  (ref  2)  for  their  microstructure.  These  two  types  of 
powders,  although  substantially  different  in  loose  form,  produce  essentially  very  similar 
microstructures  when  compacted  at  high  compacting  pressures,  as  was  the  case  in  this 
work.  The  result  was  confirmed  by  microstructural  observations  supporting  the 
proposition  that  the  microstructure  in  these  compacts  has  a  determining  influence  on  their 
fatigue  properties. 

When  the  fatigue  data  for  the  Pyron  100  and  Pyron  D63  powders,  however,  are 
compared  to  the  data  for  the  others,  significant  differences  are  apparent,  especially  at  the 
two  extreme  stress  levels.  Thus  at  the  highest  stress  level,  compacts  with  the  Pyron  100 
have  significantly  shorter  lives,  whereas  at  lower  stress  levels,  the  compacts  with  Pyron 
D63  have  longer  lives. 
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An  explanation  of  the  different  performances  of  these  powders  at  different  stress  levels 
may  be  given  in  terms  of  their  behaviour  at  the  crack  initiation  and  growth  stages.  Thus  at 
the  high  stress  levels,  where  normally  the  crack  initiation  time  is  relatively  short  and  life  is 
determined  by  the  crack  growth  stage,  compacts  with  the  Pyron  100  powders  with  a  higher 
microporosity  had  shorter  total  lives  because  fatigue  cracks  found  easy  paths  by  bridging 
between  the  existing  micropores.  In  the  other  powders,  crack  growth  seems  to  be  mainly 
intergranular,  but  along  paths  which  generally  avoid  the  copper  filled  boundaries.  It  is 
interesting  to  note  that  at  the  low  stress  levels,  the  relatively  large  pores  (see  ref  2)  do  not 
seem  to  influence  the  crack  path.  At  the  lower  stress  levels,  however,  where  life  is  mostly 
dominated  by  the  crack  initiation  stage,  the  effect  of  micropores  on  the  life  seems  to  be  less 
significant  than  at  high  stress  levels.  The  better  performance  of  the  Pyron  D63  at  low 
stresses  must  be  due  to  its  higher  resistance  to  crack  initiation  as  its  crack  growth  features 
seem  to  be  essentially  the  same  as  that  in  the  ASC  100  and  NC  100  powders. 

It  should  be  noted  that  the  above  observations  and  arguments  are  based  on  a  limited 
amount  of  data  and  a  more  comprehensive  experimental  programme  is  required  for  more 
reliable  deductions. 


CONCLUSIONS 

i)  At  long  stress  levels  the  Pyron  100  powder  with  high  microporosity  has  the  lowest 
endurance  among  the  four  different  powders.  The  other  three  powders  had  very 
similar  endurances  at  these  stresses. 

ii)  At  low  stress  levels,  Pyron  100,  NC  100  and  ASC  100  powders  had  very  similar 
fatigue  lives,  while  the  Pyron  D63  was  clearly  stronger. 

iii)  The  microstructure  had  a  determining  influence  on  the  crack  growth  characteristics 
of  the  compacts  and  could  explain  the  different  performances  of  the  four  different 
powders. 
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ABSTRACT 

For  fracture  studies  on  oriented  W  monocrystalline  specimens  it  is  necessary  to  produce 
very  sharp,  stopped  precracks,  which  presents  difficulties  in  the  case  of  W.  The  experimental 
procedure  and  technique  to  produce  precracks  is  described.  The  fracture  experiments  gave  strong 
indications  for  a  preference  of  the  {100}  plane  as  cleavage  plane.  It  was  found  that  the  {110} 
planes  successfully  resist  crack  propagation,  although  they  are  the  planes  with  the  lowest  surface 
energy.  The  appearance  of  the  {121}  plane  as  a  cleavage  plane  in  our  experiments  makes  further 
studies  with  oriented  W  monocrystalline  samples  necessary. 


INTRODUCTION 

The  mechanical  behaviour  of  bcc  metals,  e.g.  Mo  and  W,  is  characterized  by  a  ductile-to- 
brittle  transition,  based  on  a  strong  temperature  dependence  of  the  flow  stress.  In  experiments, 
the  brittle  behaviour  can  be  observed  as  cleavage  mostly  on  low  index  planes  like  {100}  or 
{110}.  The  explanation  of  preferred  planes  is  usually  given  in  physical  continuum  terms,  which 
do  not  consider  plasticity,  invoking  the  low  surface  energy  of  these  planes  [1],  In  this  model,  the 
crack  resistance  is  determined  only  by  the  surface  energy  YM/ besides  the  elastic  constants.  The 
sequence  of  the  surface  energies  for  the  low  index  planes  in  W  begins  with  the  {110}  plane 
(lowest  y /,£/),  followed  by  the  {100},  {211},  {311},  {233}  and  {111}  planes  [2].  From  this  one 
would  expect  {110}  to  be  the  primary  cleavage  plane  in  W  single  crystals,  but  this  is  not 
confirmed  experimentally  [3],  This  caused  us  to  perform  fracture  mechanical  experiments  with 
oriented  single  crystals  of  high-purity  W,  with  exactly  defined  crack  planes  and  crack  propagation 
directions,  aiming  for  measurements  of  the  dependence  of  crack  resistance  on  the  crystallographic 
orientation  of  the  crack  system.  By  the  term  "crack  system"  we  describe  the  combination  of  a 
crack  plane  and  the  direction  of  crack  front. 


EXPERIMENTAL 

Tungsten  single  crystals  of  18  mm  dia.  and  250  mm  length  with  growth  axes  [011]  and 
[111]  were  grown  by  the  electron-beam  floating  zone  melting  technique  using  an  apparatus 
equipped  with  a  specially  designed  circular  electron-beam  gun  [4,5],  The  circular  electron  beam 
emitted  from  the  heated  circular  tungsten  wire  cathode  was  accelerated  and  focused  on  the 
vertically  positioned  specimen  bar  by  a  set  of  focusing  water-cooled  copper  electrodes.  The 
specimen  to  be  melted  served  simultaneously  as  the  anode  of  the  electron  gun.  Because  of  the 
electron  gun  design,  the  radial  temperature  distribution  on  the  solidification  front  is  completely 
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defined,  so  that  by  using  monocrystalline  seeds,  single  crystals  can  be  grown  with  predermined 
orientations.  The  crystallographic  parameters  of  the  seeds  and  of  the  grown  single  crystals  were 
determined  by  means  of  X-ray  Laue  back  reflection  patterns  with  an  accuracy  of  1-2°.  The  single 
crystals  were  grown  with  three  liquid  zone  passes:  two  refining  passes  at  a  rate  of  4-6  mm/min 
and  one  growing  pass  at  a  rate  of  2  mm/min. 

The  W  crystals  were  analysed  by  fast-neutron  activation,  deutron  activation,  spark  mass- 
spectrometry  and  atomic  absorption  with  sensitivity  limits  of  10'5  at.%  for  oxygen  and  carbon 
and  1 0-6- 1 0-7  at.%  for  all  other  impurities  [6,7],  The  chemical  composition  of  the  high-purity  W 
single  crystals  was  as  follows  (xlO-4at.%):  O  0.5;  C  1;  N  0.6;  Si  0.3;  A1  0.1;  K  0.1;  Ca  0.1;  Na 
0.3;  P  0.3;  S  0.3;  Mn  0.3;  Nb  0.1;  Ta  0.1;  Re  0.1;  V  0.3;  Fe  0.1;  Ni  0.06;  Co  0.3;  Cr  0.05;  Cu 
0.05;  Pb  0.1.  Furthermore,  the  residual  resistivity,  which  is  an  indicator  of  the  integral  chemical 
purity  of  the  metal,  was  determined  by  means  of  both  a  four-point  technique  and  a  contactless 
rotating  induction  field  technique.  For  the  W  single  crystals  examined,  the  residual  resistivity  (the 
ratio  of  the  resistivities  at  room  temperature  and  liquid  helium)  was  higher  than  3x1 04  [4],  The 
dislocation  density  was  estimated  in  the  scanning  electron  microscope  by  averaging  of  20  fields  of 
view  of  0. 4x0.4  mm2.  A  subgrain  structure  was  observed.  The  mean  dislocation  density  in  the 

subgrains  was  about  5x10^  cm"2. 

We  used  round  compact  tension  specimens  (RCT  specimens)  [8],  In  order  to  select  a 
desired  crystallographically  oriented  crack  system,  the  single  crystals  were  oriented  by  the  X-ray 
Laue  back  reflection  technique  and  then  the  single  crystals  were  spark  machined  into  flat  disks. 
These  disks,  with  a  thickness  of  4. 1  mm,  were  additionally  spark  machined  in  order  to  produce 
the  cylindrical  contour  and  the  holes  for  the  loading  bolts. 

Experimental  device.  Because  we  are  interested  in  the  brittle  fracture  mode,  the  mobility 
of  the  dislocations  was  reduced  by  cooling  the  specimens  to  low  temperatures.  Furthermore,  we 
want  to  compare  our  experimental  results  with  an  atomistic  calculation  of  the  fracture  behaviour, 
which  simulates  low  temperature  conditions  [9],  Therefore,  the  fracture  experiments  were 
performed  in  a  liquid  nitrogen  bath  (77K).  For  these  purposes,  an  immersible  testing  device  was 
developed  and  placed  in  a  cryostat  (Fig.  1).  The  specimens  were  fixed  in  a  cardanic  suspension  to 


Fig.  1.  The  experimental  device  (a)  and  depiction  of  the  sample  fixture  (b). 
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avoid  mode  II  and  mode  III  loading  conditions.  For  the  quantitative  study  of  crack  resistance,  a 
correct  measurement  of  the  loading  point  displacement  is  necessary.  Because  of  the  low 
temperatures  and  small  sizes  of  the  specimens,  such  measurements  are  rather  problematic. 
Therefore,  a  direct  strain  gauge  technique  was  developed,  which  is  described  elsewhere  [10]. 

Precracking.  For  the  fracture  toughness  measurements,  the  generation  of  geometrically 
well  defined,  (atomically)  sharp  precracks  is  of  great  importance.  The  fracture  mechanical  validity 
of  the  experimental  data  is  assured  only  when  the  precracks  are  sharp.  In  the  present  case  the 
preparation  of  such  precracks  turned  out  to  be  very  delicate  because  monocrystalline  specimens 
are  exceedingly  brittle.  It  is  very  difficult  to  get  a  crack  started  in  the  crystal,  but  once  having 
started  it  will  propagate  easily  through  the  whole  specimen,  driven  by  the  stored  elastic  energy. 
Therefore,  the  specimens  were  often  destroyed  during  precracking. 

A  chevron  notch  was  used  to  facilitate  the  start  by  concentrating  stresses  at  the  tip  of  the 
chevron,  and  inducing  a  rapid  stress  drop  immediately  afterwards.  To  minimize  the  stored  elastic 
energy,  a  very  stiff  bending  beam  was  used  to  load  the  specimen.  However,  the  chevron  geometry 
was  not  sufficient  to  stop  the  crack.  Therefore,  we  tried  to  superimpose  an  additional  stress  field, 
supplying  a  crack  closing  force.  Cracking  was  initiated  by  a  shock  wave  produced  by  defined 
impacts  on  a  wedge  positioned  in  the  notch. 

The  lateral  compression  technique,  which  has  been  successfully  applied  to  high-speed  steels 
[11,12],  produces  a  through-thickness  compression  stress  field  directly  at  the  end  of  the  notch. 
However,  the  W  single  crystals  do  not  show  the  same  fracture  behaviour  as  the  steels:  The  crack 
surmounts  counter  stresses  of  any  level  up  to  the  point  when  the  crystal  is  fractured  by  the 
compression  force.  The  technique  depicted  in  Fig. 2  produces  the  most  favourable  stress 
distribution:  propagation  into  the  ligament  is  conunteracted  by  a  continuous  increase  of  the 
compression  stress  field.  This  technique  produced  usable  specimens,  but  it  still  destroyed  more 
than  50%.  Again  the  counterstress  is  limited  by  fracture  initiating  from  the  loading  points. 


Fig.  2.  Pressure  fixture  for  superimposing  the  crack  closing  stress  field. 
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The  compression  stress  field  can  be  seen  in  an  elastic  finite-element  (FE)  calculation  of  the 
specimen  fixing.  Fig.  3  shows  the  stress  distribution  in  ^-direction  in  the  RCT  specimen.  There  is 
a  stress  gradient  in  the  specimen  ligament,  increasing  towards  the  end.  In  view  of  the  symmetry , 
the  FE  model  comprises  only  a  quarter  of  the  RCT  specimen,  therefore  only  the  half-contour  of 
the  chevron  notch  can  be  seen  in  the  ligament.  These  calculations  are  performed  using  quaternary 
elements  with  linear  displacement  functions  and  considering  the  non-linear  Green's  strain  tensor 
(geometrical  non-linearity)  within  the  commercial  FE  code  'LARSTRAN'  [13]. 


EXPERIMENTAL  RESULTS  AND  DISCUSSION 

In  this  section  we  present  results  of  fracture  experiments  at  low  temperatures.  Photographs 
of  fracture  surfaces  of  broken  specimens  with  different  crystallographic  orientations  are  shown 
and  discussed.  Since  up  to  now  we  have  not  been  able  to  perform  enough  experiments  to 
guarantee  statistical  reliability  of  our  data,  we  will  not  give  values  for  fracture  toughnesses. 

Crack  system  (1I0)[001],  Fig.3  shows  a  side  view  of  a  fractured  specimen  notched  and 
loaded  so  as  to  produce  a  [001]  crack  front  on  a  (1 10)  crack  plane.  However,  the  crack  deflected 
onto  a  macroscopic  plane  of  (100)  orientation.  The  SEM  micrograph  shows  a  somewhat  oblique 
view  of  the  fracture  surface  close  to  the  point  of  crack  initiation.  The  spark  machined  notch  flank 
can  be  seen.  At  the  tip  of  the  notch,  the  crack  starts,  but  it  does  so  on  the  (100)  plane,  instead  of 
(110).  Propagation  occurs  on  (100)  facets  in  a  zig-zag  path  until  the  crack  deflects  onto  a 
smoother  path  close  to  (110),  before  finding  the  final  (100)  plane.  Towards  the  end  of  the 
specimen,  the  fracture  surface  becomes  corrugated,  which  is  due  to  increasing  mode-mixity 
leading  to  instability  of  the  crack  path.  The  crack  front  remained  [001]  throughout. 


Fig.  3.  Side  view  of  the  broken  specimen  with  crack  system  (1 10)[001], 
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Crack  system  (110)[111].  The  orientation  of  the  crack  front  in  the  [111]  direction 
distinguishes  this  case  from  the  preceding  one.  This  specimen  was  notched  on  the  (110)  plane  for 
an  intended  crack  front  orientation  of  [111].  In  contrast  to  the  earlier  specimen,  crack 
propagation  now  shifted  to  a  (121)  plane,  see  Fig.4.  The  crack  seems  to  refuse  to  advance  on  the 


Fig.  4.  Side  view  of  the  broken  specimen  with  crack  system  (1 10)[1 1 1], 

mode  I  loaded  (110)  plane.  The  crack  started  from  the  chevron  notch.  The  macroscopic 
orientation  of  the  fracture  surface  is  (121),  but  the  surface  shows  many  terraces.  Many  of  them 
are  oriented  in  the  (100)  direction.  However,  a  great  part  of  the  surface  consists  of  (121) 
cleavage  planes.  The  orientation  of  the  terraces  and  facets  was  checked  by  X-ray  Laue  back 
reflection. 

Crack  system  (100)[01 1]  and  (100)[001].  When  the  notch  and  the  loading  were  oriented 
so  as  to  activate  a  crack  system  with  the  crack  plane  in  the  (100)  orientation  and  the  crack  front 
in  the  [01 1]  or  [001]  direction,  the  crack  started  on  this  imposed  plane,  and  in  all  cases  continued 
straight  through.  An  almost  flat  cleavage  surface  is  seen,  with  fine  terrace  lines  indicating  the 
propagation  direction.  The  lines  lie  near  the  [100]  direction.  The  micrograph  shows  the  fracture 
surface  of  a  specimen  with  an  imposed  crack  front  orientation  along  [001],  A  flat  cleavage  plane 
is  observed.  The  crack  propagation  direction  is  again  indicated  by  terrace  edges.  Regions  of 
different  brightness  reflect  the  substructure  of  the  single  crystal  which  is  due  to  slight  growth 
faults.  No  influence  of  the  subgrain  boundaries  on  the  crack  propagation  could  be  observed. 
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CONCLUSIONS 


A  reliable  experimental  technique  for  preparation  of  fracture  specimens  with  sharp,  stopped 
precracks  in  oriented  W  single  crystals,  as  well  as  a  low  temperature  device  for  fracture 

experiments  are  described.  The  (110)  planes  successfully  resist  crack  propagation,  although  they 
are  the  planes  with  the  lowest  surface  energy.  In  contrast  to  this,  a  preference  for  (100)  planes  as 
cleavage  planes  is  obvious  in  the  monocrystalline  specimens.  Crack  propagation  on  both  the 
(110)  plane  and  (100)  plane  is  strongly  influenced  by  the  crack  front  orientation,  as  predicted  by 
an  atomistic  calculation  [8],  The  appearance  of  (121)  as  the  cleavage  plane  in  our  experiments  is 
not  understood  at  this  point.  It  encourages  further  research  on  oriented  monocrystalline 
specimens. 
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ABSTRACT 

The  island-size  distribution  scaling  function  fi(u)  corresponding  to  submonolayer  epitaxial 
growth  with  critical  island  size  i  is  studied  via  kinetic  Monte  Carlo  simulations  for  i  —  0, 1, 2,  and 
3.  An  analytic  form  for  fi{u)  based  on  a  conjecture  for  the  small-u  behavior  is  also  presented.  For 
i  =  1,  the  scaled  island-size  distribution  is  found  to  depend  on  island  morphology.  In  particular,  for 
fractal  islands  with  i  =  1  there  is  excellent  agreement  with  our  analytical  form  as  well  as  with  ex¬ 
periments  on  low  temperature  Fe/Fe(100)  deposition.  However,  for  compact  islands  with  i  =  1,  the 
scaled  distribution  is  found  to  deviate  slightly  at  small  u.  We  also  find  excellent  agreement  between 
our  analytical  form,  simulations,  and  experiment  for  i  =  2  and  i  —  3.  Good  agreement  between 
our  simulation  results  for  i  =  0  and  recent  experiments  on  Fe/Cu(100)  deposition  is  also  found. 
Results  for  the  scaling  of  the  island-density  as  well  as  crossover  scaling  forms  for  the  transition 
from  i  =  1  to  i  =  2  and  from  i  =  1  to  i  =  3  are  also  presented  and  used  to  determine  the  one-bond 
activation  energy  and  critical  island  size  transition  temperature  for  Fe/Fe(100).  The  morphology 
of  fractal  islands  for  i  =  2  is  also  studied  and  compared  with  experiments  on  Au/Ru(0001). 

INTRODUCTION 

Recently  considerable  theoretical  and  experimental  efforts  have  been  made  to  understand  the 
kinetic  processes  which  control  the  nucleation  and  subsequent  growth  of  islands  in  submonolayer 
epitaxial  growth.  A  concept  which  is  crucial  for  understanding  these  processes  is  that  of  a  critical 
island  size  i  corresponding  to  the  number  of  atoms  in  the  largest  unstable  island.  For  example  (see 
Fig.  1),  depending  on  the  bond  energies,  temperature,  and  deposition  rate,  one  may  have  a  situation 
in  which  monomers  diffuse  but  dimers  are  stable  ( i  =  1),  or  in  which  a  trimer  is  the  smallest  stable 
island^  =  2),  or  in  which  the  smallest  stable  island  size  corresponds  to  a  tetramer(i  —  3).  Standard 
rate  equation  theory  [1],[2]  predicts  that  for  a  given  critical  island  size  i,  the  island  density  N  in 
the  pre-coalescence  regime  scales  as  N  ~  R~Xi  where  R  —  D/F  is  the  ratio  of  the  (monomer) 
diffusion  rate  D  to  the  deposition  flux  F  and  where  \i  =  «/(*  +  2)-  The  exponent  x%  has  been 
measured  in  a  variety  of  experiments  and  used  to  determine  the  critical  island  size  as  well  as  the 
activation  energy  Ea  for  diffusion. 

Here  we  present  kinetic  Monte  Carlo  simulation  results  for  both  compact  and  fractal  islands 
as  well  as  an  approximate  analytic  expression  for  the  asymptotic  scaled  island-size  distribution 
fi(u)  as  a  function  of  i  for  i  —  0, 1,  2,  and  3.  Our  analytical  form  is  based  on  a  conjecture  for 
the  small-u  behavior  of  fi(u).  We  find  good  agreement  between  our  simulations  and  experimental 
measurements  of  the  island-size  distribution  for  Fe/Fe(100)  at  low  temperature  (i  =  1)  and  at  high 
temperature  ( i  =  3)  as  well  as  with  our  conjectured  analytical  form.  The  dependence  of  the  scaled 
island-size  distribution  on  morphology  for  i  =  1  is  also  studied.  We  also  find  good  agreement 
between  our  simulation  results  for  i  =  0  and  experimental  results  for  Fe/Cu(100)  deposition.  We 
also  present  results  for  the  scaling  of  the  island-density  as  a  function  of  critical  island  size  as  well 
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as  crossover  scaling  forms  for  the  transition  from  i  =  1  to  i  —  2  and  from  i  =  1  to  i  =  3  as 
a  function  of  deposition  rate  and  temperature.  These  crossover  scaling  results  may  be  used  to 
predict  the  crossover  temperature  for  transitions,  and  in  conjunction  with  experimental  results  for 
the  island  density,  to  predict  bond-energies  for  detachment  as  in  Fe/Fe(100).  The  morphology  of 
fractal  islands  for  the  case  i  =  2  is  also  studied  and  compared  with  experiments  on  Au/Ru(0001). 


SCALING  THEORY 

The  fundamental  quantity  in  the  kinetic  description  of  island  growth  is  the  island  size  distri¬ 
bution  function  Ns(0),  which  gives  the  density  of  islands  of  size  s  (where  s  is  the  number  of  atoms 
or  particles  in  the  island)  at  coverage  9  =  Ft.  According  to  the  dynamic  scaling  assumption  there 
exists  only  one  characteristic  size  in  the  problem  which  is  the  mean  island  size  S(0).  This  implies 
that  one  may  write  the  general  scaling  form  [3-5] 

N3{9)^9S-2fi(s/S )  (1) 

where  the  scaling  function  ft(u)  satisfies  the  sum-rules,  /0°°  fi(u)  u  du  =  /0°°  fi(u)  du  =  1 
corresponding  to  mass-conservation  and  the  scaling  relation  N  ~0/S. 

RATE  EQUATION  APPROACH:  POINT-ISLAND  MODEL 


The  traditional  method  for  studying  the  kinetics  of  cluster  growth  processes  is  based  on  the 
theoretical  approach  developed  by  Smoluchowski  [6]  who  wrote  down  an  equation  for  the  evolution 
of  the  cluster  size  distribution  using  a  mean- field  argument  which  neglects  fluctuations  and  geometry. 
For  the  point-island  model,  the  islands  have  zero  lateral  extent  and  the  capture  probability  Ks  is 
independent  of  island  size  s.  Assuming  a  critical  stable  island  size  i  such  that  there  is  no  dissociation 
for  s  >  i  as  well  as  the  quasi-equilibrium  Walton  relation  [7]  that  Ni  ~  AiN[  where  Ai  =  eEi  ^ksT 
is  a  temperature-dependent  prefactor  and  Ei  is  the  binding  energy  of  the  critical  cluster  of  size  i 
one  obtains, 

^  =  1  -  RNf  -  RNiN  +  i  £  7 >NS  (2a) 

dU  r  . 

2  <s<i 


=  RN{+1Ai  (26) 

where  Nx  =  Ns  is  the  stable  island  density  and  j3  corresponds  to  the  monomer  detach¬ 
ment  rate  from  islands  of  size  s.  In  the  late-time  (asymptotic)  limit,  we  assume  that  for  s  <  i, 
Na  «  N  ~  Nx  and  ^  ~  0  ~  1  -  RNiN  to  obtain  the  point-island  rate-equation  predictions, 
Ni  =  (l/5i)i?“2/^+2^-1/^+2^  and  N  =  5-7?;"i/(t+2)^i/(i+2)  where  B{  =  [(i  -I-  2)Ai]'I+^. 
Substituting  for  Ai  and  Bi  yields  the  temperature  dependence  of  the  island  density  at  fixed  cover¬ 
age,  N  ~  e[Ei/(i+2)+XiE«\/kBT  with  _|_  2)  and  where  Ei  is  the  critical  cluster  binding 

energy  and  Ea  is  the  activation  energy  for  monomer  diffusion.  Substituting  the  scaling  form  for  the 
island-size  distribution  (1)  into  the  full  rate-equation  leads  to  the  point-island  rate-equation  solution 
for  the  asymptotic  scaled  island-size  distribution  function  [8], [9], 


fi(u)  =  7 


i  +  2 


(i  _  i±i  „)-i 

^  i  +  2  J 


;  0  <  U  < 


i  +  2 
i+1 


(3a) 
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(36) 


i  +  2 

/»(«)  =  °  ;  u>  — py 
The  divergence  of  fi  (u)  for  finite  u  as  well  as  the  linear  behavior  at  u  —  0  is  a  particularly  unphysical 
feature  of  this  result.  This  is  due  to  the  neglect  of  the  effects  of  island-size  as  well  as  correlations 
in  the  point-island  model. 

ANALYTIC  FORM  FOR  THE  SCALING  FUNCTION  /<(«) 


We  have  derived  an  analytical  expression  [10]  for  /*  (u)  which  appears  to  agree  quite  well  with 
our  asymptotic  simulation  results  and  with  experimental  data  in  the  pre-coalescence  regime.  Our 
analytical  expression  for  fi{u )  is  based  in  part  on  the  observation  [5]  that  for  the  case  of  fractal 
islands  for  i  =  1,  the  island-size  distribution  scaling  function  fi(u)  has  approximately  linear 
behavior  for  small  u,  with  /i(0)  approaching  zero  with  increasing  D/F.  For  i  >  1  we  expect 
smaller  islands  to  have  a  lower  density  and  fi{u)  to  go  to  zero  faster  than  the  first  power.  We  have 
therefore  conjectured  [10]  that  for  general  i,  the  island-size  distribution  behaves  as  ul  for  small 
u.  We  also  expect  fi{u)  to  have  a  peak  at  u  =  1  corresponding  to  the  average  island  size  and  to 
decrease  rapidly  for  large  u  with  an  exponential  cutoff.  These  assumptions  lead  to  the  following 
approximate  general  scaling  form  for  i  >  1, 


fi(u )  =  GuV 


with 


.  r[(i  +  2)flj] 
fliTKi  +  ijoi]  ’  r[(t  +  i)oi] 


=  ( m)ai 


(4) 


where  the  relations  for  a*  and  ct  are  determined  by  the  sum-rules  for  fi  (u) .  We  note  that  this  form 
is  quite  different  from  the  point-island  rate  equation  result  (3)  which  predicts  a  divergence  at  a  finite 
u  >  1  and  a  finite  value  for  /*( 0). 


SIMULATION  RESULTS 

In  order  to  investigate  the  scaling  behavior  of  the  submonolayer  island  density  and  size- 
distribution  as  a  function  of  critical  island  size  i,  we  have  studied  a  simplified  model  in  which  atoms 
are  randomly  deposited  at  a  rate  F  per  site  per  unit  time  onto  a  regular  lattice  while  monomers,  includ¬ 
ing  those  deposited  on  top  of  existing  islands,  are  assumed  to  diffuse  at  the  rate  D  —  D0e~  ° '  B 
in  units  of  nearest-neighbor  hops  per  unit  time.  In  our  model  [10]  a  monomer  becomes  stable  when 
it  has  at  least  2  nearest-neighbors,  so  that  the  critical  island  size  i  depends  on  both  the  underlying 
lattice  and  2  (see  Fig.  1).  For  atoms  which  have  0  <  n  <  2  nearest-neighbor  surface  atoms,  we 
assume  that  the  activation  energy  for  diffusion  is  given  by  En  so  that  the  relative  diffusion  rate  is 
given  byrn  =  Dn/D  =  e~AEn/kBT  where  AEn  =  En-Ea.  In  order  to  study  the  effects  of  edge- 
diffusion  on  island  morphology  we  have  also  included  an  additional  parameter  re  =  e  *■/  B 
corresponding  to  diffusion  of  atoms  with  one-nearest  neighbor  (i.e.  “one-bond  diffusion”)  along 
the  edge  of  an  island.  By  varying  r„,  re,  and  2  and  studying  various  lattices,  we  have  studied  the 
island-size  distribution,  density,  and  morphology  for  i  —  0, 1, 2  and  3. 


Tsland-Size  Distribution  for  i  =_0 

The  case  of  a  critical  island  size  of  zero  corresponds  to  deposition  in  the  presence  of  impurities 
or  surfactants  which  lead  to  heterogenous  nucleation.  This  case  has  also  recently  been  studied 
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a  n 

i  =  2  i  -  3 


Fig.  1:  Diagram  showing  stable  island  configurations  for  different  critical  island  sizes 
i  =  0  to  3.  The  case  z  =  1  corresponds  to  i  =  1  on  any  lattice,  while  z  =  2  corresponds 
to  i  —  2  and  3  on  triangular  and  square  lattices  respectively.  Also  shown  is  the  case  i  —  0 
which  corresponds  to  freezing  of  monomers. 

experimentally  by  Chambliss  and  Johnson  [11]  in  Fe/Cu(100)  deposition.  In  this  experiment, 
isolated  Fe  atoms  which  have  been  deposited  on  a  Cu(100)  surface  spontaneously  embed  into 
the  surface  and  form  stable  islands.  To  simulate  this  case,  we  have  studied  a  model  in  which 
monomers  spontaneously  ‘freeze’  and  form  stable  islands  at  a  rate  given  by  Rs  —  r3D,  where 
rs  =  e~AE“/kBT  corresponds  to  the  extra  activation  energy  beyond  that  for  normal  diffusion.  In 
addition,  any  monomers  which  become  nearest-neighbors  of  an  embedded  island  are  immediately 
added  irreversibly  to  the  embedded  island.  Fig.  2  shows  our  simulation  results  for  the  island  size 
distribution  scaling  function  for  rs  =  10-3  -  10“5  and  $  =  0.06  -  0.3  as  well  as  various  values  of 
D/F.  The  island-size  distribution  scaling  function  /0  is  essentially  independent  of  the  embedding 
probability  ratio  rs  as  well  as  D/F  over  all  coverage.  As  expected  from  our  conjecture  for  the 
small  u  behavior  of  fi(u),  the  island-size  distribution  scaling  function  in  this  case  is  non-zero  at 
u  =  0.  In  addition,  the  scaling  function  looks  quite  similar  to  that  obtained  in  the  experiment.  As 
observed  in  experiment,  we  also  find  very  weak  or  essentially  no  dependence  of  the  peak  island 
density  on  D/F  corresponding  to  xo  =  0.  We  also  find  that  N  scales  a s  N  ~  rfs  with ~  1/2, 
in  agreement  with  the  predictions  of  the  point-island  rate  equations  [11]  for  i  =  0  although  the 
coverage  dependence  of  N  is  quite  different  from  the  point-island  model  prediction.  Thus,  a 
measurement  of  the  temperature-dependence  of  the  island  density,  may  allow  the  determination  of 
the  the  activation  energy  difference  A Es  between  that  for  monomer  embedding  and  for  diffusion 
in  this  case. 

Island-Size  Distribution  for  i  =  1 


Our  results  for  the  asymptotic  (large  D/F)  scaled  island-size  distribution  for  the  case  of  fractal 
islands  with  i  =  1  are  shown  in  Fig.  3(a)  along  with  experimental  results  [12]  for  Fe/Fe(100)  at 
low  temperature  and  our  analytical  form  (4).  As  can  be  seen  there  is  very  good  agreement  between 
our  simulation  results  and  our  analytical  form  as  well  as  with  the  Fe/Fe(100)  experimental  results. 
Similar  results  have  also  been  obtained  from  simulations  on  a  triangular  lattice  with  i  =  1  [  10].  Our 
results  [5], [10]  indicate  that  the  linear  behavior  of  the  island-size  distribution  scaling  function  at 
small  u~s/S  extends  to  lower  and  lower  u  with  increasing  D/F,  even  at  relatively  low  coverage. 
Thus,  in  the  asymptotic  limit  of  large  D/F,  we  find  linear  behavior  for  fi(u)  as  predicted  by  our 
conjecture  and  good  agreement  with  our  analytical  form. 


152 


Fig.  2:  Island  size  distribution  scaling  function  f0(u)  from  simulations  on  a  square 
lattice  for  i  =  0  with  rs  —  10-3  (triangles),  10~4  (circles)  and  10“5  (diamonds)  with 
R  >  109.  Inset  shows  log-log  plot  of  maximum  island  density  Nm  versus  relative 
embedding  probability  rs.  Dashed  line  fit  has  slope  equal  to  0.48. 


We  have  also  studied  the  island-size  distribution  for  compact  islands  on  a  square-lattice  with 
i  =  1  by  including  a  significant  amount  of  one-bond  edge-diffusion  in  our  simulations.  Fig.  3(b) 
shows  the  scaled-island  size  distribution  for  large  D/F  in  this  case  for  three  different  values  of  9 
in  the  aggregation  (constant  island  density)  regime,  along  with  our  analytical  form  (4).  As  can  be 
seen,  while  there  is  good  agreement  with  our  analytical  form  beyond  the  peak  of  the  distribution,  for 
small  u  the  agreement  is  not  so  good,  and  in  particular  one  has  /i  (0)  ^  0  in  contrast  to  the  fractal 
island  case.  Similar  behavior  has  previously  been  observed  by  Bartelt  and  Evans  [  13]  in  simulations 
in  which  the  islands  were  forced  to  grow  in  a  square  (spiral)  fashion  in  order  to  mimic  the  very  fast 
edge-diffusion  limit.  Thus,  the  asymptotic  scaled  island-size  distribution  for  the  compact  case  with 
i  —  l  appears  to  be  somewhat  different  (and  more  complicated)  than  for  the  fractal  case,  although 
with  increasing  coverage,  the  compact  distribution  appears  to  approach  the  fractal  distribution  and 
our  analytic  form.  Interestingly,  the  experimental  distribution  for  Fe/Fe(100)  appears  to  show  better 
agreement  with  the  fractal  scaled  distribution  than  with  the  compact  one  for  u  <  1,  even  though  in 
the  experiment  the  islands  are  compact  (square).  This  is  most  likely  due  to  the  enhanced  diffusion  of 
small  clusters  with  increasing  temperature  (due  in  part  to  edge-diffusion)  which  leads  to  a  depletion 
in  the  number  of  small  islands.  It  is  interesting  to  compare  the  value  of  /i  (0)  from  our  simulations 
with  that  obtained  from  the  point-island  model.  From  our  simulations,  one  finds  in  the  asymptotic 
limit  for  9  =  0.12  —  0.3,  fi  (0)  ~  0.25  —  0.16,  which  may  be  compared  with  the  point-island  model 
prediction  /i(0)  =  l/(i  +  2)  =  1/3. 
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Fig.  3:  Island-size  distribution  scaling  function  fi(u)  for  2  =  1.  (a)  Fractal  Case.  Open 
symbols  correspond  to  simulation  results  on  square-lattice  with  R  =  1010,  ri  =  re  =  0 
and  0  =  0.1  (squares),  0.2  (triangles),  and  0.3  (circles).  Completely  filled  symbols 
correspond  to  experimental  results  [12]  at  T  =  20  C  (circles),  108  C  (squares),  132  C 
(diamonds),  163  C  (triangles),  and  207  C  (inverted  triangles).  Solid  line  is  Eq.  4  for 
2  =  1.  (b)  Compact  Case.  R  =  1010  and  r(i  =  0.0001. 

Island-Size  Distribution  for  i  =  2 

The  case  2  =  2  was  studied  using  a  simple  model  [10]  on  a  triangular  lattice  in  which  any  atom 
with  two  or  more  nearest-neighbors  is  irreversibly  ‘frozen’  (i.e.  z  =  2)  so  that  the  minimal  stable 
island  is  a  trimer,  while  the  additional  activation  energy  A E\  for  an  atom  which  has  only  one  bond 
was  taken  to  be  finite.  Fig.  4(a)  shows  our  simulation  results  for  the  island-size  distribution  scaling 
function  for  i  =  2  with  D/F  =  107  -  108, 0  =  0.1  -  0.4  for  n  =  0.003  -  1.  As  can  be  seen  there 
is  very  good  agreement  with  our  analytic  result  (4)  for  the  scaled  island-size  distribution,  and  in 
contrast  to  the  point-island  prediction  for  i  =  2,  the  scaled  island-size  distribution  clearly  goes  to 
0  at  u  —  0.  A  fit  to  the  small-u  behavior  (not  shown)  [14]  gives  fziu)  ~  u2  05  in  agreement  with 
our  conjecture  that  fi(u)  ~  u\ 

Island  Morphology  for  i  =  2 

From  a  comparison  of  simulations  without  edge-diffusion  [10],  we  find  that  deposition  with 
2  =  2  on  a  triangular  lattice  corresponds  to  fractal  islands  which  have  significantly  fatter  arms 
than  for  2  =  1.  Thus,  the  existence  of  one-bond  detachment  may  provide  a  partial  explanation 
[9],[10],[15]  of  the  fat  fractal  islands  observed  in  room  temperature  Au/Ru(0001)  deposition  [16]. 
A  careful  study  of  the  island  morphology  in  room  temperature  Au/Ru(0001)  deposition  indicates 
that  edge-diffusion  is  also  significant.  To  mimic  this,  we  have  added  a  significant  amount  of 
one-bond  edge-diffusion  as  well  as  a  small  amount  of  two-bond  detachment  in  our  simulations 
[9].  Fig.  4(b)  shows  the  results  of  our  simulations  at  an  island  density  slightly  higher  than  in  the 
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experiment  and  a  coverage  9  —  0.37.  As  can  be  seen,  the  island  morphology  and  arm  thickness  are 
now  quite  similar  to  what  is  observed  experimentally.  Although  we  have  included  a  small  amount 
of  two-bond  detachment,  the  critical  island  size  is  still  i  —  2  so  that  the  island  density  still  scales  as 
N  ~  ( D/F)~° -5.  We  note  however,  that  the  flux  dependence  of  the  island  density  for  Au/Ru(0001) 
indicates  that  the  critical  island  size  is  actually  larger  than  2,  possibly  due  to  enhanced  two-bond 
detachment  from  small  islands.  Therefore,  further  work  will  be  needed  to  fully  understand  this 
case. 


Fig.  4:  (a)  Island-Size  distribution  for  i  =  2.  Simulation  results  (open  symbols)  are  for 
R  =  107  -  108,  re  =  0  and  n  —  0.003  -  1  on  a  triangular  lattice  with  9  =  0.1  —  0.4. 
Solid  line  is  Eq.  4  for  i  =  2.  (b)  Morphology  of  islands  formed  on  triangular  lattice  with 
R  =  1011,  n  =  10”4,  r2  =  10-8,  and  re  =  10-2  (system  size  L  —  600)  at  9  =  0.37. 


Island-Size  Distribution  for  i  —  3 

The  case  i  —  3  has  been  suggested  as  the  critical  cluster  size  for  Fe/Fe  (100)  deposition  at 
elevated  temperatures  [12].  In  this  case  the  minimal  stable  configuration  is  a  tetramer  and  in  order 
to  determine  the  island-size  distribution  we  have  studied  a  model  with  r i  ^  0  and  z  =  2  on  a 
square  lattice.  We  note  that  in  this  case  the  islands  tend  to  be  compact,  even  without  significant 
edge-diffusion,  since  the  requirement  that  only  atoms  with  two  bonds  do  not  detach  leads  to  compact 
islands  on  a  square  lattice  [17].  Figure  5(a)  shows  our  results  for  the  island-size  distribution  scaling 
function  for  a  range  of  values  of  R  =  D/F  and  r\  both  with  and  without  edge-diffusion.  The 
simulation  results  cover  a  wide  range  of  coverages  including  9  ~  0.07  for  which  the  island-size 
distribution  was  measured  for  Fe/Fe(100).  Also  shown  are  experimental  results  for  the  scaled 
island-size  distribution  for  Fe/Fe(100)  deposition  at  T  =  301  C  and  T  =  356  C  as  well  as  our 
analytical  expression  (4)  for  fs(u)  with  C3  =  3.239  and  03  =  0.3086.  As  can  be  seen,  there  is 
very  good  agreement  between  our  simulation  results  and  the  analytical  form  (4)  as  well  as  with 
the  experiments.  This  confirms  that  i  =  3  is  the  critical  island  size  at  elevated  temperatures  for 
Fe/Fe(100)  deposition. 
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Fig.  5:  Results  for  i  =  3.  (a)  Island-Size  distribution.  Simulation  results  on  a  square 
lattice  (open  symbols)  for  0  =  0.06  —  0.3  with  R  =  5  x  109  —  1011,  r\  —  10“6  —  10-4, 
with  and  without  edge  diffusion.  Filled  symbols  are  experimental  results  for  Fe/Fe(100) 

[15]  at  T  =  301  C  (diamonds)  and  T  =  356  C  (circles).  Solid  line  is  Eq.  4  for  i  =  3.  (b) 

Plot  of  crossover  scaling  function  /13. 

Crossover  Scaling  as  a  Function  of  Temperature  and  Deposition  Rate 

We  have  also  studied  the  scaling  of  the  island  density  N  with  D/F  for  i  —  2  and  3  and  find 
reasonable  agreement  with  the  rate  equation  prediction  Xi  =  i/(i+ 2).  For  example,  for  simulations 
on  a  square-lattice  with  large  D /F  and  finite  n  and  island  densities  in  the  range  of  those  observed  for 
Fe/Fe(001)  at  high  temperature,  we  find  N  ~  (D / F)~0  58r^13  with  0 13  ~  0.33  [10].  However, 
for  smaller  D/F  or  very  small  7*1,  we  find  a  crossover  to  xi  =  1/3  corresponding  to  i  =  1.  This 
implies  the  crossover  scaling  form, 


N  ~  R-^Mrl^R)  (5) 

where  /i3(iz)  ~  constant  for  u  «  1  and  fiz{u)  ~  u-4/15  for?z  »  1.  A  scaling  plot  of  this  form 
for  D/F  —  2  x  109  -  2  x  1011  and  n  =  10-6  - 10“4  is  shown  in  Fig.  5(b).  We  note  that  the  result 
013  =  1/3  disagrees  with  the  prediction  </>i3  =  2/5  based  on  the  Walton  relation  coupled  with  the 
point-island  rate  equations  [9].  A  similar  scaling  form  for  the  crossover  from  i  =  1  to  i  =  2  has 
also  been  found  with  0 12  =  1/4  [10], [14], 

Our  results  for  the  island  density  may  be  used  (along  with  experimental  values  of  the  island- 
density  and  D/F  at  T  =  356  C  obtained  in  Ref.  [17]  )  to  estimate  the  activation  energy  A£?i 
for  “one-bond”  detachment  in  Fe/Fe(100).  We  find  A£?i  ~  0.6  eV.  These  results  also  yield  a 
prediction  of  the  ratio  m  =  (X3-Ea  +  0i3A£a)/xi-E!o  of  the  slope  in  the  high-temperature  (i  =  3) 
region  to  the  slope  in  the  low- temperature  (i  =  1)  region  in  the  semilog  plot  of  log(N)  versus 
l/T  for  Fe/Fe(100)  which  is  in  good  agreement  with  that  obtained  in  Ref.  [12].  Using  the  value 
of  Ea  —  0.45  eV  determined  in  Ref.  [17]  and  our  values  for  0 13  and  AE\  we  obtain  m  =  3.14 
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in  good  agreement  with  the  experimental  value  3.27.  The  crossover  scaling  function  /13  can  also 
be  used  along  with  our  estimate  for  A Ex  and  the  previously  estimated  values  of  D0  and  Ea  [17], 
to  estimate  the  transition  temperature  Tx  from  i  =  1  to  i  =  3  behavior.  Using  the  experimental 
value  F  =  0.0115  ML/sec,  and  taking  r\/A{D/F)  =  200  as  the  criterion  for  the  onset  of  deviations 
from  i  —  1  behavior  and  r\^A{D/F)  =  5000  as  the  criterion  for  full-blown  i  —  3  behavior,  we 
obtain  Tx  =  260  -  300  C.  This  is  in  excellent  agreement  with  the  experimental  observation  [12]  of 
deviations  in  the  island-size  distribution  from  i  —  1  behavior  at  T  =  250  C  and  of  good  agreement 
with  our  i  =  3  simulations  and  analytical  form  for  the  island-size  distribution  at  T  —  301  C. 

Acknowledgements 

This  work  was  supported  by  National  Science  Foundation  grant  DMR-9214308  and  by  the 
Office  of  Naval  Research.  Part  of  this  work  was  carried  out  using  the  computational  facilities  of 
the  Cherry  L.  Emerson  Center  for  Scientific  Computation  at  Emory  University. 

REFERENCES 

1.  J.A.  Venables,  Philos.  Mag.  27,  697  (1973).  J.  A.  Venables,  G.D.  Spiller,  and  M.  Hanbucken, 
Rep.  Prog.  Phys.  47,  399  (1984). 

2.  S.  Stoyanov  and  D.  Kashchiev,  in  Current  Topics  in  Materials  Science ,  edited  by  E.  Kaldis 
(North-Holland,  Amsterdam,  1981),  Vol.  7,  pp.  69-141. 

3.  F.  Family  and  P.  Meakin,  Phys.  Rev.  Lett.  61,  428  (1988) ;  Phys.  Rev.  A  40,  3836  (1989). 

4.  M.C.  Bartelt  and  J.W.  Evans,  Phys.  Rev.  B  46,  12675  (1992). 

5.  J.G.  Amar,  F.  Family,  amd  P.-M.  Lam,  in  Mechanisms  of  Thin  Film  Evolution,  MRS 
Symposia  Proceedings  No.  317  (Materials  Research  Society,  Pittsburgh,  1994),  p.  167  ;  Phys. 
Rev.  B  50,  8781  (1994). 

6.  M.  von  Smoluchowski,  Z.  Phys.  Chem.  17,  557  (1916).;  ibid,  92, 129  (1917). 

7.  D.  Walton,  T.N.  Rhodin,  and  R.W.  Rollins,  J.  Chem.  Phys.  38,  2698  (1961). 

8.  J.W.  Evans  and  M.C.  Bartelt,  J.  Vac.  Sci.  Technol.  A  12,  1800  (1994). 

9.  F.  Family  and  J.G.  Amar,  Mat.  Sci.  and  Eng.  B  (Solid  State  Mat.),  (to  be  published,  1994). 

10.  J.G.  Amar  and  F.  Family,  submitted  to  Physical  Review  Letters. 

11.  D.D.  Chambliss  and  K.E.  Johnson,  Phys.  Rev.  B  50,  5012  (1994). 

12.  J.A.  Stroscio  and  D.T.  Pierce,  Phys.  Rev.  B  49,  8522  (1994). 

13.  M.C.  Bartelt  and  J.W.  Evans,  Surf.  Sci.  298, 421  (1993). 

14.  J.G.  Amar  and  F.  Family,  submitted  to  Physical  Review  B. 

15.  Z.  Zhang,  X.  Chen,  and  M.G.  Lagally,  Phys.  Rev.  Lett.  73, 1829  (1994). 

16.  R.Q.  Hwang,  J.  Schroder,  C.  Gunther,  and  R.J.  Behm,  Phys.  Rev.  Lett.  67, 3279  (1991);  R.Q. 
Hwang  and  R.J.  Behm,  J.  Vac.  Sci.  Technol.  B  10,  256  (1992). 

17.  C.  Ratsch,  A.  Zangwill,  P.  Smilauer,  and  D.D.  Vvedensky,  Phys.  Rev.  Lett.  72, 3194  (1994). 

18.  J.A.  Stroscio,  D.T.  Pierce,  and  R.A.  Dragoset,  Phys.  Rev.  Lett.  70,  3615  (1993). 


157 


DYNAMIC  SCALING  IN  ELECTROCHEMICAL  DEPOSITION 


Hiroshi  IWASAKI ,  Atsushi  IWAMOTO,  Koichi  SUDOH 
AND  TatSUO  YOSHINOBU 

The  Institute  of  Scientific  and  Industrial  Research, 

Osaka  University,  8-1  Mihogaoka,  Ibaraki,  Osaka  567,  Japan 


ABSTRACT 

Static  and  dynamic  scaling  behavior  in  copper  electrochemical 
deposition  in  the  stable  growth  condition  (non-bulk  fractal 
growth)  was  studied  by  atomic  force  microscopy  and  numerical  sim¬ 
ulation.  We  found  two  distinct  scaling  regimes  with  roughness 
exponent  a  of  0.6  and  0.87+0.05  corresponding  to  the  concentra¬ 
tions  of  the  "brightener"  organic  additive  higher  and  lower  than  1 
mG/G ,  respectively.  The  rms  surface  width  of  the  whole  measured 
area  of  the  surfaces  in  the  former  regime  was  smaller  than  that  in 
the  latter  regime.  For  the  latter  rougher  surface,  we  observed 
dynamic  scaling  behavior  for  longer  length  scales  as  well  as  the 
stationary  scaling  behavior  for  shorter  length  scales:  surface 
width  did  not  further  increase  with  linear  size  of  the  area  for 
longer  length  scales  than  a  characteristic  correlation  length  and 
increased  as  a  power  of  deposition  time  with  the  dynamic  exponent 
/?  of  0.45.  The  sum  of  a  +  ( a  /  /? )  was  larger  than  the  value  ex¬ 
pected  for  KPZ  local  growth,  2 .  This  was  understood  that  in  elec¬ 
trochemical  deposition  there  is  enhancement  of  growth  at  protru¬ 
sions  owing  to  non-local  Laplacian  field  effect.  The  smoother  ( a 
=0.6)  and  the  rougher  (0.87)  surfaces  were  reproduced  by  numerical 
solutions  of  KPZ  +  (the  growth  term  proportional  to  height)  for 
the  shorter  and  the  longer  growth  times,  respectively.  Bifurcation 
of  the  surface  morphology  is  understood  as  a  result  of  decrease  of 
weight  of  the  additional  term  owing  to  increase  of  the  additive. 


INTRODUCTION 

A  growth  generates  rough  surfaces  in  many  cases  [1-3]  .  Accord¬ 
ing  to  Family  and  Vicsek  [1]  and  others  [2],  roughness . of  compact 
growing  films  on  flat  substrates  often  exhibits  scale  invariance. 
Then,  the  rms  surface  width  W  increases  as  a  power  of  linear  size 
L  with  the  roughness  exponent  a  for  the  shorter  length  scales  and 
saturate  at  the  correlation  length  Lc.  The  scaling  is  stationary 
but  the  saturated  value  increases  as  a  power  of  growth  time  with 
the  exponent  /?  .  That  is 
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W  (L,  t)  oc  L* 

W  (L,  t)  =  A  (t)  oc  t 


(la) 

(lb) 


for  L  «  Lc  , 
p  for  L  »  Lc  , 

where  Lc=t1/Z  and  Z=  a  /  /?  .  This  is  caused  by  random  processes  such 
as  particle  deposition  which  inevitably  take  part  in  the  growth. 

It  is  interesting  why  and  how  random  addition  of  very  small  parti¬ 
cles  to  the  growing  surface  in  a  particular  manner  results  in 
universally  scaled  roughness. 

To  study  kinetic  roughening,  it  is  important  to  investigate  the 
time  dependent  scaling  of  the  surface.  There  have  been,  however, 
very  few  experimental  studies  of  dynamic  scaling  [4,5].  In  this 
paper  we  study  dynamic  scaling  in  electrochemical  copper  deposi¬ 
tion  in  stable  growth  mode  by  experiment  and  simulation.  Electro¬ 
chemical  deposition  is  suited  for  kinetic  roughening  study  because 
the  growth  conditions  are  well  controllable. 

Roughening  in  electrochemical  deposition  is  widely  studied  both 
from  academic  and  technological  points  of  view  [4-13] .  Study  of 
fractal  growth  in  the  diffusion  limited  growth  regime  described 
below  is  intensively  studied  but  roughening  in  stable  mode  which 
is  of  technological  importance  has  scarcely  been  studied. 


KINETIC  ROUGHENING  IN  ELECTROCHEMICAL  DEPOSITION 

In  electrochemical  deposition,  reacting  cations  (metal  ions) 
get  electrons  and  stick  to  the  cathode  electrode  and  their  concen¬ 
tration  is  reduced  from  the  bulk  concentration  to  form  the  bound¬ 
ary  layer.  The  cations  distribute  according  to  convection  and 
diffusion  outside  and  inside  of  the  boundary  layer,  respectively. 
Electromigration  can  be  neglected  for  usual  conductive  solutions 
with  supporting  electrolyte.  Air  bubbling  enhances  convection  and 
makes  the  boundary  layer  thinner. 

Stability  of  flat  surface  growth  in  electrochemical  deposition 
has  been  studied  [9,12,13].  With  increasing  current  density,  con¬ 
centration  of  cations  becomes  eventually  zero  everywhere  at  the 
surface  and  the  current  is  limited  by  diffusion  of  the  cations. 
Thus,  at  higher  currents  near  the  limiting  current,  the  growth  is 
governed  by  diffusion-limited  non-local  mechanism  to  produce  rough 
patterns  such  as  dense-branching  morphology  and  dendrites  [7- 
10,14]  . 

At  lower  current  densities  in  the  so  called  Tafel  regime,  where 
we  performed  the  present  electrodeposition,  the  growth  instability 
is  weak  for  length  scales  shorter  than  A  e  -  D  and  the  growth  rate 
is  given  in  the  steady  state  as  follows  [9,15], 

^  *  r^-(h(r)-<h(r)>A)  ,  (2a) 

(71  Kq  *"  U 
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D,  C0  and  Cs  are  boundary  layer  thickness,  concentrations  of  the 
cations  outside  of  the  boundary  layer  and  at  the  surface,  respec¬ 
tively,  and  h(r)  is  height  of  the  interface  measured  from  the  plane 
averaged  over  the  whole  measured  area  moving  at  constant  growth 
velocity  V  and  <h(r)>A  is  average  over  the  local  area  of  length 
scale  A  which  is  of  the  order  of  smaller  one  of  D  and  Because 

of  this  averaging  over  the  area,  the  growth  term  given  by  eq.  (2) 
is  non-local. 

The  stability  analyses  of  growth  do  not  take  into  account  ran¬ 
dom  processes  such  as  particle  deposition  and  nucleation.  To  take 
the  random  process  into  account,  one  uses  Langevin  equation  such 
as  KPZ  equation  [16] .  In  this  model,  the  interface  growth  is  de¬ 
scribed  as 

=YV2h(r)+^Vh(r))2+T|(r,t)  ,  (3) 

3t  2 

where  the  first  term  on  the  right-hand  side  describes  relaxation 
of  the  interface  by  a  surface  tension  y  .  The  second  term  is  includ¬ 
ed  to  describe  lateral  growth,  i.e.  equal  growth  velocity  v  normal 
to  local  surface.  The  noise  Tl(r,t)  has  a  Gaussian  distribution.  To 
simulate  electrochemical  deposition,  we  start  from  the  limiting 
local  KPZ  equation  and  add  the  non-local  growth  term  that  appeared 
in  the  continuum  growth  eq.  (2) . 

Nucleation  and  anisotropic  crystal  growth,  if  they  exist,  would 
affect  surface  topology  and  apparent  scaling  behavior  [12]  .  On 
larger  length  scale  than  nuclei  size,  we  can  consider  them  as 
elemental  particles.  Because  faceting  is  not  observed  in  the 
present  Cu  deposit  films  (see  Fig.  1  below),  we  neglect  the  effect 
of  anisotropic  crystal  growth  on  the  present  kinetic  surface  rough¬ 
ening. 

In  ballistic  deposition  model  which  is  believed  to  belong  to 
the  KPZ  universality  class,  extended  surface  migration  of  sticking 
particles  and  relaxation  after  addition  do  not  take  place  and  thus 
it  is  called  non-volume  conservative  growth  while  MBE  growth  is 
called  conservative  growth  [17,18].  Copper  electodeposition  is 
also  non-volume  conservative:  copper  electrodeposit  films  are 
usually  annealed  in  boiling  water  to  stabilize  their  mechanical 
and  electrical  properties. 


EXPERIMENTAL  AND  SIMULATION 


In  this  paper,  we  investigate  dynamic  scaling  behavior  of  cop¬ 
per  growth  in  a  CuS04  solution  at  slow  rates  under  stable  growth 
conditions  similar  to  those  of  standard  electroplating  [12,13]. 
Copper  was  electrodeposited  on  copper  plates  in  an  acid  copper 
sulfate  solution  (  0.30M  CuS04  *  5H20  /  1.2M  H2S04  )  .  The  copper  plat¬ 
ing  bath  was  stirred  with  air  bubbles  during  electrodeposition. 
Electrodeposition  was  carried  out  for  various  deposition  time 
(l-60min)  at  room  temperature  at  several  current  densities  (1.2  - 
4.8  xlO"2A/cm2)  .  The  current  density  of  2 . 4xlO“2A/cm2  corresponds  to 
deposition  rate  of  0.5jim/min.  Some  samples  were  grown  in  solutions 
containing  0.5  -  10  mP/P  of  organic  additive  "Copper  Gleam  PCM"  as 
the  brightener  (a  sulfonium-alkane-sulfonate-type  additive  [11], 
LeaRonal,  NY) .  The  standard  concentration  is  5  -  10  mP/P  . 

Atomic  force  microscopy  (AFM)  was  employed  to  measure  the  rough¬ 
ness  of  the  copper  surface.  AFM  is  capable  of  measurement  of  sur¬ 
face  topograph  not  only  with  high-resolution  but  also  for  wide 
areas,  and  thus,  is  suitable  for  scaling  analysis:  the  dynamic 
range  of  length  scale  is  lnm  ~  lOOj^n.  The  AFM  measurements  were 
carried  out  in  air  with  constant-force  of  5.0X10_9N.  We  performed 
measurements  on  a  variety  of  area  sizes,  i.e.,  5X5,  20X20,  and  50- 
X50  (im2.  In  each  measurement,  the  height  data  were  acquired  at  a 
resolution  of  256X256  or  512x512  pixels.  The  interface  width  is 
calculated  by 

1  N(L) 

W(L)=[N(Ljs  OUj-ML))2]1'2  -  <4> 

where  N(L)  is  the  total  number  of  surface  sites  of  a  surface  of 
size  L,  hlf}  is  the  distance  of  the  i,  j  surface  site  from  the  sub¬ 
strate  and  hav(L)  is  average  over  the  surface  of  size  L.  For  each 
measurement,  we  canceled  the  sample  mounting  error  by  putting  the 
average  over  the  whole  measured  area  of  h1>;)  along  the  every  i(j)-th 
line  is  equal  [19].  A  series  of  W (measured  size/2n)  (n:  integer) 
are  calculated  for  the  4n  divided  surfaces  of  the  whole  surface  for 
each  measurement  except  for  those  for  n=l~3  which  may  be  underesti¬ 
mated  by  the  error  canceling  procedure. 

Deposits  are  also  grown  by  computer  using  the  numerical  solu¬ 
tion  method  [20]  :  the  KPZ  terms  and  those  with  the  additional  term 
(eq.(2))  were  solved  numerically  for  256x256  lattice  points  [21]. 


RESULTS  AND  DISCUSSIONS 

Figure  1  (a)  and  (b)  show  50x50|lm2  AFM  topographs  of  the  cop¬ 
per  electrodeposits  for  the  samples  grown  for  1  hour  without  and 
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with  10  m?/8  organic  additive,  respectively.  It  is  clear  that  the 
surface  roughness  depends  strongly  on  the  concentration  of  the 
organic  additive;  note  that  the  vertical  scale  of  Fig.  1  (b)  is 
expanded  by  about  20  times  than  that  of  (a).  In  Fig.  1(a),  humps 
of  various  heights  and  sizes  are  present. 


(a) 


(b) 


Fig.  1  AFM  topographs  of  the  copper  electrodeposits 
grown  for  1  hour  at  2 . 4xlO_2A/cm2  :  (a)  without  and  (b) 
with  10  ml/ 1  organic  additive.  The  vertical  scale  is 
greatly  expanded  in  (b) . 


Figure  2  shows  the  dependence  of  the  surface  width  W  on  the  size 
of  the  surface  L  calculated  for  several  measured  topographs  of 
different  sizes  for  the  samples  grown  for  1  hour  at  2 . 4xlO_2A/cm2 
with  various  additive  concentrations. 

It.  is  clear  from  Fig.  2  that  the  copper  electrodeposits  exhibit 
two  distinct  scaling  regimes  depending  on  the  concentrations  of 
the  organic  additive;  the  roughness  exponents  have  the  smaller 
(0.6±0.05)  and  the  larger  (0.87  +  0.05)  values  for  concentrations 
of  the  organic  additive  higher  and  lower  than  1  mC/C ,  respectively. 
The  scaling  is  universal  in  each  regime  for  some  range  of  additive 
concentrations. 
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Fig.  2  Interface  width  W  vs.  surface  size  L  for  the 
samples  grown  for  1  hour  at  2.4x10  2A/cm  with  various 
additive  concentrations.  Solid  lines  of  slopes  0.6  and 
0.87  are  drawn  as  guides  to  the  eye. 


Figure  3  shows  the  interface  width  W(L,t)  of  electrodeposited 
copper  for  l-60min  at  2 . 4xlO“2A/cm2  with  no  organic  additive.  The 
thickness  varies  from  0.5  to  30]Hm  corresponding  to  electrodeposi 
tion  time  ranging  from  1  to  60min.  For  each  deposition  time,  the 
curve  consists  of  two  regimes  separated  by  the  correlation  length 
L,  i.e.,  the  scale-dependent  region  and  the  saturated  region.  For 
LC  <  L  ,  W  increases  as  a  power  of  L,  and  the  roughness  exponent  a 
is  almost  constant  at  0.87+0.05  for  all  the  surfaces  measured. 
Furthermore,  Fig.  3  clearly  shows  that  the  scaling  in  the  shorter 
length  regime  is  indeed  stationary  after  an  initial  growth  of 
about  lmin.  The  interface  width  of  the  initial  copper  substrate 
was  smaller  than  that  of  the  deposits  by  several  orders  of  magni¬ 
tudes  on  the  measured  length  scales. 

The  saturated  value  of  the  interface  width,  A(t)  (=W  (L)  for  L 
»  L  )  increases  as  the  deposit  grows  thicker:  A(t)  depends  on  the 
deposition  time  t  as  t'  with  the  growth  exponent  /?  of  0.45  +  0.05 
[6].  Thus,  Z  is  found  to  be  1.93,  which  is  much  larger  than  1.6 
expected  for  KPZ  model.  The  correlation  length  Lc  increases  in 
accordance  with  t1/z  although  determination  of  Lc  is  somewhat  ambig¬ 
uous.  For  the  present  case,  Z  is  smaller  than  but  close  to  2  and 
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thus  the  temporal  spread  of  surface  fluctuations  Lc(t)  is  almost 
diffusive . 
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Fig.  3  The  interface  width  of  the  copper  electro¬ 
deposits  W(L,t)  versus  length  scale  L  for  electrodepos¬ 
its  grown  at  2 . 4xlO_2A/cm2  with  no  organic  additive  for 
1,  5,  15,  30,  and  60min. 


Figure  3  and  the  above  result  show  clearly  the  two  independent 
spatial  and  temporal  scalings,  shown  by  eq.  (1)  which  was  predict¬ 
ed  by  theory  and  simulation  but  until  now  lacked  detailed  exper¬ 
imental  verification.  Constant  values  of  a  and  /?  also  imply  that 
the  growth  process  is  governed  by  a  single  process  for  length 
scales  from  ~50nm  to  ~50|im  and  deposition  times  from  5  to  60min. 
Perspective  view  images  of  the  electrodeposited  copper  surfaces 
for  5,  30,  and  60min  with  anisotropically  rescaled  vertical  and 
horizontal  dimensions  (  14X14,  28X28,  and  49X49|im2,  respectively) 
in  accordance  with  the  spatial  and  the  temporal  scaling  exponents 
derived  above  do  indeed  look  like  similar  as  expected  [6] . 

The  scaling  behavior  with  a =0.87  was  also  observed  for  elec¬ 
trodeposition  with  conditions  similar  to  those  used  for  Fig.  3  but 
with  a  current  density  of  1.2  xlO"2A/cm2.  Growth  in  the  solution 
with  no  organic  additive  became  unstable  at  the  current  density  of 
4.8  xlO_2A/cm2:  bulk-fractal-like  microstructures  were  formed  for 
thicker  films . 

Now,  let  us  compare  the  observed  scaling  behavior  with  computer 
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simulation  [21]  .  Figure  4  (a)  and  <b)  show  topographs  of  KPZ 
(eq. (3) )  computer  grown  deposits  and  that  grown  by  KPZ  +  the  term 
proportional  to  h(r)  <eq.(2)),  respectively.  For  simplicity,  A  is 
taken  to  be  the  whole  a  size.  Figure  5  shows  W(L,t)  versus  length 
scale  L  for  the  computer  grown  deposits  shown  in  Fig.  4. 


(a) 


(b) 


Fig.  4  Commuter  grown  topographs  by  (a)  KPZ  and  (b) 
by  KPZ  +  (the  growth  term  proportional  to  height) . 


Scale 


Fig.  5  The  interface  width  W(L,t)  of  the  computer 
grown  deposits  shown  in  Fig.  4  vs.  length  scale  L. Solid 
lines  of  slopes  0.4  and  0.87  are  drawn  as  guides  to  the 
eye . 
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In  the  case  of  KPZ  growth,  the  value  of  the  exponent  a  is 
close  to  0.4  [20]  and  is  quite  insensitive  to  the  parameters  such 
as  surface  energy  and  the  exponent  of  the  second  term  of  the  right 
hand  side  of  eq.  (3) .  In  the  case  of  KPZ  +  (the  growth  term  propor¬ 
tional  to  height)  growth,  the  surface  morphology  is  KPZ  like  and 
the  exponent  a  is  around  0.6  for  a  certain  initial  period  and  then 
humps  emerge  and  the  exponent  jumps  to  about  0.85  and  after  that 
it  increases  slightly.  It  needs  more  detailed  computations  to  see 
how  the  structures  change  after  much  longer  times  and  depend  on 
averaging  area  size.  The  rounded  humps  observed  on  copper  electro¬ 
chemical  deposits  with  less  organic  additive  look  similar  to  the 
computer  grown  morphology. 

The  term  proportional  to  height  enhances  vertical  growth  like 
auto-catalytic  reaction:  higher  growth  fronts  makes  those  heights 
higher.  Enhanced  vertical  growth  of  protrusions  and  successive 
lateral  growth  and  surface  energy  induced  rounding  are  considered 
to  lead  to  the  characteristic  rounded  humps  of  the  rougher  surfac¬ 
es.  Bifurcation  of  the  surface  morphology  is  understood  as  a  re¬ 
sult  of  decrease  of  weight  of  the  additional  term  owing  to  in¬ 
crease  0f  the  additive.  The  critical  condition  of  the  bifurcation 
may  be  where  height  growth  is  smoothed  out  by  surface  energy  and 
random  noise  before  the  auto-catalytic  enhancement  takes  place. 

SUMMARY 

We  investigated  kinetic  roughening  of  copper  surfaces  during 
stable  electrochemical  deposition.  There  were  two  distinct  scaling 
regimes,  the  overall  smoother  surface  with  roughness  exponent  a  of 
0.6  and  the  rougher  one  with  0.87 ±0.05  for  the  concentrations  of 
the  organic  additive  higher  and  lower  than  1  m(J/(! ,  respectively. 

The  exponent  and  surface  topograph  of  the  former  surface  were 
similar  to  those  expected  for  KPZ  model.  For  the  rougher  surface, 
the  surface  width  scaled  with  length  scale  L  as  W  ~  L0,87  for  short¬ 
er  length  scales,  and  then  saturated  at  the  value  which  scaled 
with  time  as  tf  ( /?  =0 . 45±0 . 05)  .  Formation  of  the  smoother  and  the 
rougher  surfaces  were  reproduced  by  numerical  solutions  of  KPZ  + 
(the  growth  term  proportional  to  height)  for  the  shorter  and  the 
longer  growth  times,  respectively.  The  latter  growth  was  character¬ 
ized  by  survival  of  bigger  particles  as  a  result  of  non-local 
growth  effects  in  addition  to  the  local  KPZ  growth. 

ACKNOWLEDGMENT 

The  authors  acknowledge  helpful  discussions  with  E.  D.  Wil¬ 
liams,  N.  Bartelt  and  N.  Akutsu  and  J.  Sato,  H.  Matsuda,  and  A. 
Ikeda  at  Asahi  Chemical  Industry  Co.  Ltd.  This  work  was  supported 
by  a  Grant-in-Aid  for  Scientific  Research  (contract  No.  04452092) 
from  the  Ministry  of  Education,  Science  and  Culture.  One  of  the 


167 


authors  (H.  I.)  received  financial  support  from  Yamada  Science 
Foundation. 


References 


1.  F.  Family  and  T.  Vicsek,  eds . /  Dynamics  of  Fractals  Surfaces 
(World  Scientific,  Singapore,  1991) . 

2.  J.  Krug  and  H.  Spohn,  in  Solids  Far  From  Equilibrium;  Growth, 
Morphology,  and  Defects,  ed.  C.  Godreche  (Cambridge  University 
Press,  Cambridge,  1990)  pp.  479-582. 

3.  H.  Iwasaki  and  T.  Yoshinobu,  Phase  Transitions,  to  be  pub¬ 
lished. 

4.  H.  Iwasaki  and  T.  Yoshinobu,  Phys.  Rev.  B48,  8282  (1993) . 

5.  G.  L.  M.  K.  S.  Kahanda,  X.  Zou,  R.  Farrell,  and  P.  Wong,  Phys. 
Rev.  Lett.  68,  3741  (1992)  . 

6.  A.  Iwamoto,  T.  Yoshinobu  and  Hiroshi  Iwasaki,  Phys.  Rev.  Lett. 
72,  4025  (1994) . 

7.  R.  M.  Brady  and  R.  C.  Ball,  Nature  309,  225,  (1984) . 

8.  Y.  Sawada,  A.  Dougherty,  and  J.  P.  Gollub,  Phys.  Rev.  Lett. 

56,  1260,  (1986)  . 

9.  T.  C.  Halsey,  Phys.  Rev.  A36,  3512  (1987). 

10.  P.  Garic,  D.  Barkey,  E.  B.  Jacob,  E.  Bochner,  N.  Broxholm,  B. 
Miller,  B.  Orr,  and  R.  Zamir,  Phys.  Rev.  Lett.  62,  2703, 

(1989)  . 

11.  R.  Haak,  C.  Ogden  and  D.  Tench,  Plat,  and  Surf.  Finishing  69, 
62  (1982)  . 

12.  D.  P.  Barkey,  R.  H.  Muller,  and  C.  W.  Tobias,  J.  Electrochem. 

Soc.  136,  2199,  (1989)  and  ibid.,  136,  2207,  (1989). 

13.  M.  D.  Pritzker  and  T.  Z.  Fahidy,  Electrochim.  Acta,  37,  103, 
(1992)  . 

14.  W.  W.  Mullins  and  R.  F.  Sekerka,  J.  Appl .  Phys.  34,  323 
(1963);  35,  444  (1964). 

15.  In  ref.  [9],  Halsey  analyzed  electrodeposition  without  convec¬ 
tive  transport  and  supporting  electrolyte.  Here  we  use  Hal¬ 
sey's  result  with  only  replacing  the  separation  distance  of 
the  electrodes  by  the  boundary  layer  thickness. 

16.  M.  Kardar,  G.  Parisi,  and  Y.  C.  Zhang,  Phys.  Rev.  Lett.  56, 

889  (1986). 

17.  J.  Villain,  J.  Phys.  II,  19  (1991). 

18.  Y.  L.  He,  H.  N.  Yang,  T.  M.  Lu,  and  G.  C.  Wang,  Phys.  Rev. 

Lett.  69,  3770  (1992). 

19.  T.  Yoshinobu,  A.  Iwamoto  and  H.  Iwasaki,  Jpn.  J.  Appl.  Phys. 

33,  L67  (1994) . 

20.  Jacques  G.  Amar  and  Fereydoon  Family,  Physical  Review  A,  41,  6 
(1990) . 

21.  A.  Iwamoto,  K.  Sudoh,  T.  Yoshinobu,  and  H.  Iwasaki, 
unpublished. 


168 


2-D  AND  3-D  ELECTROCONVECTION,  EXPERIMENTS  AND  MODELS. 

YFLEURY  AND  J.-N.  CHAZALVIEL. 

Laboratoire  de  Physique  de  la  Mature  Condens6e, 

CNRS,  Ecole  Polytechnique,  91128  Palaiseau,  France. 

INTRODUCTION. 

In  recent  years,  a  lot  of  work  has  been  devoted  to  electrochemical  growth  without 
supporting  electrolyte1.  A  model,  proposed  by  one  of  us2,  predicts  the  existence  of  a  positive 
space  charge  and  of  a  large  electric  field  in  the  active  zones  of  the  deposit.  This  leads  to  the 
existence  of  a  coulombic  force  on  the  liquid.  We  show  that  this  coulombic  force  triggers 
convective  vortices  in  Hele-Shaw  cells3,4,  while  it  triggers  vortex  rings  in  three-dimensional 
cells5.  We  then  couple  the  electrochemical  process  to  the  convective  flow  and  show  that,  while 
the  border  between  the  depleted  and  concentrated  zones  has  the  shape  of  an  arch  in  Hele-Shaw 
cells,  it  has  a  toroidal  shape  in  3-D.  When  many  vortex  rings  are  present,  the  border  between  the 
depleted  and  the  concentrated  solution  is  in  the  form  of  domes.  We  give  experimental  evidence  of 
the  vortex  rings.  (The  original  presentation  was  accompanied  by  a  video  movie  which  can  be 
obtained  upon  request). 

L  THE  HYDRODYNAMIC  MODEL. 

I.a  Modeling  the  force. 

In  Chazalviel’s  model2  (which  does  not  include  convection)  a  space  charge  forms  in  the 
vicinity  of  the  active  zones  of  the  deposit.  Whenever  the  deposit  morphology  is  of  filaments,  the 
space  charge  is  located  around  the  tips,  and  it  is  translated  with  them  during  growth.  For  all 
practical  purposes,  the  size  of  the  space  charge  is  very  small,  smaller  than  a  few  microns. 
Moreover,  it  has  been  shown  that  the  effect  of  an  incoming  fluid  flow  is  to  reduce  the  size  of  the 
space  charge4.  Since  the  filaments  thickness  is  generally  larger  than  100  microns,  we  may 
consider  the  space  charge  as  point-like.  Therefore,  the  force  will  appear  in  the  Navier-Stokes 
equation  as  a  delta-force.  It  can  be  shown  that  the  total  force  is  proportional  to  the  local  current  at 
the  tip,  for  a  given  size  of  the  space  charge. 

I.b.Simplifying  the  fluid  flow. 

Starting  from  the  Navier-Stokes  equation 

~  +v.Vv=vAv+  —  ♦  ^-gradP 

9t  p  p6  (1) 

We  consider  the  steady  state  only,  and  restrict  ourselves  to  “creeping  flows”,  so  we  simplify  the 
N-S  equation  and  consider  only  the  Stokes  equation7,8,  with  a  delta  force  located  in  r  at  an  active 
tip,  as  explained  earlier: 
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vAv=-—  8(r)kf^gradP 

pv  P&  (2) 

The  geometry  of  the  cell  arises  in  the  boundary  conditions.  We  shall  give  solutions  for  filaments 
in  Hele-Shaw  cells,  infinite  media,  and  in  a  spherical  cell. 

II.  SOLUTIONS  IN  A  HELE-SHAW  CELL. 

In  a  Hele-Shaw  cell  one  can  invoke  the  classical  Poiseuille  flow7’8  and  replace  the  3-D 
speed  by  an  average  in  the  direction  perpendicular  to  the  cell,  which  becomes  a  2-D  vector  <v>  : 

v(x,y,z)=  g(z)(v)(x,y)  with  g(z)=-&-z(* -z) 

s 2  (3) 

(s  is  the  spacing  of  the  cell  and  <v>  the  average  speed).  Next,  Laplacian  of  <v>  decomposes 
into  two  terms: 

-.2 

Av(x,y,z)=  g(z)Aa(v)+  (v)  g  Z 

dz2  (4) 

At  this  stage,  one  can  neglect  the  laplacian  in  the  plane,  because,  in  the  previous  equation,  it  is 
clear  that  the  variation  of  the  fluid  speed  is  much  larger  across  the  cell  (it  is  zero  on  the  plates  and 
maximum  midway)  than  in  the  plane  of  the  cell. 


1C  MU  K*iil  Ki  Khl !  il'fM 


From  now  on  we  note  v  the  2-D  vector  <v>.  If  we  neglect  the  Laplacian  of  v  in  the 
plane,  we  have 

vcurlv(x,y)  =  -  ——curl  f 

P  (5) 

This  is  basically  the  equation  of  an  irrotational  flow  or,  of  a  potential  flow7,8.  We  can  introduce 
the  streamvector  ¥,  such  that  'E=(0,0,'I'(x,y)),  and  v=curl  W,  and  obtain  the  following 
equation  for  'F  (here  x  is  parallel  to  the  elctrode,  and  y  to  the  filaments) : 

12PV  9x  ((St 


The  solution  of  this  equation  gives  the  stream  function : 

vp  _  1  S1  f  X_ 

2k  12pv  t2 


The  streamlines  (constant-  ¥  lines)  corresponding  to  this  flow  are  : 
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Figure  1.  Streamlines  near  a  tip  carrying  a  point-like  hydrodynamical  force. 


They  correspond  to  a  classical  vortex  dipole1 ,8 .  Different  solutions  can  then  be  obtained,  for 
different  growth  speeds  or  distributions  of  tips  by  linearly  superimposing  terms  analogous  to  [7] 

Il.b  Taking  into  account  the  lanlacian  in  the  plane. 

Let  us  suppose  that  we  do  not  neglect  the  Laplacian  in  the  plane,  i.e.  that  we  wish  to 

solve : 


Aco- 


(8) 


where  ©  is  the  vorticity.  As  we  see,  the  main  difference  with  the  previous  case  is  that  the 
vorticity  will  no  longer  vanish  everywhere,  because  of  the  laplacian  term  A©.  A  simple 
integration  gives : 


©(r)= 


(9) 


It  corresponds  to  a  fluid  flow  whose  vorticity  is  not  point-like,  but  spreads  over  a  core  of  very 
small  size,  namely  s/Vl2.  This  shows  that  the  presence  of  glass  plates,  in  the  Hele-Shaw  cell  is 
responsible, v/fl  the  parabolic  distribution  of  the  fluid  speed,  for  the  irrotational  nature  of  the  fluid 
flow,  and  for  the  corresponding  vortices.  If  a  more  precise  treatment  (Eqs  [8-9])  is  given,  one 
obtains  a  vorticity  which  is  merely  confined  to  a  very  small  core.  However,  in  3-D,  there  are  no 
glass  plates,  therefore,  one  should  expect  a  quite  different  fluid  flow. 

III.  SOLUTIONS  IN  THREE  DIMENSIONS. 


We  now  wish  to  solve  Eq.  [2]  inside  a  3-D  cell.  In  an  infinite  cell,  a  general  transient 
solution  is  given  by  Phillips9,  and  also  by  Saffman10;  it  is  of  a  vortex  ring  whose  size  increases 
like  (vt)1'2  This  means  that  when  one  starts  imparting  a  point-like  force  on  a  viscous  liquid,  one 
creates  a  vortex  ring  whose  size  increases  (vorticity  diffuses).  Vortex  rings  are  a  classical  and 
difficult  topic  in  hydrodynamics9'19,  especially  considering  viscous  vortex  rings.  We  shall  not 
go  into  the  intricacies  and  subtleties  of  this  subject  and  give  simply  the  steady-state  fluid  flow  in 


a  spherical  shell5  : 


v_XJxzLi__JJ  vzLi__JJ 

4tuvp\  [2R3  2r3J’  12R3  2r3l  4R3  2r3  2r 


and  the  corresponding  streamfunction  is  given  by 

,I(  f  I  t 

2(y2+z2)1/2  4R3  4R  4R3 

[with  y=(x2+y2)1/2,  r  =  (x2+y2+z2)1/2,  R=radius  of  the  sphere,  and  p=fluid  density] 
A  picture  of  the  streamlines  is : 


Figure  2.  The  streamlines  generated  by  a  point-like  force  in  a  spherical  cell  (left)  and,  for 
comparison,  in  a  circular  Hele-Shaw  cell  (right). 

There  is  a  remarkable  difference  between  the  2-D  and  the  3-D  case  :  the  vortices  do  not  merge  at 
the  tip  in  the  3-D  case  (Fig.2).  The  tip  is  point-like,  but  the  streamlines  do  not  go  through  the  tip. 
Instead,  there  is  a  vortex  ring  with  a  wide  hole.  In  principle,  in  an  infinite  medium,  the  hole  size 
increases  like  (vt)1^2.  In  a  spherical  or  a  cylindrical  cell  we  expect  that  the  hole  of  the  vortex  ring 
will  be  a  fraction  of  the  diameter  of  the  cell,  as  it  appears  in  Fig.  2. 

If  we  considered  a  growing  needle  with  growth  speed  V,  in  an  infinite  medium,  the 
fluid  speed,  in  a  transient  regime  would  be10 


v=curI(\jr)+V  ,  with  ¥=(^")3/2e’r2/^vt 


IV.  COUPLING  TO  THE  ECD  PROCESS. 


IV.a  A  Remark  on  the  global  motion  of  the  vortices. 


Let  us  first  remark  that  in  order  to  couple  the  fluid  flow  to  the  ECD  process,  one  must 
invoke  a  set  of  tips  growing  at  a  constant  speed,  the  recession  speed  of  the  anions2.  Since  the 
flow  is  oriented  inwards  at  the  tip,  and  since  the  tips  move  forward,  we  see  that  the  vortex 
dipoles,  in  2-D,  and  the  vortex  rings,  in  3-D,  move  ahead,  as  a  whole,  with  a  translational  speed 
which  is  oriented  in  the  direction  opposite  to  the  flow  direction  at  the  tip.  This  is  the  opposite 
direction  of  the  natural  hydrodynamical  direction8’10,16. 
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IV.  b  The  concentration  maps  and  the  ionic  motion. 

Coupling  the  migration  of  the  ions  to  the  convective  flow  leads  to  the  following 
picture3  :  anions  are  frozen,  in  the  moving  frame  of  the  tips.  Cations  follow  streamlines  with  a 
speed  equal  to  (|ia+pc)E  where  E  is  the  local  field.  The  border  between  the  depleted  and 
concentrated  zone  is  a  field  line,  in  2-D,  and  a  stream  surface,  in  3-D.  The  depleted  zone  is 
found  inside  the  vortices,  and  the  concentrated  zone  is  found  ahead  of  the  vortices,  in  the  zone 
facing  the  bulk.  The  ions,  therefore,  do  not  penetrate  inside  the  vortices. 

Next,  coupling  diffusion  to  migration  and  advection  shows  that  this  border  is 
“blurred”.  Therefore,  the  model  predicts  that,  in  2-D,  the  border  between  the  depleted  and  the 
concentrated  zone  should  have  the  shape  of  a  “blurred”  arch,  spanning  vortices  and  linking 
active  zones.  This  arch  moves  in  the  solution  at  a  speed  equal  to  the  recession  speed  of  the 
anions.  It  is  already  known  that  this  picture  is  perfectly  consistent  with  the  observations3.  In 
three  dimensions,  one  must  compose  a  set  of  vortex  rings  with  a  translational  speed.  The  border 
between  the  depleted  and  the  concentrated  solution  will  have  the  shape  of  a  torus,  if  there  is  only 
one  branch,  and  the  shape  of  a  lattice  of  domes,  if  many  vortex  rings  are  present.  These  domes 
will  be  the  stream  surfaces  spanning  the  circulatory  zone,  and  linking  the  active  zones. 
However,  while  the  nip  between  vortices  is  infinitely  small  in  2-D  (in  principle),  it  is  wide  in  3- 
D  and  it  would  tend  to  increase  with  time  (in  an  infinite  medium). 

V.  EXPERIMENTAL  OBSERVATIONS. 

We  have  already  amply  reported  observations  of  vortex  pairs  and  arches  in  ECD3. 
These  have  been  confirmed  by  several  authors20’21,22.  We  report  here  on  the  first  observation  of 
vortex  rings.  These  were  obtained  in  capillary  tubes  (1mm  in  diameter),  with  a  solution  of 
copper  sulphate  0.02  molar.  An  emulsion  of  oil  dropplets  was  used  to  see  the  stream.  The 
growth  was  performed  downwards,  in  order  to  reduce  the  effect  of  gravito-convection.  The 
growth  speeds  were  about  lOmicrons  per  second.  In  these  experiments,  we  repeatedly  observed 
a  well  defined  vortex  ring  moving  downwards,  as  a  whole.  The  convective  motion  was  triggered 
by  the  electrochemical  process  at  the  tip  of  one  single  filament  which  was  growing  in  the  hole  of 
the  vortex  ring  (Fig.  3).  However,  the  centre  of  the  tube  did  not  seem  a  perfectly  stable  growth 
zone.  Hence,  symmetrical  and  asymmetrical  vortex  rings  were  observed  (Fig.  4).  For  higher 
growth  speeds,  several  branches  were  observed  in  the  tube  (up  to  four  or  five),  and  generation 
of  new  vortex  rings  was  observed,  concomitantly  with  the  formation  of  new  branches.  For  very 
fast  growth,  the  fluid  flow  seems  turbulent,  but  the  general  trend  is  still  that  the  fluid  flow  is 
inwards  at  tips. 
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Figure  4.  Sequence  of  snapshots  showing  a  very  asymmetrical  vortex  ring. 

CONCLUSION. 

Electroconvection  is  a  major  process  in  electrochemical  growth  without  suppporting 
electrolyte,  for  concentrations  below  O.OSMol.l”^.  It  couples  to  the  migration  and  diffusion  in  a 
simple  way  when  the  fluid  speed  is  slow,  and  it  generates  sharp  borders  between  depleted  and 
concentrated  solution.  It  has  been  recognized  that  the  vortex  dipoles  play  a  very  important  role  in 
the  pattern  formation,  in  2-D4'8.  In  3-D,  we  have  shown  that  vortex  rings,  predicted  by  theory, 
do  exist.  One  should  expect  concentration  boundaries  (analogous  to  the  arches),  in  the  form  of 
domes  separating  concentrated  and  depleted  solution.  The  morphological  consequences  remain 
to  be  studied.  It  is  a  pleasure  to  thank  M.  Rosso  for  his  support  and  interest  in  this  work. 
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ABSTRACT 

Using  pulsating  current  technique,  we  have  been  able  to  grow  self-sustained,  tree-like  copper 
aggregates  with  a  length  of  a  few  mm.  The  size  of  these  aggregates  allowed  us  to  perform 
impedance  and  scanning  electron  microscope  analysis.  The  morphology  of  the  aggregates  is  found 
to  be  more  compact  than  for  deposits  obtained  in  fixed-current  dc  conditions.  However,  their 
structure  is  still  very  irregular,  and  depends  on  the  parameters  characterizing  the  pulse  sequence. 


INTRODUCTION 

Electrodeposition  is  well  known  to  produce  metal  deposits  with  a  large  variety  of 
morphologies.  In  the  last  decade,  much  attention  has  been  paid  to  dendritic  and  filamentary 
growth  in  electrodeposition,  in  relation  to  the  wide  interest  on  diffusion  limited  aggregation 
(DLA)1  and  fractal  structures.2  Since  the  pioneer  work3  of  Matsushita  et  al.,  and  Brady  and  Ball, 
many  authors  have  studied  morphological  and  electrochemical  aspects  of  what  can  be  called  fractal 
electrodeposition.4  However,  most  of  the  obtained  deposits  had  a  very  fragile  structure,  and 
evolved  rapidly  in  time,  both  during  and  after  deposition  :  as  a  consequence  they  could  hardly  be 
withdrawn  from  the  electrolysis  cell  for  further  study,  or  for  practical  use.  For  example,  when 
studying  electrodeposited  silver  aggregates,5  Kahanda  and  Tomkiewicz  had  to  change  the 
electrolyte  before  measuring  the  impedance  of  the  deposits,  and  subsequently  destroyed  part  of  the 
aggregate. 

Several  methods  have  been  proposed  to  grow  stronger  deposits:  Hibbert  and  Melrose6,7  have 
obtained  copper  deposits  embedded  in  filter  paper.  Imre  et  al8  have  shown  that  it  is  possible  to 
obtain  a  remarkably  solid,  although  tree-like  cobalt  deposit,  from  a  vigorously  stirred  electrolyte. 
Fleury9  has  obtained  ultra-flat  copper  deposits,  sticking  to  the  surface  of  the  glass  plates. 

Here  we  present  an  alternative  method  which  takes  advantage  of  the  recent  understanding  of 
the  steady-state  electrodeposition  process  itself.4  From  these  studies  we  know  that  the  branches 
can  only  grow  at  their  foremost  part,  because  the  electrolyte  is  depleted  from  ions  in  the  region 
between  the  branches.  However  this  is  a  dynamical  effect :  after  the  applied  voltage  is  suppressed 
ions  refill  the  depleted  region  by  diffusion.  Using  this  phenomenon  we  have  been  able  to  grow 
consolidated  deposits  with  pulsed  electrodeposition.  The  strength  of  the  samples  allowed  ex-situ 
analysis. 


EXPERIMENTAL  PROCEDURE 

The  experimental  setup  has  been  described  elsewhere10  :  as  in  our  previous  experiments 
copper  electrodeposits  were  obtained  from  copper  sulfate  aqueous  solutions.  In  the  present  case 
we  used  solutions  with  concentration  ranging  from  0.1  to  0.5  M.  The  thin  electrolyte  layer  is 
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sandwiched  between  two  transparent  plates.  The  electrodes  were  two  parallel  copper  foils  (0.1  to 
0.5  mm  thick,  80  mm  long),  10  mm  apart.  A  copper  wire  (of  diameter  0.2  mm)  located  at  a 
distance  of  3-4  mm  from  the  cathode  was  used  as  a  reference  electrode. 

It  is  important  to  keep  the  cell  in  constant  conditions  during  the  electrodeposition  process, 
which  may  last  several  hours.  In  particular  evaporation  of  the  electrolyte  must  be  avoided.  For  this 
purpose,  the  cell  was  kept  in  a  closed  box,  with  an  excess  of  electrolyte  around  it. 

During  the  growth,  we  measured  optical  absorption  of  the  electrolyte  ;  this  gave  access  to 
the  concentration  maps  around  the  deposits.  Time  evolution  of  the  cell  potential  was  used  to 
monitor  the  deposition  process.11  In-situ  impedance  measurements  were  performed  before 
electrodeposition,  and  at  different  stages  of  the  deposition,10  giving  information  on  the  transfer 
impedance  at  the  interface  of  the  deposit,  and  the  serial  resistance  due  to  the  electrolyte.  These 
measurements  allowed  us  to  monitor  the  solution  relaxation  to  homogeneity. 

After  removing  the  deposits  from  the  cell,  we  could  observe  their  structures,  using  standard 
optical  and  electronic  microscopy.  We  also  report  on  preliminary  measurements  of  the 
crystallographic  structure,  and  impedance  spectroscopy  of  the  different  aggregates. 


EXPERIMENTAL  RESULTS 


Several  authors  have  reported  that,  in  standard  experimental  conditions,  tree-like,  fractal 
deposits  partly  dissolve  after  the  growth  has  been  stopped.12’13  This  dissolution  might  be  due  to 
the  large  electrochemical  potential  difference  between  the  filaments  and  the  solution  (caused  by  the 
ions  depletion  around  the  deposit)  just  after  the  growth  has  been  interrupted.  A  similar  behavior 
has  been  found  in  our  experiments10’14;  it  is  illustrated  in  Fig.la-c.  This  may  also  partly  explain 
the  evolution  of  the  in-situ  impedance  diagram  after  deposition.  Mainly  two  different  behaviors 
have  been  observed.  For  pure  copper-sulfate  solution,  the  impedance  diagram  eventually  returns 
to  its  initial  state  (i.e.  before  electrodeposition) :  the  impedance  measurement  does  not  “see”  the 
deposit.  The  addition  of  dilute  hydrochloric  acid  (5.10'3  M),  which  was  shown  to  impede  copper 
oxidation,  partly  reduces  this  effect. 


(a)  “(b)  '  (c)  J  (d) 

Fig  1  Four  pictures  of  a  copper  deposit,  taken  a)  just  after  the  deposit  has  been  grown,  b)  40 
later,  c)  one  day  later,  d)  just  after  a  second  deposition.  All  pictures  are  approximately  4  mm  lo 
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In  fact,  the  above  results  show  that  the  electrode  formed  by  the  deposit  changes  in  time,  and 
possibly  disappears,  due  to  dissolution  and/or  reorganization  of  the  aggregate.  This  has  been 
confirmed  by  a  “second  deposition”  experiment :  after  a  first  electrodeposition  is  obtained,  the  cell 
is  maintained  either  at  zero  voltage  or  zero  current,  for  a  time  allowing  complete  homogenization 
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of  the  solution  (from  several  minutes  to  a  few  hours,  depending  on  the  length  of  the  deposit, 
electrolyte  concentration,  cell  thickness...).  The  electrodeposition  process  is  then  restarted,  under 
the  same  conditions  as  before.  Surprisingly  enough,  the  deposition  does  not  start  from  the  tips  of 
a  the  previous  deposit,  but  from  the  cathode,  growing  along  the  old  aggregate  (Fig. Id).  This 
results  in  a  thickening  and  strengthening  of  the  deposit. 

Concentration  profiles  have 
been  measured  during  this  second 
deposition  process  (Fig.2a),  showing 
that  depletion  seems  uniform  along  the 
cathode,  independently  of  the  shape  of 
the  old  deposit.  This  is  very  different 
from  what  is  expected  from  an  irregular 
electrode,  where,  due  to  enhancement 
of  the  electric  field  at  the  tips,  one 
should  observe  maximum  depletion 
around  the  largest  protuberances. 

We  have  repeated  the  above 
deposition  sequence  several  times,  and 
observed  i)  further  thickening  of  the 
deposit  and  ii)  a  change  in  the 
concentration  profiles  (Fig.2b)  to  a 
situation  closer  to  the  expectation  for  an 
irregular  electrode,  i.e.  a  maximum 
depletion  at  the  tip  of  the  deposit. 

Based  on  this  effect  we  now 
propose  a  method  for  producing  highly 
irregular,  although  solid  metal  deposits. 

We  have  used  a  method  consisting 
in  growing  the  deposit  very  gradually, 
using  the  typical  sequence  of  pulses 
shown  in  Table  I.  The  time  between  two  successive  polarizations  of  the  cell  (noted  relaxation  time 
in  Table  I)  is  of  the  order  of  the  minimum  time  required  for  homogenization.  It  is  monitored  by 
impedance  and  optical  absorption  measurements. 

The  sequence  parameters  were  chosen  to  consolidate  the  already  grown  deposit  and  to 
simultaneously  extend  the  aggregate  length.  Typicaly  we  deposited  an  amount  of  copper 
corresponding  to  several  thousands  of  Coulombs  per  cm2  with  a  given  current  intensity  and  then 
increased  the  current  intensity  for  the  next  polarisations.  When  needed  we  used  some  sequences 
with  a  lower  current  intensity  to  only  consolidate  the  aggregates  (see  for  example  line  2  in  Table 
I).  We  always  limited  the  deposition  time  in  order  not  to  overpass  the  voltage  corresponding  to  the 
onset  of  fast  irregular  deposition.1 1 

Scanning  electron  microscopy,  using  secondary  electron  emission  has  been  used  to  examine 
the  deposits.  A  tree-like  structure  is  observed  at  low  magnification,  showing  crystalline  faces  at 
higher  magnification  (see  Fig.3).  Schematically  we  observed  two  different  morphologies,  related 
to  the  growth  velocity  conditions.  For  lower  growth  velocities  (corresponding  to  high  current 
densities),  the  deposits  appear  more  compact,  whereas  for  lower  growth  velocities,  they  appear 
more  tenuous,  with  a  powder-like  structure. 

Energy  dispersive  X-ray  analysis  shows  that  the  deposits  are  pure  copper.  Some 
contamination  by  chlorine  has  been  observed  on  some  samples  at  the  outer  ends  of  the  deposit 
(remember  that  the  electrolyte  contains  dilute  hydrochloric  acid  (5.10'3  M)).  X-ray  diffraction  has 


Fig.2  :  Concentration  maps  around  a  deposit:  a)  during 
the  second  deposition,  b)  during  the  fourth  deposition. 
The  deposit  is  visible  at  the  bottom  of  the  pictures. 
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Number  of 

Current 

Total  Polarisation 

Relaxation 

Polarisations 

intensity  (mA) 

time  (s) 

time  (s) 

1  (initial  growth) 

8.3 

100 

1100 

10 

6 

3000 

2100 

1 

7 

220 

2180 

1 

8 

150 

2250 

14 

10 

1600 

2300 

5 

11 

850 

1110 

25 

13 

3750 

2250 

21 

12 

3500 

2250 

11 

13 

1650 

2250 

1 

12 

150 

2250 

1 

13 

150 

2250 

21 

12 

4470 

2200 

3 

12.5 

1200 

2000 

Table  I  :  A  typical  sequence  of  pulses  used  to  grow  a  solid  copper  deposit.  Copper  sulfate 
concentration  is  0.1  M.  Cell  thickness  is  0.5  mm.  The  maximum  voltage  increase  allowed  dunng  a 
polarisation  was  0.7  V. 


Fig.  3  :  Electron  micrographs  of  two  copper  deposits,  at  a)  low  and  b)  high  magnification.Two 
different  morphologies  are  clearly  visible  on  the  low  magnification  picture. 


been  carried  out  on  parts  of  the  deposit  removed  from  the  electrode.  The  diagrams  exhibit  the 
characteristic  lines  of  the  copper  f.c.c.  structure.  We  have  observed  no  preferential  orientation. 
The  lattice  parameter  is  equal  to  0.3615  nm,  i.e.  that  for  standard  copper,  which  indicates  the 
absence  of  internal  stress.  The  line  broadening  is  low,  indicating  a  particle  size  larger  than  100 
nm. 

Impedance  measurements  have  been  recorded  for  different  samples,  both  in-situ,  and  in  a 
Na2S04  solution  with  concentration  0.2  M.  In  the  latter  case,  impedance  spectra  were  recorded  in 
quasi-blocking  conditions.  Typical  diagrams  are  shown  in  Fig.4  ,  for  the  initial  electrode,  and  for 
two  different  deposits  samples  1  and  2.  Both  samples  were  grown  with  a  total  charge  close  to 
3xl06  C/cm2.  The  polarization  sequence  of  sample  1  is  given  in  table  I;  for  sample  2  we  used  a 
similar  sequence  but  with  lower  current  density  in  order  to  increase  the  strength  of  the  deposit. 
The  diagrams  of  Fig.4  may  be  interpreted  as  follows15*16  :  At  low  enough  frequencies,  the  total 
surface  of  the  deposit  participates  in  the  impedance,  and  we  find  impedance  ratios  between  the 
deposited  and  the  naked  electrode  ranging  from  100  (for  sample  2)  to  1000  (for  sample  1). 

Assuming  that  the  impedance  is  simply  proportionnal  to  the  area  of  the  electrode,  these  ratios 
reflect  an  increase  of  the  electrodes  areas  up  to  a  factor  of  1000!  At  high  frequency,  the  impedance 


180 


Re(Z)  (Cl) 


frequency  (Hz)  frequency  (Hz) 


Fig.  4  :  Real  (a)  and  imaginary  (b)  parts  of  the  impedance  of  the  initial  electrode  (•),  and  of  two 
samples,  obtained  for  overall  integrated  currents  of  2.8xl06  C/cm 2  (o)  and  3.1x10°  C/cm2  (□). 
At  high  frequencies  the  real  part  of  the  impedance  reduces  to  the  series  impedance  of  the 
electrolyte. 


is  dominated  by  an  active  region  of  the  deposit,  which  is  only  a  part  of  the  total  surface,  but  still 
larger  than  its  foremost  part.  Both  the  imaginary  and  the  real  parts  of  the  deposit  impedance  are 
closer  to  the  corresponding  quantities  obtained  for  the  naked  electrode.  Assuming  that  the  deposit 
is  fractal,  with  fractal  dimension  D,  the  crossover  frequency  0)c,  under  which  the  overall  surface 
of  the  deposit  participates  in  the  impedance  may  be  evaluated  from15,16  : 


L  _  c  [l|  i>1 

pycoc  U. 


(1) 


where  p  is  the  resistivity  of  the  solution,  y  is  the  specific  capacitance  of  the  interface,  fis  the  size 
of  the  individual  grains,  L  is  the  size  of  the  branches  of  the  deposit.  In  the  same  fractal  picture  one 
can  estimate  the  ratio  of  the  deposit  area  S  to  the  area  s  of  the  naked  electrode  from  : 

S  [Ll  D-2 


From  (1)  and  (2)  one  simply  obtains  : 


1  T  s 

- =  L-  (3) 

py®c  s 

Relation  (3)  does  not  involve  directly  the  fractal  dimension.  It  corresponds  to  the  fact  that  the 
admittance  Sycoc  of  the  total  surface  at  the  crossover  frequency  coc  is  equal  to  the  admittance  s/Lp , 
measuring  the  access  to  this  surface.  This  result  is  general  and  should  apply  even  if  the  surface  is 
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not  a  perfect  fractal. 17  Taking  L  =  1mm,  p  =  40  Qcm,  y  =  104F/cm2  we  find  a  value  of  the  order 
of  10  Hz  for  the  cross-over  frequency  (see  Fig.4) :  this  is  the  order  of  magnitude  of  the  frequency 
under  which  we  observe  that  the  impedance  ratio  between  the  naked  and  the  deposited  electrode  is 
almost  constant.  This  indicates  that  general  arguments  about  the  geometrical  dependance  of  the 
impedance  of  irregular  electrodes  might  apply  to  our  objects. 


CONCLUSION 

We  have  proposed  a  new  method  to  grow  self-sustained  tree-like  metal  electrodeposits.  This 
method  should  be  applicable  to  various  metals.  The  overall  size  of  the  deposit  (a  few  mm  in  the 
present  study)  is  only  limited  by  the  deposition  time  :  fully  three-dimensional  aggregates  with 
larger  sizes  might  be  obtained.  The  resulting  deposits  can  be  withdrawn  from  the  cell  where  they 
are  produced  and  further  analysed.  We  have  observed  different  morphologies,  which  appear  to 
depend  on  the  current  density  used  for  electrodeposition.  Finally  we  have  evidenced  the  very  large 
surface  area  of  these  deposits,  up  to  1000  times  larger  than  that  of  the  initially  flat  electrode. 
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RECENT  PROGRESS  IN  ELECTROCHEMICAL  DEPOSITION  WITHOUT 
SUPPORTING  ELECTROLYTE 


V.  FLEURY,  M.  ROSSO  and  J.-N.  CHAZALVIEL 
Laboratoire  de  Physique  de  la  Matiere  Condensee, 

CNRS,  Ecole  Poly  technique,  Palaiseau,  France. 

I.  INTRODUCTION. 

Electrochemical  deposition  (ECD)  of  metals  is  a  very  old  subject[l],  which  has 
considerable  applications  in  the  context  of  electroshaping  or  electroplating.  Electrochemists 
and  chemical  engineers  have  long  known  the  different  growth  conditions  of  these  metal 
aggregates  and  the  different  parameters  which  drive  morphological  changes,  at  least 
empirically  [2-4].  However,  in  the  recent  years,  after  the  introduction  of  the  concept  of  fractal 
aggregation[5,6],  in  the  field  of  non-linear  pattern  formation[7,8],  a  lot  of  work  has  been 
devoted  to  the  specific  problem  of  growth  of  electrodeposits  from  binary  electrolytes  [9-51] 
(i.e.  without  supporting  electrolyte).  These  studies  aimed  at  understanding  the  morphology, 
on  the  large  scale  (~lcm)  of  the  deposits  and,  more  specifically,  the  transitions  between 
morphologies.  It  is  the  aim  of  this  paper  to  review  the  progress  which  has  been  achieved  in 
the  past  five  years  on  this  question. 

In  section  II,  we  recall  the  motivation  for  the  study,  from  a  fundamental  point  of 
view,  of  the  electrochemical  growth  of  deposits,  and  the  questions  raised  by  the  first  studies 
aiming  at  observing  the  fractal  structure  of  these  deposits. 

In  Section  III,  we  explain  the  electrochemical  features  which  come  into  play,  and 
explain  briefly  the  model  proposed  by  one  of  us  to  describe  the  ionic  motion  and  the  electric 
field  in  the  vicinity  of  a  growing  deposit.  We  review  the  experimental  evidence  which 
corroborates  a  number  of  predictions  of  this  model.  However,  the  inability  of  the  model  to 
describe  correctly  the  concentration  maps  leads  to  the  introduction  of  convection  through 
electroconvection  and  natural  convection.  These  are  discussed  theoretically  and 
experimentally  in  Section  IV. 

We  turn  to  morphological  issues  in  section  V,  and  distinguish  between  macroscopic 
and  microscopic  phenomena.  The  macroscopic  phenomena  refer  to  morphological  changes 
on  a  scale  larger  than  the  thickness  of  the  cell  (generally  about  50-200|im).  We  explain  how 
the  transport  mechanisms,  electroconvection,  natural  convection,  interaction  between 
branches  or  other  phenomena,  can  explain  the  existence  of  different  morphologies,  and,  to 
some  extent,  observed  transitions.  The  microscopic  phenomena  refer  to  modifications  of  the 
grain  morphology  on  the  l-1000nm  scale,  generally  due  to  contaminants  or  pH 
modifications,  or  both. 


II.  PATTERN  FORMATION  BACKGROUND. 

Growth  of  complicated  structures,  rough,  porous  or  branched  is  very  common  in 
nature,  and  has  been  extensively  studied  since  the  introduction  of  the  concept  of  fractal  by 
Benoit  Mandelbrot[52].  Especially,  the  branched  structures  have  received  a  lot  of  attention 
after  the  work  of  Witten  and  Sander[53].  The  latter  authors  have  shown  that  a  simple 
aggregation  of  random  walkers  leads  to  branched  fractals  with  a  fractal  dimension  1.7  in  2-D. 
Very  rapidly,  it  has  been  recognized  that  different  systems  exhibit,  in  the  limit  where  growth 
is  driven  by  a  laplacian  potential,  a  fractal  branched  structure  which  can  be  related  to  the 
DLA  model.  These  systems  can  be  grouped  into  the  "DLA  universality  class".  It  has  been 
proposed  by  Matsushita  et  al[9]  that  ECD  could  serve  as  one  example  of  laplacian  growth.  In 
ECD,  a  metal  cluster  grows  on  a  cathode  of  an  electrochemical  cell  (filled  with  a  solution  of 
a  salt  of  a  metal)  by  aggregation  of  metal  ions  which  are  reduced  when  they  arrive  on  the 
surface  of  the  cathode,  or  of  the  deposit.  It  was  believed  that,  at  least  in  some  limit,  the 
growth  was  driven  by  the  electrochemical  potential  in  the  bulk,  which  itself  was  considered 
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as  laplacian,  in  a  first  and  quite  crude  approximation.  Early  work[9-12]  showed  that,  indeed, 
complex  branched  structures  could  be  obtained  by  this  simple  experiment.  However,  many 
different  morphologies  were  observed,  apart  from  seemingly  fractal  patterns.  This  is  not 
surprising  since  a  laplacian  limit  exists  only  very  far  in  the  slow  growth  regime.  In  principle, 
the  growth  is  diffusion  limited  for  potential  differences  between  electrodes  smaller  than 
25mV.  Above  that,  the  electrochemical  problem  is  rather  involved,  and  one  cannot  argue  that 
the  electric  potential  is  laplacian,  nor  that  the  concentrations  are  constant.  For  high  growth 

speeds  (up  to  -lOOjim.s-1),  one  would  typically  find[10-12]  dendritic  patterns,  dense 
branched,  "comb-like"  patterns,  filaments  etc....  Some  "morphological  diagrams"  were 
proposed!  1 1 ,12,26,42],  which  reveal  themselves  as  idiosyncratic  since  the  same  systems 
studied  by  different  groups  give  different  or  even  contradictory  results.  Clearly,  the 
experiments  are  hardly  reproducible,  though  general  trends  can  be  identified  :  more  branched 
structures  at  low  growth  speeds,  regular  "combs"  at  higher  growth  speeds,  macroscopic 
crystalline  dendrites  for  some  metals,  no  such  dendrites  for  copper,  and  a  clear  effect  of  the 
cell  thickness  :  more  compact  patterns  for  larger  gaps.  Lots  of  empirical  observations  were 
made  which  can  hardly  be  reviewed  here.  Let  us  mention,  however,  that  sharp  morphological 
changes  during  single  runs,  taking  place  at  some  fraction  of  the  distance  between  electrodes, 
were  repeatedly  observed[7]  by  independent  groups. 

In  the  last  decade,  a  flurry[9-51J  of  work  has  been  devoted  to  ECD.  Progressively,  the 
view  on  ECD  has  considerably  changed,  and  one  understands  more  clearly  now  what  are  the 
actual  phenomena  involved  :  migration  and  diffusion  of  the  ions,  electroconvection,  and 
natural  convection  around  a  growing  interface.  Moreover,  it  has  been  recognized  that 
microscopic  effects  linked  to  the  presence  of  contaminants,  or  to  genuine  changes  in 
electrochemical  parameters  (such  as  current  density  or  concentration)  play  an  important  role. 
In  particular,  the  sharp  changes  of  morphology  observed  in  single  runs  were  shown  to  be 
provoked  by  contaminants [20,25],  and  also,  by  convective  changes  during  growth[4l,5l].  It  is 
clear  now  that  ECD  without  supporting  electrolyte  is  very  far  from  a  DLA  growth  system. 
However,  in  the  limit  of  very  slow  growth,  it  is  reasonable  to  expect  fractal  DLA-like 
structures,  and  these  have  indeed  been  observed[9]. 

HI.  ECD  WITHOUT  CONVECTION. 

After  the  discovery  of  different  morphologies  in  ECD,  it  was  realized  that  this  kind  of 
growth  (referred  to  as  "dendritic"  or  as  "runaway  growth"  in  standard  electrochemistry)  had 
received  so  far  only  modest  attention.  Chazalviel  has  proposed  a  model  of  growth[l6]  which 
takes  into  account  the  transport  of  both  ion  species  in  the  solution  by  migration  and  diffusion. 
The  transport  equations  are  : 

8Cc/9t  =  DcACc  -  [i-cE.gradCc  -  JicCcdivE  (1) 

0Ca/9t «  DaACa  +  jiaE.gradCa  +  p.aCadivE  (2) 

[Where  D’s  are  diffusion  constants,  C’s  concentrations  and  Jll’s  mobilities,  the  subscript  a 
stands  for  anion  and  the  subscript  c  stands  for  cation,  zc  and  za  are  the  charge  numbers  of  the 
cations  and  of  the  anions  respectively.  E  is  the  electric  field,  -e  the  charge  of  the  electron  and 
e  the  dielectric  constant  of  the  solvent]. 

They  are  coupled  to  the  Poisson  equation  : 

divE=e(zcCc  -  zaCayeeo  (3) 

and  they  must  be  solved  around  a  moving  boundary.  One  immediately  observes  that  the 
problem  is  much  more  complicated  than  a  DLA  process,  because  there  are  three  coupled 
fields  :  cation  and  anion  concentration,  in  addition  to  the  electric  potential.  In  this  model 
convection  and  surface  effects  are  neglected.This  model  has  been  solved  on  different 
geometries  and  it  leads  to  the  conclusion  that  unusually  large  space  charges  are  formed  in  the 
active  zones  of  the  deposit[l6].  If  the  deposit  is  in  the  form  of  filaments,  then  the  tips  of  the 
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filaments  carry  an  excess  of  positive  charge  which  is  translated  while  the  tip  grows  (Fig.  1). 


100  microns 


Figure  1.  The  excess  of  positive  charges  in  the  vicinity  of  a  comb-like  deposit.  The  cathode 
is  far  to  the  right,  and  the  bulk  electrolyte  far  to  the  left.  The  deposit  is  represented  by  a 
straight  bar.  There  is  a  space  charge  surrounding  the  active  zone,  (from  ref.  16). 

The  model  predicts  that  the  growth  speed  of  the  deposit  is  the  migration  speed  of  the 
anions.  The  growth  speed,  in  fact,  adjusts  itself  so  that  the  space  charge  in  the  active  zone 
does  not  increase  arbitrarily.  Another  prediction  of  the  model  is  that  the  mass  in  the  deposit 
is  simply  proportional  to  the  mass  of  metal  in  an  equivalent  volume  of  bulk  electrolyte  with  a 

factor  (l+pc/pa).  This  mass  does  not  depend  on  how  fast  the  deposit  is  actually  grown.  The 
model  contains  only  one  adjustable  parameter:  the  potential  across  the  active  zone,  which  is 
related  to  the  microscopic  instabilities  of  the  interface.  Melrose  and  Hibbert[25],  arrive 
independently,  by  conservation  arguments,  to  the  same  conclusion  concerning  the  growth 
speed.The  predictions  of  this  model  have  been  extensively  tested.  Potential  measurements  in 
the  vicinity  of  the  tips  showed  that  a  local  and  very  sharp  potential  does  indeed  take  place  in 
the  vicinity  of  the  tips[19,49].  By  varying  the  electric  field,  the  cell  geometry  and  the  salt 
formula,  the  growth  speed  was  shown  to  be  quite  accurately  given  by  the  recession  speed  of 
the  anions[l7,l9, 25, 33,42,48].  It  was  even  proposed  that  this  kind  of  experiment  could  serve  to 

measure  ion  mobilities[l9,39].  The  mass  of  the  deposit  was  shown  to  be  related  by  (1+Mc/Pa) 
to  the  concentration  in  the  bulk  of  the  electrolyte[l7-l9,49]. 

Measurements  of  the  concentration  in  the  vicinity  of  the  electrode  before  the  onset  of 
branch  growth  (when  convection  is  negligible)  compared  quite  accurately  to  the 
predictions[29,30]  (Fig.  2). 


Figure  2.  Concentration  near  the  cathode  (experiment  and  theory),  before  the  onset  of 
branched  growth,  in  a  gelified  electrolyte  (from  ref.29).  The  agreement  between  the  model 
and  the  observations  is  excellent. 

However,  measurements  around  actual  branches  were  very  different  from  what  predicted  by 
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the  model[18,29,34].  For  example,  Barkey[34]  had  observed  sharp  concentration  borders 
emanating  from  the  deposits  or  from  the  anode,  whose  shape  and  sharpness  could  hardly  be 
understood  quantitatively.  In  a  different  experiment,  Fleury  et  al.  had  observed  that  the 
border  between  the  depleted  and  the  concentrated  zones  has  the  shape  of  arches  linking  the 
active  parts  of  the  deposits[l8,29],  which  disagrees  with  the  model  even  qualitatively  It 
proved  necessary  to  introduce  convection  in  the  model.  This  is  explained  in  the  next  section. 

IV.  CONVECTIVE  EFFECTS. 

IV.a  Electroconvection. 

When  a  charged  fluid  is  submitted  to  an  electric  field,  a  coulombic  force  is  imparted 
on  the  fluid  which  can  trigger  a  convective  motion.  It  turns  out  that  the  concomitant 
existence  of  a  positive  charge  near  the  deposit  (Fig.l)  and  of  a  large  electric  field  creates 
such  a  coulombic  force  on  the  fluid.  As  a  result,  an  electroconvective  motion  of  the  fluid  may 
start.  In  the  case  of  growth  of  rather  thin  and  sharp  filaments,  the  coulombic  force  is  located 
in  a  very  narrow  region  around  the  tip,  and  the  force  density  acting  on  the  fluid  is  almost 
singular.  The  shape  of  the  convective  motion,  near  a  filament,  can  be  obtained  rather 
simply [27, 28].  The  fluid  flow  consists  of  contra-rotating  vortices  which  flow  inwards  at  tips. 
In  a  Hele-Shaw  cell,  the  vortices  are  irrotational [45,54 ,55],  and  models  predict  the  existence  of 
pairs  of  vortices  (vortex  dipoles)  hooked  to  the  active  tips.  A  given  tip  grows  in  the  nip 
between  the  two  vortices  which  are  found  at  its  apex.  In  three  dimensions,  models  predict  the 
formation  of  vortex  rings[44,45,56,57],  and  the  tips  grow  in  the  holes  of  the  vortex  rings. 

When  several  branches  are  present,  the  model  predicts  the  existence  of  arrays  of 
vortex  dipoles,  in  2-D  (Fig.  3). 


Figure  3.  The  vortices  between  two 
filaments  in  the  moving  frame  of  the 
growing  deposit.  Because  of  the 
assumption  of  Poiseuille  flow,  the 
flow  is  irrotational  (the  vorticity 
vanishes  everywhere  except  at  tips). 
As  a  consequence,  the  vortices  are 
classical  potential  vortices,  and 
classical  vortex  dipoles  are  hooked  at 
each  active  tip. 


The  vortices  define  a  zone  where  the  liquid  circulates.  Ahead  of  it  lies  a  zone  where  the 
liquid  is  almost  translated.  The  borderline  between  the  two  zones  is  a  streamline  which  has 
the  shape  of  an  arch. When  the  ECD  process  Eqs.(l-3)  is  coupled  to  the  convective  pattern, 
one  infers  that,  in  the  steady  state,  the  ions  cannot  penetrate  inside  the  vortices.  In  the 
moving  frame,  the  ions  are  frozen,  and  the  cations  are  transported  towards  the  tips  through 
the  "funnels”  which  are  formed  by  the  nips  between  the  vortices.  Since  the  anions  are  frozen, 
and  since  the  cations  migrate  in  an  opposite  direction,  one  can  show  that  the  actual  speed  of 

the  cations  is  equal  to  (pa+Me)E(r),  itself  equal  to  v(r).(l+pc/|4a)>  where  E(r)  and  v(r)  are  the 
local  electric  field  and  fluid  speed.  The  model  then  predicts  formation  of  a  border  between 
the  concentrated  and  the  depleted  solution  which  follows  the  shape  of  the  arch  spanning  pairs 
of  vortices.  The  vortices  are  depleted,  and  the  electrolyte  ahead  of  the  tips  is  concentrated. 
This  picture  is  entirely  consistent  with  the  observations  (Figs.  4  and  5). 
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Figure  4:  Image  of  the 
gradient  of  the 
concentration  map  showing 
the  border  between  the 
concentrated  and  the 
depleted  solution.  As 
predicted  by  the  model,  this 
border  has  the  shape  of  an 
arch. 


Figure  5.  Image  of  the 
vortices,  obtained  with  an 
emulsion  of  oil.  The 
vortices  appear  lighter  in 
color.  The  streamline  which 
spans  the  vortices  is  clearly 
visible. 
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Quantitative  analyses  have  shown  that  the  concentration  map  compares  very  well  to  the 
predictions, 29].  The  fluid  speed  is  also  fairly  well  described  by  a  slightly  more  refined 
model  in  which  the  branch  is  not  infinitely  thin[51].  The  model  is  easily  extended  to  three 
dimensions,  where  it  predicts  vortex  rings.  These  have  been  experimentally  observed  in 
capillary  tubes [44,45].  In  this  instance,  the  border  between  the  depleted  and  the  concentrated 
solution  should  have  the  shape  of  a  "doughnut". 


IV.b  Natural  convection. 


It  turns  out  that,  for  concentrations  above  O.OSmole.T1  and  cell  thickness  0.1mm, 
approximately,  natural  convection  becomes  stronger  than  electroconvection.  The  buoyant 
flow  is  entirely  different  from  the  electroconvective  flow.  While  the  electrochemical  process 
generates  a  charge  near  the  active  zones,  it  also  depletes  the  electrolyte  (near  the  cathode,  or 
as  shown  in  Fig.l,  around  a  filament)).  As  a  consequence,  density  gradients  are  formed.  The 
concentration  difference  between  the  depleted  and  the  concentrated  solution  is  at  most,  near 
the  cathode,  of  C(bulk).  This  induces  a  density  contrast  of  a  few  percent,  which  is  sufficient 
to  trigger  a  motion  of  the  electrolyte.  (Mind  that  in  Rayleigh-Benard  convection,  the  density 
contrast  between  the  top-cold  and  the  bottom-hot  plates  is  at  most  of  a  few  percent). 
Depending  on  the  orientation  of  the  cell,  plumes  or  gravity  currents [29,35, 4 1,45, 50, 5 1,58, 59]  can 
be  observed.  Actually,  the  concentration  gradients  form  on  both  ends  of  the  cell  (cathodic 
and  anodic),  density  contrasts  are  similar,  so  natural  convection  is  equally  present  at  the 
anodic  and  cathodic  ends.  It  turns  out  that  the  fluid  motion  can  be  modeled  analytically 
around  a  flat  electrode,  or  around  a  filamentary  deposit. 

IV.h.l  Gravity  current  along  a  flat  electrode. 

In  this  instance,  one  can  refer  to  existing  hydrodynamical  models  which  relate  the 
shape  and  speed  of  gravity  currents  to  the  relevant  parameters  :  fluid  viscosity,  density 
contrast  between  the  depleted  and  the  concentrated  liquid  and  cell  geometry.  The 
hydrodynamical  situation  is  schematically  as  follows  :  the  electrochemical  process  depletes 
the  electrolyte  at  a  constant  rate  which  is  proportional  to  the  current  flowing  through  the  cell. 
The  depleted  electrolyte,  close  to  the  electrode,  is  lighter  than  the  bulk  electrolyte,  so  it  starts 
flowing  over  the  bulk  electrolyte  while  bulk  electrolyte  flows  below  the  lighter  electrolyte 
and  towards  the  electrode  where  deposition  of  metal  occurs  (Fig.  6). 
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depleted  solution 


Figure  6.  Scheme  of  the  natural  convection  near  the  cathode,  when  the  cell  is  horizontal.  The 
depleted  solution  flows  over  the  concentrated  solution. 

A  convective  roll  called  a  gravity  current  forms[58,59],  which  progressively  invades  the  cell. 
The  position  of  the  gravity  current  as  a  function  of  time,  when  diffusion  is  neglected  is  given 

by  Huppert[59]  :  L(t)=1.13[(gAp/pr|)(vad)3]1/5  t4'5  where  r|  is  the  viscosity,  d  the  cell 

thickness,  va  the  speed  of  the  anions,  g  the  acceleration  due  to  gravity  and  Ap/p  the  relative 
density  contrast  between  the  bulk  electrolyte  and  the  depleted  solution. 

Comparison  with  experiments  show  that  the  speed  of  the  gravity  current  compares 
well  with  experiments  for  very  fast  growth  and  short  times  only.  The  hydrodynamical  model, 
which  is  already  involved,  neglects  interdiffusion  of  the  depleted  and  concentrated 
electrolyte.  Since  the  cell  thickness  is  only  about  100  microns  and  since  the  diffusion 
constants  are  about  10~5  cm^s*1  it  is  clear  that  diffusion  will  play  a  role  after  a  few  tens  of 
seconds.  If  one  takes  into  account  diffusion,  one  finds[60]  a  different  convective  regime, 

slower  than  the  previous  one  :  L(t)=0.2x  [(gAp/pt])(va)(d4/VD]1/3t1/2.  (where  D  is  the 
ambipolar  diffusion  constant). 

So  far,  the  known  evidence  is  compatible  with  these  results  though  no  comprehensive 
study  of  the  gravity  current  has  been  published  yet [2935,41 ,48,50,5 1  ]. 

IV.b.2  Gravity  currents  around  filaments. 
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The  gravity  current  is  rather  easy  to  study  along  the  anode,  or  along  the  cathode. 
However,  after  a  short  induction  time,  the  deposit  starts  growing,  and  the  convective  pattern 
will  interact  with  the  growth.  Since  the  distance  grown  by  the  deposit  is  proportional  to  t, 
while  the  distance  of  the  gravity  current  is  proportional  to  t4/5  at  first,  and  to  t1/2  later  on,  the 
deposit  generally  catches  up  the  gravity  current.  After  overcoming  the  gravity  current,  a 
deposit  in  the  form  of  a  filament  (or  of  a  dendrite)  generates  a  novel  convective  pattern 
which  is  of  two  rolls  of  varying  size  on  each  side  of  the  deposit.  In  steady  state  the  size  of  the 
roll  is  zero  at  the  tip,  then  it  is  proportional  to  L4/5  at  a  small  distance  L  from  the  tip,  and  it  is 
proportional  to  L1/2  far  in  the  back.  The  overall  shape  of  the  "boundary  layer"  which  is 
created  in  this  way  by  natural  convection  is  entirely  consistent  with  the  shapes  first  reported 
by  Barkey[34]  (Fig.  7):  the  straight  filaments  are  surrounded  by  some  sort  of  a  well  defined 
envelope.  Envelopes  emanating  from  different  dendrites  or  filaments  collapse  on  each  other 
leaving  a  sharp  line  in  between  branches  which  correspond  to  merging  gravity  currents. 

Figure  7.  Observation  of  gravity 
currents  around  sharp  dendrites 
(courtesy  of  D.  Barkey).  The 
lighter  liquid  flows  away  from  the 
active  zone.  The  gravity  current 
embodies  die  dendrite  in  a 
seemingly  parabolic  "boundaiy 
layer". 
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Let  us  remark  that  natural  convection  can  also  be  observed  in  3-D 
experiments[46,44,45].  In  that  instance,  a  deposit  can  be  found  to  grow  facing  an  incoming 
flow  driven  by  the  depleted  electrolyte  which  flows  upwards.  Let  us  also  mention  that  the 
shape  of  the  natural  convection  clearly  depends  on  the  orientation  of  the  cell.  When 
performing  the  growth  vertically  from  top  to  bottom,  electroconvection  can  be  recovered  in 
instances  where  natural  convection  is  otherwise  observed [29 ,34]. 

V.  MORPHOLOGICAL  ASPECTS. 

Morphology  is  what  mostly  interested  early  researches  in  this  field.  However,  very 
little  could  be  extrapolated  from  DLA  models  to  actual  ECD,  because  DLA  was  one  limit 
only  of  ECD.  Now  that  the  transport  and  the  growth  mechanisms  are  better  understood, 
morphological  issues  can,  to  some  extent,  be  addressed. 

V.a  Morphology  in  the  simplest  electrochemical  model. 

Chazalviel's  model[l6],  which  incorporates  diffusion  and  migration  only,  already 
addresses  the  morphological  aspects.  It  is  clear  from  this  model  that  a  potential  barrier  is 
generated  by  space  charges  against  the  penetration  of  the  ions  between  existing  branches.  As 
a  consequence,  the  DLA  model  is  recovered  in  the  limit  of  very  slow  growth  only.  When  the 
growth  speed  is  increased,  branching  in  the  back  of  the  active  tip  is  less  possible,  and  a  more 
compact  deposit  is  formed,  which  has  a  comb-like  structure.  The  distance  between  teeth  is 
given  by 


b~(rc/5)(6V/E)[l+(e6V/5kT  ).  (1+PcM.  W(Zcd-Za)]'1/2  (4) 

Where  6V  is  the  potential  drop  across  the  space  charge  region,  and  E  the  field  in  the  bulk. 
This  model  may  apply  in  instances  where  convection  is  suppressed.  However,  as  shown 
before,  convection  is  present  in  most  experimental  conditions,  and  new  morphological 
consequences  arise. 

V.b  Effect  of  electroconvection. 

A  couple  of  morphological  consequences  of  electroconvection  are  rather  simple  to 
understand.  First  of  all,  the  very  shape  of  the  vortex  dipoles  (Fig.  3)  enhances  forward 
growth,  because  the  inner  part  of  the  vortices,  and  hence  the  sides  of  the  branches,  are 
depleted.  It  is  not  surprising  that  filamentary  structures  are  observed,  and  that  branching 
never  occurs  by  side-branching  but,  in  the  presence  of  vortices,  by  tip-splitting  only.  Tip¬ 
splitting  itself  can  occur  only  via  the  concomitant  formation  of  a  new  pair  of  vortices  in  the 
active  zone.  It  has  been  shown[32]  that  this  is  only  possible  at  moderate  growth  speeds. 
Indeed,  the  early  steps  of  the  tip-splitting  proceed  through  a  "pitchfork"  opening  of  the  active 
zone.  The  electrochemical  process  and  the  fluid  flow  imparts  a  torque  on  this  "pitchfork".  If 
the  growth  speed  is  too  fast,  there  is  a  symmetry  breaking  of  the  tip-splitting  and,  instead  of 
generating  two  symmetrical  vortices,  the  electrochemical  process  forces  one  of  the  tips  to 
grasp  the  existing  vortex  dipole  while  the  other  tip  is  pushed  aside  in  the  depleted  zone  where 
it  stops  growing.  Therefore,  one  expects  a  transition  from  ramified  to  bare  filaments  when 
the  growth  speed  is  increased.  This  transition  is  observed[32]. 

Next,  when  both  tip-splitting  and  side-branching  are  almost  impossible,  one  observes 
growth  of  regular  "comb-like"  deposits,  which  can  be  found  in  the  litterature  as  "dense 
parallel  morphology",  or  "cellular  growth"  or  "channel  growth".  The  question  remains  of 
how  the  distance  b  between  the  "teeth"  is  determined.  We  tentatively  propose  the  following 
argument.  If  one  assumes  that  above  a  certain  Reynolds  number  R,  of  order  1,  the  turbulence 
in  the  active  zone  is  responsible  for  the  morphological  transitions,  then  one  can  infer  the 
distance  between  branches  by  writing  that  the  fluid  speed  v  in  the  active  zone  is 
approximately  v~paE.(b/d)  where  d  is  the  spacing  of  the  cell,  and  that  v.b/v~l  which  implies 
b~(d.v/paE)1/2.  This  expression  for  the  distance  betwen  branches  gives  a  good  order  of 
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magnitude  and  it  does  show  the  correct  trends  :  the  distance  betwen  branches  decreases  with 
increasing  growth  speed  and  decreasing  cell  thickness.  Though  a  systematic  study  of  this 
question  has  not  been  performed  yet,  it  is  admitted  by  many  authors[28,32, 35,36]  that 
hydrodynamics  is  what  drives  the  morphology,  in  this  regime. 

V  c.  Natural  convection. 

Natural  convection  has  a  clear  effect  on  morphology,  since  experiments  performed  in 
different  orientations  may  lead  to  different  morphologies  [35].  Experimental  results  show  that 
natural  convection  overcomes  electroconvection  for  concentrations  above  O.OSmol.l*1  (when 
horizontal  cells  are  used).  One  then  enters  in  a  new  mode  of  growth,  whose  effect  on  the 
overall  morphology  of  the  deposit  is  not  well  known  yet.  It  has  been  proposed  by  several 
authors  [31,36,51]  that  an  inward  flow  of  concentrated  electrolyte  reduces  the  growth  speed 
through  different  mechanisms  :  a  change  in  actual  fluxes,  and  a  change  in  the  size  of  the 
space  charge  which  drives  the  instabilities  in  the  active  zone.  It  has  indeed  been  observed 
that  the  deposit  grows  more  slowly  in  an  incoming  fluid  flow,  especially  of  gravitational 
origin.  The  morphological  consequences  are  twofold.  The  local  effect  of  a  natural  convection 
is  to  slow  down  the  most  active  tips,  since  the  fluid  flow  is  faster  there.  Also,  the  global 
effect  of  natural  convection  is  to  homogenize  the  solution,  so  to  bring  concentrated 
electrolyte  from  the  concentrated  to  the  depleted  zones,  where  growth  may  continue.  As  a 
consequence,  in  instances  where  natural  convection  is  strong,  one  may  expect  more  compact 
deposits.  Though  the  actual  mechanisms  are  not  clear  and  though  other  causes  may 
contribute  to  the  same  effect,  it  is  an  overall  trend  of  the  ECD  process  that  more  compact 
deposits  are  observed  for  more  concentrated  solutions  and  thicker  cell.  Sagues  et  al[2],  Pochy 
et  al[23]  and  Kuhn  and  Argoul[51]  show  very  clear  evidence  that  increasing  the  cell  thickness 
induces  more  compact  growth. 

V.d  Physical  displacements. 

While  morphological  changes  may  occur  through  changes  of  the  growth  speed  along 
the  active  zone,  one  should  keep  in  mind  that  physical  displacements  of  the  deposit  can 
provoke  morphological  changes  too.  It  has  already  been  shown  that  physical  displacements 
in  the  active  zone  are  responsible  for  the  symmetry  breaking  of  the  tip,  and  hence,  for  the 
hindrance  of  tip-splitting.  But  there  also  exist  macroscopic  translations  of  branches  in  the 
solution  via  two  mechanisms :  fluid  advection  and  electrostatic  interaction.  It  is  a  well  known 
fact  in  hydrodynamics[45, 54,57],  that  distributions  of  vortices  induce  on  a  given  vortex  a 
global  speed  equal  to  the  speed  imparted  by  all  the  other  vortices.  As  a  consequence,  an 
irregular  distribution  of  vortices  provokes  physical  displacements  of  a  given  vortex  or  of  a 
given  vortex  dipole,  which  is  oriented  from  the  more  active  zones  towards  the  less  active 
ones.  This  is  a  stabilizing  effect.  Also,  the  active  tips  carry  electrostatic  dipoles,  which  are 
formed  by  the  excess  of  positive  charges  on  the  liquid  side  and  the  excess  of  electrons  on  the 
metal  side.  Therefore  there  exists  a  dipole-dipole  interaction  between  tips,  which,  again,  is 
oriented  from  the  active  zones  towards  the  less  active  zones.  This  too,  is  a  stabilizing  effect. 
If  one  starts  a  growth  from  a  "saw  tooth  electrode"  one  observes  that  the  holes  in  the 
electrode  are  healed  by  macroscopic  displacements  of  the  branches.  A  branch  which  finds 
itself  on  the  edge  of  such  a  hole  feels  a  maximum  force,  since  there  is  no  branch  on  one  side 
to  compensate  the  force  imparted  by  the  branches  located  on  the  other  side.  One  clearly 
observes,  in  such  instances,  rotations  of  the  branches  which  can  reach  90°.  This  kind  of  non¬ 
linear  healing  of  large  gaps  is  also  observed  when  a  deposit  grows  around  a  hydrogen  bubble, 
for  example  (though  capillary  phenomena  may  contribute  to  the  same  effect). 

V.e  Microscopic  phenomena 

Standard  electrochemical  deposition  is  well  known  to  provide  a  realm  of 
morphologies  which  depend  on  physical-chemical  properties  of  the  deposits  and  of  the 
electrolyte.  As  a  matter  of  fact,  study  of  the  morphology  of  deposits  is  the  most  active  part  of 
electrodeposition.  Also,  the  role  of  contaminants  is  very  actively  studied  in  chemical 
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engineering,  where  it  plays  an  essential  role  in  different  technical  instances.  As  pointed  out 
by  Dini[3]  :  "the  results  [on  growth]  obtained  with  additives  seem  to  be  out  of  proportion  to 
their  concentration  in  the  solution"  and,  quoting  Lashmore  :  "electrodeposition  is  the  science 
of  poisoning;  one  needs  to  do  something  to  inhibit  the  growth  of  dendrites".  While  the 
transport  mechanisms,  in  electrochemical  deposition  without  supporting  electrolyte,  are 
entirely  different  from  the  ones  in  standard  electrochemistry,  the  surface  phenomena  are 
essentially  the  same.  Therefore,  it  is  not  surprising  that  contaminants  play  an  important  role 
in  the  morphology  of  the  deposits  which  are  discussed  here. 

As  a  matter  of  fact,  some  sudden  morphological  changes  during  deposition  had  been 
observed  by  many  authors[7,6l],  in  even  the  simplest  experimental  conditions.  It  seemed  that 
the  deposit  was  first  of  one  morphological  kind  and  that,  after  crossing  some  invisible  line  in 
the  solution,  it  started  to  be  of  a  different  sort.  The  change  in  morphology  could  be  really 
considerable  (for  example,  from  rough  to  crystalline).  It  has  been  shown  by  Melrose  and 
Hibbert[25],  and  also  by  Fleury  et  al[20],  that  the  morphological  changes  are  merely  due  to 
migration  of  protons  and  of  contaminants  from  the  anode  towards  the  cathode.  Three 
different  things  may  happen  :  (i)  the  solution  can  become  contaminated  by  the  dissolution  of 
the  anode.  A  front  of  cationic  impurities  may  arrive  on  the  deposit  which  will  thereafter  grow 
in  a  "dirty"  solution,  or  conversely  (ii)  contaminants  can  be  removed  from  the  solution  by  the 
electric  field,  so  that  the  deposit  will  first  grow  in  a  "dirty"  solution  and  next  in  a  purer 
solution.  Also  (iii),  a  sharp  change  in  pH  may  migrate  into  the  solution  under  the  influence  of 
the  electric  field.  In  all  instances,  one  expects  sudden  morphological  changes  after  crossing 
the  border  between  the  two  solutions.  Extensive  analytical  and  experimental  evidence  have 
shown  that  this  is  the  correct  explanation  of  the  changes  in  morphology  observed  during 
growth  (known  as  Hecker-effect).  Since  then,  different  authors  have  evidenced  different 
morphological  changes [4 1,42 .51],  by  considering  different  impurities,  or  salts.  Especially, 
Kuhn  and  Argoul  have  shown  that  oxygen  is  one  of  the  impurities  which  plays  a  role  in  zinc 
depositions  1],  a  fact  which  is  also  known  in  the  case  of  copper,  in  standard 
electrodeposition[4] . 

Let  us  mention  also  that  since  growth  kinetics  is  linked  to  convective  flows,  the 
morphology  of  the  deposit  may  change  when  the  convective  flow  changes.  Especially,  the 
morphology  of  the  deposit  may  change[4l,5l]  after  meeting  a  gravity  current  emanating  from 
the  anode. 

It  must  be  said  that,  though  the  effect  of  impurities  has  been  recognized,  there  is  so 
far  no  clear  and  well  established  mechanism  able  to  explain  their  actual  consequences,  and  it 
is  very  daring  to  relate  morphological  changes  due  to  impurities  to  known  models  of  pattern 
formation.  It  is  clear,  for  example,  that  impurities  are  able  to  change  considerably  the 
properties  of  different  crystal  facets  (especially  exchange  currents)  therefore  modifying  the 
anisotropy  of  the  surface  kinetics.  Since  surface  anisotropy  is  one  of  the  most  important 
issues  in  pattern  formation  of  well  defined  dendrites[8,7,62],  it  does  not  come  as  a  surprise 
that  additives  can  drive  the  system  from  one  morphology  to  another.  Still,  this  question 
remains  largely  unsolved.  One  must  keep  in  mind  that  growth  generally  starts  on  a  subset  of 
a  few  favorable  sites  where  adsorption  energies  are  lowered.  However,  the  very  same 
mechanisms  which  allow  growth  on  these  sites  allow  adsorption  of  impurities  there  too. 
Therefore,  additives  will  play  a  considerable  role,  even  in  low  concentrations. 

VII.  CONCLUSION. 

In  recent  years,  considerable  progress  has  been  achieved  in  electrochemical 
deposition  without  supporting  electrolyte.  By  focusing  on  the  transport  of  ions  in  the  bulk,  it 
has  proved  possible  to  sort  out  all  the  possible  transport  mechanisms,  and  to  largely  quantify 
the  different  effects.  The  coupling  to  the  morphology  remains  a  complex  problem,  especially 
in  view  of  the  tremendous  role  played  by  contaminants.  The  surface  kinetics  is  certainly  one 
of  the  most  important  issues  in  pattern  formation  of  electrochemical  deposits.  It  can  be 
forecasted  that  additives  play  a  role  in  surface  anisotropy,  that  this  role  will  be  understood  in 
the  near  future,  and  probably  related  to  existing  models  of  dendritic  growth.  However, 
additives  may  provoke  astounding  morphological  changes  for  which  a  theoretical  framework 
remains  to  be  found.  Now  that  the  transport  mechanisms  in  the  bulk  are  well  understood,  it  is 
probable  that  the  surface  kinetics  will  receive  much  more  attention  in  the  near  future,  both 
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experimentally  and  theoretically. 
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ABSTRACT 

Thin  films  of  nickel  deposited  on  various  substrates  have  been  investigated  by 
using  an  STM.  Topographic  data  recorded  at  different  stages  of  the  film  growth  reveal 
that  the  surface  structure  at  one  location  of  the  film  resemble  that  at  another  location 
of  the  same  film.  The  repetitive  structures  are  made  up  of  a  few  coalescing  clusters 
and  forming  exactly  similar  looking  islands.  As  the  film  thickness  increases,  the  shape 
and  size  of  these  repetitive  patterns  changes  but  the  self-affinity  of  the  surface  structure 
is  maintained. 


INTRODUCTION 

The  general  physical  structure  of  a  thin  film  has  been  classified  [1]  into  three 
distinct  structure  zones  (SZ)  as  a  function  of  reduced  temperature  T/Tm  where  T  is 
the  substrate  temperature  and  Tm  is  the  melting  point  of  the  material  in  question.  The 
first  zone  creates  a  structure  of  tapered  columns  with  domed  tops  and  is  in  a  region 
of  low  adatom  mobility.  In  the  second  zone,  the  film  structure  is  of  straight  columnar 
nature  and  has  a  smooth  surface  morphology  while  in  zone  three  the  physical  structure 
resembles  small  crystallites.  This  classification  has  been  further  improved  upon  by 
taking  into  account  two  new  parameters  viz.,  the  sputtering  gas  pressure  [2]  and  the 
film  thickness  [3].  The  evolutionary  SZ  model  [3]  considers  the  growth  evolution  of 
physical  structure  under  low  adatom  mobility  conditions  (T/Tm  <  0.5).  These  SZ 
models  are  found  to  be  applicable  to  a  wide  range  of  materials  [4-8]  and  also  appears 
to  be  independent  of  the  deposition  process.  This  indicates  that  the  surface  structure 
at  one  location  of  the  film  should  resemble  that  at  another  location  of  the  same  film. 
This  kind  of  self-similarity  in  the  structural  evolution,  and  universality  in  the  physical 
structure  points  toward  a  common  origin  of  thin  film  growth.  All  the  previous 
observations  of  thin  film  structure  are  done  with  either  SEM  or  TEM  and  the  structure 
patterns  are  of  columnar  type.  STM  is  an  ideal  tool  to  observe  the  thin  film  physical 
structures  and  also  to  verify  these  SZ  models. 

Existence  of  self-similarity  in  the  surface  structure  suggests  that  in  the  initial 
stages  of  growth  we  should  expect  certain  repetitive  patterns  in  the  surface  morphology. 
The  nature,  size  and  shape  of  the  repetitive  structure  are  dependent  on  the  growth 
parameters  and  the  substrate  material.  To  verify  these  expectations,  nickel,  which  has 
a  high  melting  point, thereby  low  adatom  mobility  at  room  temperature,  has  been  used 
in  the  present  investigation. 
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EXPERIMENTAL 

Nickel  films  of  100,  200  and  500  A  nominal  thicknesses  are  deposited  on 
different  substrates  of  silicon  and  mica.  The  films  are  deposited  on  substrates  kept  at 
room  temperature  by  electron  beam  evaporation  (LEYBOLD  AG,  UNIVEX  300)  at 
a  base  pressure  of  ixlO-6  mbar.  The  deposition  rate  is  monitored  at  0.5  A/sec  by  a 
thickness  monitor.  The  silicon  wafers  are  etched  in  hydrofluoric  acid  and  then  rinsed 
in  water  and  ethanol.  Mica  substrates  are  prepared  by  freshly  cleaving  in  air  and 
immediately  mounted  in  the  evaporation  unit. 

The  surface  topographic  data  was  recorded  using  STM  (RHK  Technology  Inc.) 
in  the  atmospheric  conditions.  The  STM  images  were  taken  with  electrochemically 
etched  tungsten  tip  [9]  with  a  bias  voltage  of  400  mV  and  0.5  nA  tunneling  current 
in  the  topographic  mode.  Exposure  of  the  thin  film  surface  to  air  during  STM  imaging, 
a  few  monolayers  of  adsorbed  gasses  may  be  present  on  the  surface.  However,  with 
a  proper  sample  bias  tunneling  can  still  occur  through  the  adsorbed  layers  and  the 
effect  on  tunneling  current  is  expected  to  be  uniform  all  over  the  film  surface.  For  the 
metals  used  in  the  present  study  large  topographic  features  are  not  expected  to  be 
influenced  by  surface  contamination  due  to  atmospheric  exposure.  In  fact,  in  related 
papers  on  STM  imaging  by  ionic  conduction  through  condensed  water  films,  Yuan  et 
al.  [10]  concluded  that  the  local  forces  and  pressures  developed  within  a  condensed 
layer  of  fluid  cannot  give  rise  to  sample  deformation  during  imaging.  Thus,  the 
topographic  data  collected  by  operating  STM  in  constant  current  mode  represents  the 
true  surface  profile. 


OBSERVATIONS  &  DISCUSSIONS 

Nickel  films  deposited  on  silicon  and  mica  are  observed  to  have  certain 
interesting  topographic  features.  It  is  observed  that  nickel  follows  a  specific  type  of 
growth  pattern  on  each  one  of  these  substrates  which  is  indicated  by  a  specific  growth 
structure  that  repeats  itself  at  each  one  of  the  nucleation  centers.  It  may  be  an 
indication  of  self-similarity  exhibited  by  thin  film  physical  structures,  and  may  answer 
the  question  raised  by  Yehoda  and  Messier  [11]. 

Fig.l  shows  growth  islands  made  up  of  3-4  coalescing  clusters  but  forming 
exactly  similar  looking  islands  in  a  100  A  nickel  film  on  silicon.  Such  islands  are  seen 
over  a  large  area.  As  thickness  increases  these  2D  islands  develop  into  structures  of 
similar  size  and  shape.  The  repetitive  growth  structure  persists  with  increasing  film 
thickness  and  has  taken  a  definite  shape  at  around  500  A  as  shown  in  fig.2.  The  images 
show  a  repetitive  physical  structure  of  exactly  same  size  and  shape  -  even  down  to  finer 
details  -  formed  at  different  locations. 

In  fig.3  repetitive  physical  structure  observed  on  a  much  smaller  scale  on  a  200 
A  thin  film  on  silicon  is  shown.  Fig.3a  shows  several  grains  of  similar  shape  and  size 
that  have  formed  at  various  locations.  Fig.3b  shows  a  single  such  grain  with  its  fine 
structure.  The  structures  look  exactly  similar  even  down  to  nanometric  scale  and  are 
stacked  one  over  the  other.  Thin  films  of  nickel  of  thickness  100  A  on  mica  also 
showed  similar  repetitive  structures  (fig.4)  of  very  small  size  (~5  nm). 

In  order  to  visualize  the  nature  of  the  surface  profile,  we  carried  out  fractal 
characterization  of  the  surfaces  in  terms  of  the  scaling  exponent  H.  In  the  steady  state, 
the  surface  is  a  scale-invariant  self-affine  fractal  [12].  If  one  rescales  the  surface  by  a 
factor  of  b  in  the  horizontal  direction  the  surface  must  be  rescaled  by  a  factor  of  bH 
in  the  direction  perpendicular  to  the  surface  in  order  to  observe  the  similarity  between 
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FIGURE  1.  Development  of  2D  islands  into  thin  film  growth  structures  of 
similar  size  and  shape  on  a  100  A  nickel  film  on  silicon. 


FIGURE  2.  Surface  Morphology  of  500  A  thick  nickel  films  on  silicon 
substrates.  The  images  show  a  repetitive  physical  structures  of 
exactly  same  size  and  shape  formed  at  different  locations. 
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FIGURE  3  Repetitive  physical  structure  observed  on  a  much  smaller 
scale  on  a  200  A  thin  film  on  silicon,  (a)  shows  a  single  grain 
shape  and  size  has  formed  at  several  locations,  (b)  shows  a 
single  such  grain  with  its  fine  structure. 
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FIGURE  4.  Repetitive  patterns  of  very  small  size  (  ~5  nm )  observed  on 
100  A  film  on  mica. 


the  original  and  the  rescaled  surfaces. 

The  mean-height-difference  method  of  determination  of  scaling  exponent  [13] 
is  reported  to  be  the  most  accurate  and  a  direct  procedure.  Using  this  method,  films 
of  different  thicknesses  have  been  analyzed  and  it  is  observed  that  the  scaling  exponent 
decreases  from  0.8  to  0.6  as  the  film  thickness  increases  from  100  A  to  500  A,  which 
is  in  direct  correlation  with  the  surface  roughness. 

A  possible  explanation  for  the  formation  of  these  structures  is  as  follows.  If  the 
substrate  surface  has  several  nucleation  centers  having  exactly  similar  physical, 
chemical  and  electronic  structure  and  these  are  exposed  to  a  deposit  vapor  under 
similar  conditions,  then  one  would  expect  the  nucleation  and  growth  of  the  vapor 
atoms  at  and  around  those  nucleation  centers  to  be  exactly  same.  The  significant  part 
of  this  observation  is  that  such  repetitive  structures  are  present  up  to  a  thickness  range 
of  200  A  indicating  the  influence  of  substrate  nucleation  centers  on  the  growth  of  the 
deposit  matter. 

Repetitive  physical  structures  of  different  sizes  and  shapes  have  been  observed 
on  nickel  thin  films  on  silicon  and  mica.  The  formation  of  such  structures  in  film 
growth  may  be  an  indication  of  order  in  a  seemingly  random  process. 
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ABSTRACT 

Two  applications  of  fractal  concepts  to  problems  involving  porous  media  are  discussed. 
One  of  them  occurs  at  the  pore  level  and  involves  the  formation  of  large  molecular  aggregates 
as  the  result  of  injecting  a  fluid  into  an  oil  reservoir,  or  because  of  compositional  changes 
in  the  oil.  Formation  of  such  aggregates  and  their  precipitation  on  the  pore  surfaces  cause 
severe  problems  for  enhanced  recovery  of  oil,  and  also  many  processes  which  use  porous  cata¬ 
lysts.  We  argue  that  these  molecular  structures  are  similar  to  diffusion-limited  cluster-cluster 
aggregates,  and  small- angle  neutron  scattering  data  support  our  argument.  The  second  ap¬ 
plication  involves  field-scale  distributions  of  the  porosity  and  permeability  of  oil  reservoirs. 
We  show  that,  contrary  to  the  recent  assertions  that  such  distributions  are  described  by  frac¬ 
tional  Brownian  motion  or  fractional  Gaussian  noise  with  positive  correlations  (persistence), 
they  are  described  by  Levy  distributions  with  negative  correlations  ( anti-persistence ). 

INTRODUCTION 

In  recent  years  the  complex  behavior  of  wide  variety  of  phenomena  of  interest  to  chemists, 
physicists,  and  engineers  has  been  characterized  quantitatively  by  using  the  ideas  of  fractal 
distributions  that  correspond  in  a  unique  way  to  the  geometrical  shape  and  dynamical  prop¬ 
erties  of  the  system  under  study.  The  key  to  this  remarkable  progress  has  been  the  fact  that 
many  disordered  systems  possess  scale  symmetry  and  invariance.  Isotropic  systems  with 
such  scale  symmetry  and  invariance  are  self-similar,  and  can  be  characterized  by  a  fractal 
dimension  Df ,  a  property  that  corresponds  in  a  unique  fashion  to  the  geometrical  shape 
of  the  system.  Anisotropic  systems  with  scale  symmetry  are  self-affine  which  means  that 
such  systems  preserve  their  scale  invariance  only  if  lengths  in  different  directions  are  rescaled 
by  direction-dependent  scale  factors.  Such  self-affine  fractals  no  longer  can  be  described  by 
a  single  fractal  dimension.  Examples  of  self-affine  fractals  include  the  fractional  Brownian 
motion  (fBm)  and  fractional  Gaussian  noise  (fGn)  which  are  discussed  in  this  paper.  Several 
books  and  articles  discuss  various  aspects  of  fractal  phenomena  and  their  applications  to 
many  branches  of  science  and  technology  [1-6]. 

An  area  in  which  the  application  of  fractal  concepts  has  proven  fruitful  is  characteriza¬ 
tion  of,  and  flow  and  transport  through,  porous  media  [7,8].  In  addition,  fractal  concepts 
have  provided  us  with  a  much  deeper  understanding  of  reaction  and  precipitation  in  porous 
media  [4,9-11]  which  result  in  the  dynamical  evolution  and  restructuring  of  porous  media, 
and  nucleation  and  propagation  of  fractures  in  natural  rock  [12,13],  which  are  crucial  to  flow 
of  oil  in  underground  reservoirs,  the  development  of  groundwater  resources,  and  the  gener¬ 
ation  of  heat  and  vapor  from  geothermal  reservoirs  for  use  in  power  plants.  Such  fractures 
provide  high  permeability  paths  for  fluid  flow  in  reservoirs  that  are  otherwise  of  very  low 
permeabilities  and  porosities,  and  would  not  be  able  to  produce  at  economical  rates.  We 
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do  not  intend  to  discuss  all  the  applications  of  fractal  concepts  to  porous  media,  as  they 
are  well- documented  [7-14].  Instead,  we  focus  on  just  two  of  such  applications.  One  of 
them,  which  occurs  at  the  pore  level,  is  new  and  has  not  been  discussed  before.  This  is  a 
phenomenon  in  which  large  molecular  aggregates  are  formed  and  precipitate  on  the  surface 
of  the  pores  of  an  oil  reservoir,  when  a  fluid  is  injected  into  the  pore  space  to  displace  the 
oil  and  enhance  its  recovery.  A  similar  phenomenon  occurs  in  many  processes  involving 
porous  catalysts.  For  example,  during  catalytic  coal  liquefaction  and  coal  liquid  upgrading, 
and  also  many  refining  processes  that  use  porous  catalysts,  large  molecular  aggregates  are 
formed  whose  precipitation  on  the  surfaces  of  the  catalyst’s  pores  cause  severe  problems  for 
efficient  operation  of  such  processes.  In  the  chemical  and  petroleum  industries  such  molec¬ 
ular  aggregates  are  referred  to  as  asphalts.  These  aggregates  have  many  unusual  properties, 
and  have  also  been  used  [15]  for  manufacturing  strong  composites  that  have  many  industrial 
applications.  The  second  application  we  discuss  is  characterization  of  field-scale  distributions 
of  the  porosities  and  permeabilities  of  reservoir  rock.  Such  an  application  was  pioneered  by 
Hewett  [16,17],  who  showed  that  the  porosities  and  permeabilities  of  many  oil  reservoirs 
obey  fractal  statistics.  However,  our  recent  work  indicates  that,  although  the  original  ideas 
of  Hewett  about  the  applicability  of  fractals  to  field-scale  reservoirs  are  valid,  many  of  his 
conclusions  regarding  the  type  of  fractal  distributions  that  the  porosities  and  permeabilities 
follow  need  to  be  re-evaluated. 

This  paper  is  organized  as  follows.  In  the  next  section  we  discuss  the  application  of 
fractals  to  the  formation  and  precipitation  of  molecular  aggregates  in  porous  media.  Next, 
we  discuss  fractal  characterization  of  field-scale  porous  media.  In  the  last  section  the  paper 
is  summarized,  and  possible  future  research  directions  are  pointed  out. 

FORMATION  OF  MOLECULAR  AGGREGATES  IN  POROUS  MEDIA 

The  asphalt  aggregates  usually  are  highly  polar,  and  there  is  strong  evidence  [18]  that 
they  are  colloidal  particles,  which  means  that  they  cannot  be  processed  with  the  current 
refining  technology.  When  they  are  formed  in  an  oil  reservoir,  they  precipitate  on  the  surface 
of  the  pores  and  plug  them  and  thus  reduce  the  effective  permeability  of  the  reservoir.  In 
order  to  disperse  the  asphalt  aggregates  in  refining  operations,  or  prevent  their  formation 
and  precipitation  in  an  oil  reservoir  or  in  a  porous  catalyst,  it  is  of  fundamental  importance 
to  understand  their  molecular  structure  and  the  mechanisms  that  give  rise  to  their  formation. 
However,  despite  many  years  of  research,  and  particularly  extensive  experimental  work  [19], 
up  until  very  recently  a  model  of  the  asphalt  aggregates  whose  properties  are  all  consistent 
with  the  experimental  data  had  not  emerged. 

There  are  several  methods  for  measuring  various  properties  of  the  asphalt  aggregates  that 
provide  insight  into  their  structure.  One  popular  method  has  been  measuring  their  effective 
diffusivity  in  a  well-defined  system  such  as  a  porous  membrane  with  non-intersecting  pores. 
Since  the  pores  are  non-intersecting,  possible  complications  due  to  the  tortuosity  of  the 
membrane  do  not  arise.  Because  the  size  of  the  aggregates  is  comparable  with  that  of  the 
pores,  diffusion  of  the  asphalts  is  hindered  or  restricted,  which  means  that  their  effective 
diffusivity  in  the  pores  is  smaller  than  its  corresponding  value  in  an  unbounded  solution. 
The  experimental  data  are  then  correlated  using  the  hydrodynamic  theories  of  hindered 
diffusion  [20-23].  These  theories  provide  reasonably  accurate  approximate  description  of  the 
data,  but  as  far  as  providing  insight  into  the  structure  of  the  aggregates  is  concerned,  they 
can  be  used  only  if  we  assume  that  the  aggregates  can  be  respresented  as  spherical  molecules 
with  an  effective  hydrodynamic  radius,  or  as  ellipsoidal  molecules  with  given  major  and 
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Figure  1:  The  rescaled  experimental  data  (symbols)  for  precipitation  of  the  asphalts  with 
X  =  r/M1/4  and  Y  =  Wr2.  The  curve  is  the  universal  scaling  function  and  represents  the 
best  fit  of  the  data. 


minor  axial  lengths.  Despite  this  severe  shortcoming,  such  correlations  have  been  derived  by 
several  authors  [24,25],  mainly  because  an  understanding  of  transport  properties  of  asphalts 
is  essential  to  the  successful  design  of  refining  and  coal  liquefaction  operations.  Another 
approach  was  proposed  by  Klein  and  coworkers  [26,27]  by  which  an  iterative  stochastic 
model  of  the  aggregates  is  constructed,  beginning  with  some  hypothesized  structure  and 
matching  its  properties  with  measured  macroscopic  properties  such  as  the  average  molecular 
weight  of  the  aggregates,  their  viscosity,  density,  etc.  However,  this  approach  is  very  tedious 
and  requires  a  considerable  amount  of  accurate  experimental  data,  some  of  which  are  not 
even  available  yet. 

As  far  as  oil  recovery  and  refining  processes  involving  porous  catalysts  are  concerned, 
it  is  of  great  importance  to  know  the  amount  of  precipitated  aggregates  on  the  surface  of 
the  pores  [28].  However,  despite  their  significance,  accurate  precipitation  data  are  relatively 
rare,  because  their  measurement  is  difficult.  The  structure  of  the  aggregates  and  their 
precipitation  on  the  pore  surface  are  sensitive  to  the  temperature  and  pressure  of  the  system, 
the  chemical  composition  of  the  fluid  that  is  injected  into  the  pore  space,  and  a  variety  of 
other  factors.  We  have  recently  carried  out  [29]  a  careful  experimental  study  of  asphalt 
formation  in  a  pore  using  crude  oils  and  a  variety  of  alkanes,  ranging  from  C3  to  Cio,  as  the 
injection  or  solvent  fluid.  We  have  measured  the  amount  of  the  precipitated  asphalt  that 
is  formed  when  an  alkane  is  injected  into  the  pore  that  contains  a  crude  oil.  At  a  given 
temperature  and  pressure,  the  parameters  of  the  measurements  were  the  molecular  weight 
M  of  the  solvent,  the  solvent  to  crude  ratio  r  (in  cm3/gr),  and  the  weight  percent  W  of 
the  precipitated  asphalt.  We  have  shown  [29]  that  an  scaling  equation  can  be  developed 
by  combining  the  three  variables  into  two  variables  X  =  rjMz  and  Y  =  Wrz  ,  thereby 
collapsing  all  the  experimental  data  for  various  values  of  M ,  W ,  and  r  onto  a  single  curve. 
We  have  shown  that  z  and  z'  are  universal ,  i.e.,  they  are  independent  of  the  temperature 
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Figure  2:  Logarithmic  plot  of  the  SANS  intensity  I(q)  versus  the  magnitude  of  the  scattering 
vector  q,  for  a  toluene  solution  that  contains  5%  asphalt,  at  T  =  25°. 

and  pressure  of  the  system,  or  the  composition  of  the  crude  oil,  and  that  z  =  1/4  and  z'  —  2. 
Therefore,  the  scaling  function  provides  a  universal  equation  of  state  that  may  be  used  for 
predicting  the  amount  of  the  precipitated  asphalts  under  wide  variety  of  conditions.  Figure 
1  shows  the  universal  scaling  equation  together  with  the  experimental  data  at  T  =  26° C.  We 
have  shown  [30]  that  our  universal  scaling  equation  can  successfully  predict  the  experimental 
data  for  a  variety  of  crude  oils. 

The  existence  of  such  universal  scaling  variables  and  functions  strongly  suggests  that  the 
asphalt  aggregates  are  fractal  and  self-similar.  Thus,  motivated  by  this  observation,  we  have 
analyzed  [31]  small-angle  neutron  scattering  (SANS)  data  on  asphalt  solutions  in  toluene  at 
various  temperatures  [32,33].  Suppose  that  I(q )  is  the  scattering  intensity,  where  q  is  the 
magnitude  of  the  scattering  vector.  If  the  aggregates  have  a  fractal  structure,  then  [34] 

I(q)  ~  q-D<  ,  (1) 

where  Dj  is  the  fractal  dimension  of  the  aggregates.  Figure  2  shows  the  log- log  plot  of  I(q) 
versus  q  for  a  solution  that  contains  5%  asphalt  in  toluene  at  T  =  25° C,  very  close  to  the 
temperature  at  which  the  data  shown  in  Fig.  1  were  measured.  As  can  be  seen,  over  about 
one  order  of  magnitude  variations  in  q,  we  have  a  straight  line  with  an  slope 

Df  —  1.8  ±  0.05  .  (2) 

What  is  the  interpretation  of  this  value  of  the  fractal  dimension?  From  our  experimental 
observations  the  following  picture  of  formation  of  the  aggregates  emerges.  As  the  solvent  is 
injected  into  the  oil,  very  small  solid  particles  are  formed  in  the  solution.  These  particles 
diffuse  in  the  solution,  and  upon  collision  with  each  other  they  stick  together.  After  some 
time,  one  has  a  number  of  small  clusters  of  solid  particles  in  the  solution,  whose  sizes  are 
not  yet  large  enough  to  prevent  their  diffusion  in  the  solution.  Thus,  the  solid  clusters  also 
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diffuse  in  the  solution  until  they  collide  and  are  attached  to  each  other.  After  some  time 
the  aggregate  becomes  too  large  and  heavy,  and  thus  it  precipitates  onto  the  pore  surface. 
This  picture  of  formation  of  the  aggregates  is  based  on  the  experimental  observations,  but 
it  is  also  the  way  diffusion-limited  cluster- cluster  (DLCC)  aggregates  are  formed  [35].  Such 
aggregates  have  a  fractal  dimension  Df  ~  1.75-1.8,  in  very  good  agreement  with  our 
result.  This  confirms  our  assertion  that  the  asphalt  aggregates  have  a  fractal  structure,  and 
the  SANS  data  as  well  as  and  precipitation  data  indicate  that  these  aggregates  are  in  fact 
DLCC  aggregates  that  have  been  studied  extensively  in  the  past  several  years. 

The  discovery  that  asphalts  are  colloidal  aggregates  with  a  fractal  structure  has  important 
practical  implications.  The  kinetics  of  the  aggregation  of  asphalts  can  be  described  in  terms 
of  the  mean-field  Smoluchowsky  equation 


drik 

dt 


=  \  E  K(hj)ninj 

Z  i+j=k 


oo 


3= 1 


(3) 


where  n,-  is  the  number  of  clusters  of  size  i,  and  K(i,j )  is  a  kernel.  The  first  term  of  the 
right  hand  side  represents  the  formation  of  clusters  of  size  k  from  the  two  smaller  clusters 
of  sizes  i  and  j  =  k  —  i,  while  the  second  term  represents  the  loss  of  clusters  of  size  k  by 
reaction  with  other  clusters  to  form  larger  clusters.  For  DLCC  aggregates  the  appropriate 


kernel  is  given  by  [36] 


(4) 


where  8  is  the  exponent  the  relates  the  diffusion  coefficient  D  of  the  individual  clusters  to 
their  mass  M,  V  ~  Ms .  This  mean-field  description  is  valid  in  three  or  higher  dimensions, 
and  thus  should  be  highly  accurate  for  the  asphalt  aggregation.  Using  this  mean-field  theory, 
one  can  calculate  various  quantities  of  interest,  such  as  the  molecular  weight  distribution  of 
the  asphalts.  Identifying  the  asphalts  as  DLCC  aggregates  also  enables  us  to  impose  an  upper 
bound  on  the  typical  molecular  weight  M  of  the  asphalt  aggregates,  an  unsolved  problem  to 
date.  Moreover,  this  upper  bound  tells  us  that  M  cannot  exceed  a  few  thousands,  contrary 
to  some  assertions  in  the  literature  that  M  can  be  as  large  as  105,  since  if  M  becomes  too 
large  thermal  fluctuations  in  the  solution  disturb  the  mechanical  stability  of  the  aggregates 
and  force  them  to  rearrange  themselves.  Thus,  the  mean-field  approach,  together  with  our 
universal  scaling  equation  for  the  amount  of  the  precipitated  asphalts,  give  us  a  relatively 
complete  theory  of  aggregation  and  deposition  of  molecular  aggregates  in  porous  media. 


CHARACTERIZATION  OF  FIELD-SCALE  POROUS  MEDIA 


Although  characterization  of  laboratory-scale,  or  macroscopic  porous  media  can  be  done 
in  great  detail,  and  reasonable  understanding  of  such  systems  has  been  obtained,  the  same  is 
not  true  about  field-scale,  or  megascopic  porous  media.  Experimental  data  for  the  morphol¬ 
ogy  of  such  porous  media  is  incomplete,  their  effective  properties  such  as  the  porosity  and 
the  permeability  vary  greatly  at  different  length  scales,  often  by  several  orders  of  magnitude, 
and  the  relations  between  such  properties  and  the  volume  or  the  linear  size  of  the  porous 
media  which  one  wishes  to  study  or  exploit  are  often  unknown.  For  this  reason,  modelling 
field-scale  porous  media  usually  involves  stochastic  techniques.  Thus,  although  field-scale 
reservoirs  are,  in  principle,  intrinsically  deterministic,  because  of  the  great  uncertainties  one 
often  has  to  speak  of  the  stochastic  nature  of  such  porous  media,  and  describe  their  proper¬ 
ties  in  terms  of  statistical  quantities.  As  flow  in  field-scale  porous  media  is  greatly  important 
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Depth 

Figure  3:  The  porosity  log  of  a  600m-deep  well  in  the  Middle  East. 

to  oil  and  gas  recovery  from  underground  reservoirs,  and  to  the  development  of  groundwater 
resources  in  aquifers,  it  has  captured  the  attention  of  scientist  and  politicians ,  since  pollution 
of  groundwater  resources  has  become  a  “hot”  political  issue  in  the  USA. 

To  give  the  reader  some  idea  about  the  complexities  that  are  involved  in  the  character¬ 
ization  of  a  field-scale  porous  medium,  we  show  in  Fig.  3  a  vertical  porosity  log  that  was 
obtained  from  an  oil  well  in  the  Middle  East.  The  well’s  depth  was  about  600m  and  the 
porosity  <j)  was  measured  every  20cm,  so  that  over  3,000  data  points  were  collected.  As  can 
be  seen,  the  pattern  of  the  variations  of  <f>  is  very  complex.  How  do  we  analyze  such  complex 
variations  of  <f>  and  uncover  any  mathematical  structure  that  they  may  have?  The  analy¬ 
sis  of  such  data  is  usually  done  by  using  the  rescaled-range  technique  by  which  a  quantity 
R(L)fS(L)  is  calculated,  where  R(L)  is  the  range  of  the  accumulated  departure  from  the 
mean  of  the  variable  at  length  scale  Z,  and  S(L)  is  the  standard  deviation  (see  Feder  [3]  for 
more  details).  This  method  was  first  used  by  Hurst  [37]  for  analyzing  annual  flows  in  rivers. 

In  mathematical  terms,  if  a  variable  v  takes  the  value  v{t)  at  position  R(L)  is  given  by 

R(L)  =  Xmax(£ ,  L)  -  Xmin(£,  L)  ,  1  <  l  <  L  ,  (5) 

X(t,L)  =  j2\v(u)-(v)L\,  (6) 

U=1 

Wl  =  tEvW>  (7)  1 

L  e^i 

and  S(L )  is  given  by 

(l  L  'J1/2 

=  •  (8) 
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Figure  4:  Rescaled-range  analysis  of  the  porosity  log  shown  in  Fig.  3.  The  slope  of  the 
straight  line  is  H  ~  0.83. 


It  can  be  shown  that  if  the  data  follow  an  fBm,  then  [38] 


m 

S(L) 


(9) 


where  H  is  called  the  Hurst  exponent,  and  0  <  H  <  1.  H  >  0.5  signifies  positive  correlations 
or  persistence,  i.e.,  a  trend  (a  low  or  high  value)  at  x  is  followed  by  a  similar  trend  at 
x  +  Ax,  whereas  H  <  0.5  is  indicative  of  negative  correlations  or  anti-persistence.  An  fBm 
is  a  fractal  distribution  whose  spectral  density  <S(w),  the  Fourier  transform  of  its  variance, 
in  one  dimension  is  given  by 

5(")  ~  (1°) 

where  ui  is  the  Fourier  component.  An  fGn  has  a  similar  spectral  density  with  the  exponent 
2 H  +  1  replaced  by  2 H  —  1.  We  carried  out  a  rescaled-range  analysis  of  the  data  shown  in 
Fig.  3,  the  results  of  which  are  shown  in  Fig.  4.  For  nearly  3  orders  of  magnitude  variations 
in  L  we  obtain  H  ~  0.83.  A  similar  value  of  H  was  obtained  by  Hewett  [16]  who  carried  out 
the  first  rescaled-range  analysis  of  a  porosity  log.  However,  H  ~  0.83  is  indicative  of  strong 
persistence  and  positive  correlations  in  the  data,  whereas  the  porosity  log  shown  in  Fig.  3 
indicates  clearly  the  existence  of  anti-persistence  or  negative  correlations,  as  a  high  value  of 
<f>  is  followed  by  a  low  value,  and  vice  versa.  From  a  geological  point  of  view,  the  existence  of 
anti-persistence  seems  more  plausible,  since  reservoir  rock  usually  is  stratified  and  layered, 
and  the  properties  of  the  neighboring  layers  differ  greatly. 

To  obtain  a  better  understanding  of  the  data,  we  first  construct  the  experimental  his¬ 
togram  of  the  increments  <f>(x  -{-£)  —  0(x),  where  we  fix  the  separation  length  £  [39].  The 
results  are  shown  in  Fig.  5  for  £  =  20cm.  Also  shown  is  the  fit  of  the  data  to  a  Levy 
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Figure  5:  Frequency  distribution  of  the  increments  in  the  data  shown  in  Fig.  3  (symbols) 
and  its  fit  by  a  Levy  distribution  (solid  curve).  Also  shown  is  the  Gaussian  distribution 
(dashed  curve). 


distribution,  a  fractal  distribution  given  by  [40] 

p{y)  =  ~  f  exp  {~[C{t)u]DA  cos(uy)du}  ,  (11) 

where  Dw  is  the  fractal  dimension  of  the  set  of  points  that  are  visited  by  a  random  walker 
whose  step  sizes  obey  the  Levy  distribution,  and  C(£)  is  a  scale  parameter.  Of  course, 
Dw  =  2  corresponds  to  a  Gaussian  distribution  of  the  data,  which  has  been  used  extensively 
in  the  petroleum  engineering  literature,  but  Fig.  5  shows  clear  deviations  of  the  data  from 
a  Gaussian  distribution.  From  Fig.  5  we  obtain  Dw  ~  1.49  and  C  ~  0.0043.  Moreover,  as  is 
well-known,  because  of  the  long  tails  of  the  distribution  the  second  and  higher  moments  of 
a  Levy  distribution  are  all  divergent.  Such  tails  decay  very  slowly,  which  make  the  moments 
of  the  distribution  divergent.  A  similar  analysis  was  carried  out  by  Painter  and  Paterson 
[39]  for  acoustic  transit  time  of  some  oil  wells  in  northwest  Australia.  Note  that  up  until 
now  an  fBm  or  fGn  with  H  >  0.5  has  been  used  by  many  researchers  to  characterize  the 
porosity  or  permeability  distribution  of  rock. 

The  fact  that  the  increments  in  the  porosities  obey  a  Levy  distribution  also  suggests 
another  method  for  estimating  the  parameter  H.  If  we  vary  the  separation  length  the 
same  value  of  Dw  is  obtained.  This  is  indicative  of  self-similarity  of  the  data,  and  suggests 
that  if  we  plot  C{£)  as  a  function  of  the  separation  distance  £,  we  should  obtain 

C{t)~£H  .  (12) 

If  the  increments  are  not  correlated,  then  H  =  D~r.  For  positive  (negative)  correlations  and 
persistence  (anti-persistence)  we  should  have  H  >  D'1  (H  <  D"1).  For  short  separation 
distances  we  obtain  H  ~  0.68  ~  D~x  ~  0.67,  indicating  that  at  such  length  scales  the 
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Figure  6:  Logarithmic  plot  of  the  scale  parameter  C{1)  versus  the  separation  distance  l  for 
the  data  shown  in  Fig.  3.  The  slope  of  the  straight  line  is  H  a  0.13. 

porosities  are  distributed  essentially  at  random.  This  is  presumably  because  at  such  short 
length  scales  one  samples  the  rock  properties  within  a  stratum  where  the  morphology  is  more 
or  less  random.  However,  at  large  separation  distances  that  are  of  interest  to  us,  which  span 
many  strata,  the  rock  is  highly  heterogeneous,  since  the  strata’s  properties  greatly  differ,  and 
thus  we  expect  negative  correlations  and  anti-persistence,  and  indeed  from  Fig.  6  we  obtain 
H  ~  0.13  «  D”1  ~  0.67,  i.e.,  the  data  indicate  negative  correlations  and  anti-persistence, 
completely  consistent  with  the  porosity  log  shown  in  Fig.  3. 

Another  method  for  uncovering  the  fractal  nature  of  the  data  is  based  on  calculating  the 
variance  of  the  increments  7(^),  since  for  a  fractal  distribution  one  has 

7  (i3) 

Figure  7  shows  the  results  using  this  method.  Note  the  similarity  between  this  figure  and 
Fig.  6.  From  Fig,  7  and  for  large  separation  distances  we  obtain  H  ~  0.17,  consistent  with 
the  result  obtained  from  Fig.  6,  and  confirming  our  assertion  that,  at  least  for  the  porosity 
log  that  we  have  analyzed,  there  are  long-range  negative  correlations  in  the  data. 

To  further  check  these  results,  we  used  an  fBm  to  generate  several  one-dimensional  se¬ 
quences  of  numbers  with  various  values  0  <  H  <1,  and  then  analyzed  the  resulting  synthetic 
data  with  the  rescaled-range  method.  We  found  that,  regardless  of  the  value  of  H  used  in  the 
generation  of  the  synthetic  data  by  an  fBm,  the  rescaled-range  analysis  always  predicts  that 
H  ~  0.9.  This  indicates  that  there  is  a  fundamental  bias  in  such  an  analysis,  and  therefore 
it  may  not  be  a  reliable  tool  for  analyzing  geological  as  well  as  other  types  of  data.  We 
i  intend  to  carry  out  an  extensive  study  of  the  previous  data  that  have  been  analyzed  by  this 
method,  in  order  to  assess  its  reliability. 
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Figure  7:  Logarithmic  plot  of  the  variogram  of  the  data  of  Fig.  3. 
SUMMARY 

We  discussed  application  of  fractal  concepts  to  two  problems  involving  porous  media.  One 
of  them,  the  formation  of  large  molecular  aggregates  and  their  precipitation  on  the  surfaces 
of  the  pores,  gives  rise  to  diffusion-limited  cluster-cluster  aggregates  that  have  been  studied 
extensively  over  the  past  decade.  In  the  second  application,  we  considered  characterization  of 
the  distribution  of  the  porosity  of  a  field-scale  reservoir.  We  argued  that  previous  studies  that 
used  a  rescaled-range  analysis  of  the  data  could  not  reveal  the  true  nature  of  the  statistical 
correlations  in  the  data. 

Work  is  currently  in  progress  to  analyze  extensive  porosity  and  permeability  data  of 
several  oil  fields,  as  well  as  other  types  of  data.  The  results  will  be  published  elsewhere  [41]. 
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ABSTRACT 

The  fractal  distribution  of  pore  sizes  in  a  poly-4-vinylpyridine  resin  cross-linked  by 
diamagnetic  (Cd2+)  or  paramagnetic  (VO**,  Cu**)  divalent  metalUc  ions  has  been  charactenzed 
by  small-angle-X-ray  scattering,  nuclear  paramagnetic  relaxation  and  proton-pulsed-tieid 
gradient.  These  complementary  techniques  show  a  continuity  in  the  fractal  distribution  of  pore 
sizes  through  the  same  surface  fractal  dimension,  Df  =  2.6,  over  four  orders  of  magnitude 
between  3  nm  to  50  |im.  Electron  spin  resonance  yields  a  direct  estimate  of  the  overall  fraction  or 
solvent  into  the  adsorption  shell  of  the  cross-linked  polymer  network  as  well  as  the  dynamics 
and  local  viscosity  of  the  solvent  in  this  disordered  material. 


INTRODUCTION 

The  properties  of  functional  groups  as  well  as  the  microscopic  structure  of  cross-linked 
polymer  gels  and  resins  are  essential  factors  in  their  application  as  catalysts  or  in  chemical 
separation  processes.  In  presence  of  solvents,  the  reversible  gels  form  a  seemingly 
homogeneous  phase,  whereas  the  resins  give  rise  to  biphasic  systems.  The  structure  of  gels  has 
been  the  subject  of  a  numerous  works  and  is  now  quite  well  known.  This  is  not  the  case  tor 
resins  which  are  rigid  systems  in  which  porosity  is  the  main  property  governing  the  diffusion  of 

solvents.  „  . . 

These  resins  can  be  obtained  with  a  polymer  whose  the  functional  groups  are  able  to  give 
stable  complexes  with  divalent  or  tervalent  ions  to  form  three-dimensional  cross-linked 
networks.  This  is  the  case  of  poly(4-vinylpyridine)  (P4VP)  whose  copper  II  complexes  have 
been  subjected  to  several  works  dealing  with  its  catalytic  activity  m  redox  reactions  [1J.  These 
systems  have  been  also  studied  due  to  their  applications  for  removal  of  organic  impunties  in 
water  [2].  The  cross-linking  of  P4VP  has  been  performed  in  ethanol  solution  by  addition  of 
diamagnetic  or  paramagnetic  metallic  divalent  ions  such  as  cadmium,  vanadyl  and  copper 
(Fig.l).  At  low  metal  concentration  one  obtains  an  homogeneous  gel  which  can  swell.  Above  a 
critical  metal  concentration,  one  observes  a  shrinkage  of  the  gel  network  with  expulsion  of  the 


Fig.  1.  The  P4VP  polymer  cross  linked  by  Cd^+  and  schematic  diagrams  of  the  cross  linked  polymeric  gel  and  resin 
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solvent  resulting  in  a  demixion  of  phases.  This  is  the  so-called  phenomenon  of  syneresis  [3]. 
After  drying  under  vacuum,  the  resin  is  obtained  as  a  brittle  porous  material  of  apparent  density 
0.4,  which  presents  a  large  distribution  of  pore  sizes  and  which  is  able  to  adsorb  two  molecules 
of  solvent  per  monomer  unit  (Fig.  1)  [4], 

There  are  three  main  objectives  in  this  work. 

(i)  Obtain  the  pore  size  distribution  over  a  large  range  of  lenght-scale  using  different  and 
complementary  techniques. 

(ii)  Make  a  direct  measurement  of  the  overall  fraction  of  solvent  at  the  pore  interface. 

(iii)  Obtain  information  on  the  dynamics  of  the  solvent  embedded  in  this  highly  disordered 
system. 

To  find  the  pore  size  distribution,  three  quite  different  methods  concur  to  show  that  P4VP 
resin  presents  a  fractal  distribution  of  pore  sizes  over  four  orders  of  magnitude  (4  nm  -  50  pm) 
[5].  The  small  angle  X-ray  scattering  (SAXS)  has  provided  a  direct  determination  of  the  surface 
fractal  dimension  ~  2.6  for  the  pores  between  4  and  45  nm  as  well  as  the  mass  fractal 
dimension  Df  ~  2.75  below  4  nm.  Proton  pulsed-field-gradient  nuclear  magnetic  resonance 
(PFG-NMR)  on  adsorbed  methanol  have  evidenced  the  same  fractal  distribution  of  pore  radii 
but,  in  the  1-50  pm  range.  Finally,  the  pores  of  radii  between  3  nm  and  1  pm  have  been  sampled 
by  the  nuclear  relaxation  of  2H  and  13C  of  methanol  in  resins  cross-linked  by  paramagnetic  ions. 
The  analysis  of  the  data  confirms  the  D* obtained  by  the  two  other  methods. 

As  the  interpretation  of  nuclear  relaxation  data  appears  to  be  somewhat  model-dependent, 
we  propose  a  model-independent  method  to  be  used  as  a  complement.  The  electron  spin 
resonance  (ESR)  concentration  measurement  of  polymer  radicals,  selectively  formed  by  y- 
irradiation  at  the  polymer-solvent  interface,  gives  a  direct  estimate  of  the  overall  fraction  of 
solvent  into  the  adsorption  shell  of  the  cross-linked  polymer  network. 

Finally  the  molecular  dynamics  of  a  nitroxyde  radical  (TEMPO)  diluted  in  ethanol  and 
saturating  this  resin  has  been  studied  by  ESR  at  various  temperatures.  The  temperature 
dependence  of  the  reorientational  correlation  time  of  such  spin  label  gives  a  direct  information  on 
such  dynamics.  The  large  distribution  of  pore  sizes  is  responsible  of  the  anomalous  temperature 
behavior  of  the  exchange  rate  between  the  bounded  and  free  spin  label  concentration. 


DETERMINATION  OF  A  FRACTAL  DISTRIBUTION  OF  PORE  SIZES 

The  preparation  of  the  cross-linked  resin  samples  as  well  as  the  details  on  the  experimental 
methods  used  to  probe  the  distribution  of  pore  sizes  have  been  described  elsewhere  [4,  5].  Here 
we  just  outline  the  description  of  these  complementary  methods  and  present  an  overview  of  the 
main  results  and  discussions. 


Small-angle  X-rav  scattering  (SAXS) 

SAXS  is  now  commonly  used  to  characterize  porous  media  [6-8].  Let  us  briefly  summarize 
the  main  theoretical  aspects  of  SAXS  on  porous  media  modelled  as  fractals  [6-8].  In  the  Bom 
approximation,  the  scattering  intensity  I(q)  is  simply  proportional  to  the  Fourier  transform  of  the 
geometric  correlation  function  of  the  electron  density.  For  self-similar  fractals,  this  leads  to  a  non 
integer  power-law  behavior  in  the  scattering  at  large  value  of  qR  (R  being  the  average  pore  size) : 
I(q)  =  A  q’P  +  B  where  B  represents  the  incoherent  background.  If  the  volume  (or  mass)  of  the 
scatterer  is  a  fractal,  one  has  p  =  Dr(mass  fractal  dimension).  If  only  the  surface  is  a  fractal,  then 
(3  =  6-Df  Since  Df  <  3  and  6-Df  >  3,  surface  and  volume  fractals  can  be  in  principle 
distinguished. 

In  fig.  2a,  we  present  the  scattered  intensity  I(q)  of  the  non-cross-linked  P4VP.  The  power 
law  behavior  observed,  q~4,  at  large  q  is  characteristic  of  the  Porod  regime.  It  is  typical  of  a 
sharp  interface  between  two  regions  of  different  densities,  which  is  what  we  expect  for  a  non¬ 
cross-linked  polymer.  In  fig.  2b,  we  present  the  scattered  intensity  of  the  resin  P4VP  cross- 
linked  by  Cd2+  in  the  absence  and  presence  of  ethanol.  In  the  absence  of  solvent,  one  observes 
for  q<l/40  A*1  (log10  q  =-1.6  ,  corresponding  to  a  distance  £~4  nm)  a  power-law  behavior  q"P 
with  (5  =  3.42  which  gives  0^2.58  as  surface  fractal  dimension.  For  q>l/40  A-1,  one  observes, 
at  least  asymptotically,  another  power  law  with  f3  =  2.75.  This  latter  exponent  is  characteristic  of 
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a  mass  fractal.  These  power  laws  and  the  crossover  between  the  two  regimes  persist  when  the 
cross-linking  is  made  with  Cu2+  [5]. 


Fig.2a.  Fig-2b 

Logarithmic  plots  of  the  small  angle  X-ray  scattering  I  vs  the  momentum  transfer  q  (A-1)  fora  non  cross-linked 
polymer  P4VP  (Fig  2a)  and  for  a  P4VP-Cd2+  sample  (Fig  2b).  The  sample  with  ethanol  is  materialized  with  S . 
The  arrows  indicate  the  crossover  between  the  surface  and  volume  fractal  regimes.  The  residuals  correspond  to  the 
difference  between  the  experimental  curve  and  linear  plots. 


We  present  also  in  figure  2b,  the  scattered  intensity  I(q)  with  ethanol.  It  is  known  that  for  a 
system  of  electronic  density  p  embedded  in  a  medium  of  density  pQ,  I(q)  is  proportional  to  (p- 
p  )2.  So  filling  the  pores  with  ethanol  will  decrease  significantly  this  difference,  as  it  is  observed 
in  the  fig.  2b.  This  proves  that  the  scattering  is  due  to  some  pores  and  not  to  non-cross-linked 
polymers  for  which  (p-p0)2  stays  constant.  The  presence  of  such  pores  has  also  been  evidenced 
by  scanning  electron  microscopy  before  and  after  wetting  with  ethanol  [5]. 

In  the  q  range  of  surface  fractal  domain,  one  probes  fluctuations  on  electronic  densities  over 
distances  which  are  small  compared  to  the  size  R  of  the  pores,  but  large  compared  to  the  largest 
width  of  the  dense  polymer  region  J;~4  nm  (i.e.  for  pore  sizes  R^in~  %  ^  R  ^  Rmax~  45  nm)* 
The  structure  of  the  pore  sizes  may  be  modelled  by  a  power-law  distribution  P(r) : 


p<R>=f- 


0) 


where  dN  represents  the  number  of  pores  between  R  and  R+dR,  Df  being  the  fractal  dimension 
of  surface.  According  to  this  distribution  the  total  area  of  the  pores  diverges  as  (RjniJRfiiax)2‘Df 
when  R  in  tends  to  zero,  while  the  total  volume  stays  finite.  A  transposition  or  the  Porod’s 
calculation  of  the  average  intensity  scattered  by  a  single  pore  to  a  continuous  distribution  of 
closed  pores  according  to  Eq.  (1)  leads  also  to  I(q)  q“™ '  Df>. 

For  q  £  >  1 ,  one  probes  fluctuations  over  distances  smaller  than  inside  the  relatively 
dense  polymer  as  suggested  by  the  value,  Df=2.75,  of  the  mass  fractal  dimension. 


Pulsed-field-gradient  nuclear  magnetic  resonance  (PFG-NMR) 

The  pulsed-field-gradient  (PFG-NMR)  has  proved  to  be  one  of  the  most  suitable  methods 
for  studying  molecular  diffusion  in  heterogeneous  systems  [9,  10].  Basically  this  method 
corresponds  to  a  proton  magnetic  resonance  in  presence  of  a  sequence  of  pulsed  field  gradients. 
More  specifically  two  field  gradients  pulses  of  intensity  G  and  duration  o  are  applied  during  a 
usual  spin  echo  sequence  of  proton  NMR.  When  diffusion  occurs  the  transient  magnetic  field 
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experienced  by  the  protons  of  moving  molecules  is  not  the  same  during  the  first  and  second 
gradient  pulses  separated  by  a  time  delay  A  (A»5).  The  imbalance  between  the  defocusing  and 
refocusing  processes  results  in  an  attenuation  of  the  proton  echo  signal  A(G)  which  is  given  by  a 
weighted  sum  of  spin  dephasings  between  the  two  pulses.  We  have  shown  [5]  that  analyzing  the 
variation  of  A(G)  vs  G2  for  different  values  of  the  time  delay  A  can  give  information  on  both 
diffusion  coefficient  and  distribution  of  pore  sizes. 

In  the  present  work,  this  method  has  been  applied  to  the  self-diffusion  of  methanol  in  P4VP 
gel  and  resin,  both  cross-linked  by  diamagnetic  Cd2+  ions.  One  shows  in  figure  3  the  variation 
of  the  proton  echo  attenuation  A(G)/A(0)  vs  G2  for  a  gel  (Fig.  3a)  and  a  resin  (Fig.  3b).  The 
mono-exponential  attenuation  observed  for  the  gel  is  characteristic  of  a  free  diffusion  of  the 
solvent  in  an  homogeneous  system.  The  slope  of  the  semi  logarithmic  plot  of  figure  3a  yields 
precisely  the  diffusion  coefficient  D  in  that  case.  For  the  resin,  the  free-diffusion  contribution 
dominates  the  signal  at  low  gradient  field  intensity  G2  (see  the  initial  slope  of  Fig.  3b).  The 
diffusion  coefficient  obtained,  D=  5  10'6  cm2/s,  is  smaller  than  the  one  of  neat  methanol  (D=  3 
10-5  cm2/s),  suggesting  that  the  translational  motion  of  the  solvent  is  affected  by  the  pore 
roughness.  On  the  contrary,  at  large  gradient  field  intensity  G2,  the  non-exponential  attenuation 
observed  for  the  resin  (Fig.  3b)  is  characteristic  of  a  bounded-diffusion  contribution  of  the 
solvent  in  an  heterogeneous  system  which  depends  on  the  pore-size  distribution.  We  have  given 
in  ref.  [5]  a  theoretical  expression  of  the  average  of  A(G)  over  the  power  law  P(R)  of  Eq.  (1) 
which  allows  to  extract,  Df  =  2.6,  from  a  fit  of  the  experimental  data. 


time  delay  A  between  these  two  pulse-field-gradients  and  their  duration  6  «  A  are  fixed  in  a  given  experiment. 

In  figure  4,  we  have  reported  the  same  experiment  but  on  a  resin  presenting  a  higher  degree 
of  cross-linking  ([Cd2+]/[P4VP]=l/5).  Now  the  length  of  diffusion,  [6  D  A]1/2,  exceeds  the 
largest  pore  size  Rmax  and  we  have  shown  [5]  that  the  theoretical  expression  of  A(G)  becomes 
simply : 


A(G) 

A(0) 


oe 


(2) 


where  y  is  the  gyromagnetic  ratio  of  the  proton.  This  form  gives  a  slope  of  (Dr3)/2  on  a 
logarithmic  plot  of  A(G)/A(0)  versus  G2.  The  least  square  adjustment  of  such  a  plot  (Fig.  4) 
yields,  -0.196,  thus  giving  D^-2.6,  and  confirms  our  determination  from  the  fits  of  Fig.  (3b). 
Anticipating  the  discussion  on  the  relaxation-time  distribution  versus  pore-sizes,  it  may  be 
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said  that  under  the  most  of  our  experimental  conditions,  pores  smaller  than  0. 1  |im  have  virtually 
no  contribution  to  the  signals  recorded  in  PFG-NMR  experiments.  Rmin  actually  increases  with 
the  delay  A  and  is  generally  found  in  the  0.5-2  |xm  range.  Rmax  is  of  several  tens  of  micrometers 
(-50  pm)  and,  Df-2.6,  as  found  by  SAXS  experiments  on  similar  systems  but  on  much  smaller 
pore  sizes. 


Fig  .4.  Logarithmic  plot  of  the  proton-echo  attenuation  A(G)/A(0)vs  the  square  of  the  field  gradient  G2  in  PFG- 
NMR  experiments  on  methanol  adsorbed  on  P4VP-Cd2+  resin  (with  [Cd2+]/[P4VP]=l/5)  for  A=0.105  s. 


Paramagnetic  nuclear  relaxation 

In  complement  with  SAXS  and  PFG-NMR  experiments  which  provide  evidence  of  a  fractal 
distribution  of  pore  sizes  in  the  4-45  nm  and  0.5-50  pm  ranges,  respectively,  we  have 
performed  2H  and  13C  nuclear  relaxation  measurements  on  methanol  adsorbed  on  a  resin  cross- 
linked  by  paramagnetic  divalent  ions.  In  such  systems,  indeed,  the  solvent  relaxation  within  a 
pore  is  strongly  dependent  on  the  surface-to-volume  ratio.  If  the  pores  are  weakly  connected,  it 
may  be  expected  that  the  overall  multi  exponential  relaxation  behavior  will  allow  a  sampling  of 
an  intermediate  range  of  pore  sizes. 

The  results  obtained  with  a  P4VP  sample  cross-linked  by  vanadyl  ions 
([V02+]/[P4VP]= 1/30)  are  shown  in  Figs.(5  a-c).  As  previously  pointed  out  [4,  5],  a 
distribution  of  pore  sizes  results,  at  short  times  in  paramagnetic  systems,  in  a  multi  exponential 
decay  of  the  transverse,  R*  (t),  and  longitudinal,  R  (t),  relaxation  rates.  This  behavior  has  been 
ascribed  to  a  fast  exchangeof  the  solvent  between  the  core  and  surface  of  the  pores.  Within  the 
pores  the  relaxation  is  exponential  and  its  rate  is  weighted  by  the  solvent  fractions  in  the  bulk  and 
in  an  adsorption  shell  of  effective  thickness,  e,  surrounding  the  pores,  e  is  related  to  the 
roughness  of  the  pore  surface  and/or  to  the  extent  of  penetration  of  the  solvent  in  the  polymer 
network.  This  method  requires,  for  the  fits  of  the  experimental  data,  a  theoretical  expression  for 
the  magnetization  decay  due  to  the  translational  diffusion  of  solvent  in  a  large  distribution  of  pore 
sizes  which  is  [5]  : 


Rj(t)  ~  exp 


- 

i  -  r(Df2) 

f  38  t  | 

\TJ 

ikR“"  v 

fori  =  x,y  orz. 


(3) 


when  t  «  (R^  /3e)xia.  Here  1/Tib  is  the  bulk  relaxation  rate,  independent  of  the  pore  size, 
which  dominates  at  long  times  and  l/xia  =  1/T}  -1/Tib  -  1/Tj  ,  where  1/Tia  is  the  solvent 
relaxation  rate  of  the  adsorption  shell  surrounding  tne  pores  (Fig.  1). 

The  best  fit  of  the  experimental  data  obtained  with  Eq.  (3)  yields  Df  =  2.6,  £/Rmax~1.7  KM, 
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and  Rmin/Rmax~10"4-  Although  Rmax  is  not  accessible  by  this  method,  it  may  be  reasonably 
found  to  be  of  several  tens  of  pm  from  PFG  experiments  on  similar  diamagnetic  samples.  It  may 
therefore  estimated  that  e  and  R^  are  of  the  order  of  2-5  nm.  Calculations  show  that  the 
paramagnetic  relaxation  of  the  solvent  is  governed  by  the  adsorption  shell  contribution  below 
R/Rmax<  10“3  and  is  still  appreciable  in  the  10'3-10'2  range,  i.e.  for  R  values  up  to  1p.m. 


(c) 


Fig.  5.  Semi  logarithmic  plots  of  the  time  dependence 
of  the  deuteron  transverse  (a)  and  longitudinal  (b) 
relaxation  at  46  MHz  of  methanol  adsorbed  on 
paramagnetic  P4VP/V02+.  (c)  Transverse  relaxation 
of  »C  of  methanol  adsorbed  on  paramagnetic 
P4VP/Cu2+. 


In  summary,  we  have  evidenced,  in  the  P4VP  cross-linked  resin,  a  continuity  in  the  fractal 
distribution  of  pore  sizes  (Df  =  2.6)  over  4  orders  of  magnitude,  typically  between  3  nm  to  50 
pm  by  using  three  complementary  techniques  :  SAXS,  paramagnetic  relaxation  and  PFG-NMR. 


A  DIRECT  DETERMINATION  OF  THE  OVERALL  FRACTION  OF  SOLVENT 
AT  THE  PORE  INTERFACE 


As  the  interpretation  of  nuclear  relaxation  data  appears  to  be  somewhat  model-dependent, 
we  propose  a  model-independent  method  to  be  used  as  a  complement.  This  has  been  done  by 
measuring  the  overall  fraction  Fa  of  ethanol  in  the  adsorption  shell  surrounding  the  pores 
(Fig.l),  from  the  relative  concentration  of  free  radicals  selectively  formed  by  y-irradiation  of 
frozen  ethanol  (77K)  in  a  resin  of  the  same  composition  as  for  nuclear  paramagnetic  experiment. 
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In  first  we  have  verified  that  the  concentration  of  radicals  is  absolutely  negligible  in 
absence  of  solvent.  The  radicals  formed  in  the  sample  of  Fig.  6  are  therefore  directly  or 
indirectly  derived  from  the  ethanol  radiolysis  [11].  In  alcohol  glassy  solutions,  the  pyndine 
behaves  as  electron  scavengers  forming  anion  radicals  that  are  converted  into  pyndinyl  radicals 
[PYRH1  upon  protonation  of  the  nitrogen.  These  radicals  are  separately  observable  at  12U  K. 
(Fig.6).  *In  the  frozen  gel,  these  radicals  are  uniformly  distributed  whereas,  in  the  resin,  there  are 
only  formed  at  the  interface  between  the  pores  and  the  polymer  network,  i.e.  in  the  solvent 
adsorption  shell  (fig.  1).  On  the  other  hand,  the  [EtOH]  radicals  are  foraied  both  in  these  shells 
and  in  the  bulk.  The  overall  fraction  of  ethanol  adsorbed  at  the  interface  Fa  can.  therefore  be 
deduced  from  the  proportions  of  [PYRH]r  and  [EtOH]  These  proportions  have  been  obtmned 
from  the  second  moments  of  ESR  absorption  at  77  K  and  120  K  where  only  the  [PYRH]r 
radicals  remains  (Fig.6).  From  the  ratio  of  the  pyridinyl  to  the  total  radicals  concentration,  we 
found  F  =0.20  and  F  =1  in  the  resin  and  in  the  homogeneous  gel,  respectively.  For  the  resin 
such  a  value  of  Fa  is  in  good  agreement  with  the  paramagnetic  nuclear  study. 
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Fig.  6:  ESR  spectra  of  y -irradiated  neat  ethanol  (a),  resin  (b)  and  gel  (d)  at  77K  (a,  b,  d)  and  120K  (c,  e).  The 
vertical  bar  corresponds  to  g=2.0023. 


DYNAMICS  OF  SOLVENT  IN  THE  POROUS  RESIN 


We  have  seen  above  that  the  diffusion  coefficient  of  methanol,  D=  5  10'6  cm2/s,  obtained  in 
the  diamagnetic  resin  by  the  PFG-NMR  method  is  smaller  than  the  one  of  neat  methanol  (D=  3 
10"5  cm2/s ).  This  has  suggested  that  the  translational  motion  of  the  solvent  is  affected  by  the 
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pore  roughness.  Similar  dynamical  information  are  also  found  indirectly  by  the  paramagnetic 
nuclear  relaxation  method  [4,  5].  Sometimes,  nuclear  relaxation  can  give  direct  dynamical 
information  on  liquids  in  porous  media  provided  that  the  surface  and  geometrical  confinement 
contributions  on  the  nuclear  relaxation  rates  of  the  liquids  have  been  clearly  identified  via  their 
different  pore-size  and  frequency  dependencies.  This  was  the  case  in  our  previous  work  on 
calibrated  porous  silica  glasses  [12,  13].  However,  in  presence  of  a  large  distribution  of  pores,  it 
is  often  difficult  to  separate  these  two  contributions.  We  find  an  alternative  way  of  studying  the 
dynamics  of  a  solvent  in  this  porous  resin  :  theESR,  at  various  temperatures,  of  a  paramagnetic 
spin  label  dissolved  in  ethanol  and  adsorbed  in  P4VP-Cd2+  resin  (Fig.7).  The  spin  label  used  is 
the  so-called  nitroxyde  radical  TEMPO  (2-2-6-6-tetramethyl-piperidine-l-oxyl)  which  has  been 
shown  to  be  entirely  surrounded  by  ethanol  molecules.  The  net  evolution  of  the  ESR  spectra, 
with  the  temperature,  then  allows  a  possible  determination  of  the  reorientational  correlation  time 
X  of  this  spin  label  and  then  of  the  local  viscosity  as  well  as  its  exchange  rate  between 
unequivalent  sites.  The  method  used  consists  in  the  complete  simulation  of  these  spectra  by 
considering  the  molecular  reorientation  of  the  spin  label  and  its  exchange  rate  between  a  rigid  and 
free  binding  sites  [14].  These  two  molecular  motions  result  in  a  temperature-  dependent 
reduction  of  the  anisotropy  of  the  hyperfine  A  and  g  tensorial  couplings. 


lil  X  Its  K  8 


Fig.  7.  ESR  spectra  of  spin  label  TEMPO,  dissolved  in  ethanol  adsorbed  in  the  P4VP  resin,  at  various 
temperatures.  The  continuous  lines  correspond  to  the  experimental  data  while  the  dashed  lines  are  calculated.  At 
high  temperature,  the  slow  component  is  still  present  due  to  the  absence  of  measurable  exchange  with  the  fast 
component. 


It  occurs  a  progressive  transformation  of  the  ESR  spectra  from  a  large  and  asymmetric  spectrum 
in  the  slow  motional  regime  at  low  temperature  up  to  a  symmetric  spectrum  of  three  equally 
spaced  lines  in  the  “fast  motion  limit”  at  high  temperature.  The  value  of  the  reorientational 
correlation  time  x  at  the  transition  between  these  two  limits  is  about  2  ns. 

Finally  the  figure  8,  presents  the  temperature  dependencies  of  the  reorientational  correlation 
time  x  of  the  radical  TEMPO  in  the  cross-linked  gel,  resin  and  neat  ethanol.  One  observes  that 
these  times  are  much  higher  for  the  gel  than  for  the  resin.  The  gel  behaves  as  a  highly 
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concentrated  polymeric  solution  with  a  large  viscosity.  On  the  contrary,  in  the  resin,  there  is  a 
real  phase  separation  between  a  shallow  adsorption  shell  in  the  mass  of  the  cross-linked  polymer 
and  the  “free”  solvent  inside  the  pores  of  sizes  R  in  the  range  (2  nm  -  2  |im). 
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Fig.  8.  Arrhenius  plots  of  the  temperature  dependence  of  the  reorientational  correlation  time  x  of  the  radical 
TEMPO  in  the  gel,  resin  and  neat  ethanol.  The  isolated  points  0  and  o  correspond  to  the  domain  where  the 
exchange  rate  between  two  inequivalent  sites  can  be  evaluated  by  a  simulation  of  the  ESR  spectra.  For  the  resin, 
the  dashed  line  materializes  the  temperature  range  where  it  has  not  been  possible  to  identify  the  frequency  of 
exchange  between  two  sites  in  the  slow  motion  regime. 

The  temperature  dependence  of  x  in  neat  ethanol  is  classical  and  one  clearly  observes  the 
glass  transition  of  this  solvent  at  148  K.  The  apparition  of  a  two-component  ESR  spectrum  in 
the  gel  is  significant  of  an  heterogeneity  of  this  system.  This  is  not  evidenced  by  nuclear 
relaxation,  owing  to  fast  exchange  condition. 

A  two-component  signal  is  also  observed  for  the  resin.  In  the  temperature  range  where  the 
exchange  rate  can  be  measured  (5  106  <  vex<  5  10'  s  -1),  one  observes  a  decrease  of  vex  when 
increasing  the  temperature.  This  seemingly  paradoxical  result  is  due  to  the  large  distribution  of 
pore  sizes  in  the  resin.  When  the  temperature  increases,  one  observes  the  exchange  of  the  spin 
label  in  more  and  more  small  pores  where  vex  decreases. 
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CONCLUSION 


We  have  used  three  complementary  techniques  to  characterize  the  fractal  distribution  of  pore 
sizes  in  a  poly-4- vinylpyridine  resin  cross-linked  by  diamagnetic  (Cd2+)  or  paramagnetic  (V02+, 
Cu2+)  divalent  ions.  Small-angle-X-ray  scattering,  nuclear  paramagnetic  relaxation  and  pulsed 
field  gradient  spin  echo  show  a  continuity  in  the  fractal  distribution  of  pore  sizes  by  means  of  the 
same  surface  fractal  dimension,  Df  =  2.6,  over  four  orders  of  magnitude,  typically  between  3  nm 
to  50  Jim. 

The  electron  spin  resonance  (ESR)  concentration  measurement  of  polymer  radicals, 
selectively  formed  by  y-irradiation  at  the  polymer-solvent  interface,  has  given  a  direct  estimate  of 
the  overall  fraction  of  solvent  into  the  adsorption  shell  of  the  cross-linked  polymer  network. 

Last,  the  molecular  dynamics  of  a  nitroxyde  radical  (TEMPO)  diluted  in  ethanol  and 
saturating  this  resin  has  been  studied  by  ESR  at  various  temperatures.  The  temperature 
dependence  of  the  reorientation  correlation  time  of  such  spin  label  has  informed  about  the  solvent 
dynamics. 

All  these  informations  are  of  particular  importance  in  the  interpretation  of  physicochemical 
processes  in  catalysis  and  chemical  separation  on  this  organic  disordered  material. 
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ABSTRACT 

We  describe  a  simple  way  to  compute  the  response  of  an  irregular  resistive  interface  to  a 
Laplacian  field  in  d=2.  It  permits  to  find  the  linear  response  of  electrodes  with  an  arbitrary 
geometry  from  the  image  only  of  the  electrode.  It  also  allows  to  compute  the  non-linear  response 
of  self  similar  electrodes.  This  method  applies  in  principle  to  arbitrary  irregular  geometry  in  d=2 
and  it  permits  to  predict  generally  that  the  slope  of  the  Tafel  plot  is  divided  by  the  fractal 
dimension.  These  results  may  be  transposed  to  the  calculation  of  the  steady  state  diffusion  flux 
across  an  active  self-similar  membrane. 


INTRODUCTION 

It  has  been  shown  recently  that  it  is  possible  to  obtain  the  response  of  electrodes  of  arbitrary 
geometry  in  the  small  voltage  linear  regime  through  a  coarse-graining  procedure.!!]  The  same  type 
of  analysis  may  be  used  to  find  the  response  of  self-similar  electrodes  in  the  non-linear  regime.[2] 
In  order  not  to  duplicate  these  papers  I  will  recall  here  only  the  general  idea  on  which  these  results 
were  obtained  and  discuss  their  transposition  to  other  domains  were  transport  to  an  irregular 
interface  is  the  consequence  of  the  existence  of  a  force  deriving  from  a  Laplacian  potential.  The 
particular  case  of  the  transport  across  an  active  irregular  membrane  will  be  discussed.  The  general 
problem  is  to  find  the  response  of  an  irregulaf ‘working”  electrode  in  an  electrochemical  cell  as 
represented  in  Fig.(l).  . 

In  principle  one  has  to  solve  the  Laplace  equation  AV  =  0  which  governs  the  electric  field 
distribution  in  the  bulk  of  the  electrolyte  but  one  must  use  the  boundary  condition  that  reflects  the 
electrochemical  processes  at  the  surface  electrode.  In  the  simplest  linear  approximation,  a  small 
“flat”  element  of  the  surface  behaves  as  a  resistor  r  (the  Faradai'c  resistor  which  measures  the  finite 
rate  of  the  electro-chemical  reaction)  across  a  capacitance  y  (which  describes  the  charge 
accumulation  at  the  interface)..  At  frequency  to  the  current  density  normal  to  the  boundary  is  then, 
for  small  voltages 


jx  =  -V(rl+jy©). 


(1) 


Because  the  surface  presents  a  surface  impedance,  what  is  known  about  the  properties  of 
Laplacian  fields  on  irregular  surfaces  which  are  totally  absorbing  (i.e.  with  V=0)  cannot  be  applied 
directly.  This  situation  is  unfortunate  since  the  Laplacian  problem  with  the  Dirichlet  boundary 
condition  V=0  (the  situation  of  an  irregular  capacitor)  has  been  thoroughly  studied,  at  least  in  d=2, 
and  a  theorem  of  important  signifance,  namely  the  Makarov  theorem  which  describes  the 
properties  of  the  charge  distribution  on  a  irregular  (possibly  fractal)  capacitor  has  been 
demonstrated.  [3]  This  theorem  states  that  the  information  dimension  of  the  harmonic  measure  (the 
distribution  of  electrostatic  charge  for  the  capacitor  case)  on  a  singly  connected  object  in  d  =  2  is 
exactly  equal  to  1.  Here,  the  harmonic  measure  is  the  mathematical  name  of  the  distribution  of  the 
current  density  at  the  surface  of  the  working  electrode  (in  the  unrealistic  Dirichlet  case  where  r=0). 
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Fig.  1:  Electrochemical  cell  with  a  self-similar  electrode.  The  irregular  electrode  of  interest  ( the 
working  electrode  in  electrochemistry )  has  an  inner  cut-off  l  and  a  size  or  diameter  L.  The  arrow 
indicates  the  orientation  of  the  normal.  This  paper  deals  with  the  electrochemical  problem  in  which 
the  applied  voltage  is  V0  on  the  planar  counter  electrode  and  0  on  the  working  electrode.  There 
exists  an  exactly  equivalent  diffusion  problem  in  which  a  planar  source  of  diffusion  is  maintained 
at  a  constant  concentration  c0  and  particle  diffuse  towards  an  irregular  membrane  with  finite 
permeability  W . 


SCREENING  EFFICIENCY  OF  THE  GEOMETRY  AND  THE  S  NUMBER 

The  Makarov  theorem  can  be  imaged  in  the  following  manner:  If  one  considers  a  cell  with  an 
irregular  electrode,  the  size  of  the  region  where  the  current  accumulates  is  proportional  to  the 
overall  size  (or  diameter)  L  of  the  electrode  under  an  homothety  transformation.  This  result 
generalizes  to  arbitrary  geometry  facts  which  are  known  for  a  long  time  for  simple  geometries.  It 
has  in  fact  a  very  significant  meaning  to  describe  the  efficiency  of  the  screening.  First  we  call  S 
the  ratio  of  the  electrode  perimeter  Lp  divided  by  its  size  L,  [4] 


S=iyL. 


(2) 


Now,  if  the  active  zone,  that  is  the  zone  where  the  current  accumulates,  has  a  size  L  whatever 
the  geometry,  then  trivially  L  =  LR(L/L  )  =  L^S  and  consequently,  1/S  can  be  considered  as  the 
Dirichlet  “screening  efficiency”  aue  to  the  irregularity  of  the  geometry.  Although  trivially 
introduced  the  S  number  acquires  now  an  important  physical  meaning  . 


COARSE-GRAINING  THE  REAL  ELECTRODE  TO  A  GEOMETRY  OBEYING 
DIRICHLET  CONDITION 

The  procedure  that  is  used  in  [1]  is  to  shift  from  the  real  geometry  obeying  the  real1  boundary 
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condition  to  a  coarse-grained  geometry  obeying  the  condition  V  =  0  for  which  we  know  the 
effective  screening  from  the  above  argument.  To  simplify  we  describe  here  the  d.c.  case  (co=0). 
Because  of  charge  conservation,  the  current  crossing  the  electrode  surface  must  be  equal  to  the 
current  coming  from  the  bulk  by  Ohm’s  law:  j  -  —  Vj_V/p  with  p  being  the  electrolyte  resistivity. 
As  a  consequence  the  d.c.  boundary  condition  can  be  written  as 


V/V±V=A  with  A  =r/p  (3) 

The  value  of  the  length  A  determines  the  scale  of  the  coarse  graining  in  the  following  manner. 
We  consider  a  part  i  of  the  surface  with  a  perimeter  length  Lpi .  If  the  thickness  of  the  cell  is  b,  this 
surface  possess  an  admittance  Yj  =  bL_  j/r  but  the  admittance  to  access  the  surface  is  of  order  Y™ 
=  b/p  because  in  d=2  the  resistance  of  a  square  of  electrolyte  of  thickness  b  is  equal  to  b/p 
whatever  its  size.  There  exists  then  two  situations:  Yj  <  Yacc  or  Yj  >  Y&cc  depending  of  the 
length  L  j.  If  Lp  j  is  small,  we  have  Yj  <  Y  and  the  current  is  limited  by  the  surface 
admittance.  On  the  contrary  if  L  4  is  large  enough  we  have  Yj  >  Yacc  and  the  current  is  limited  by 
the  resistance  to  access  the  surface.  But  in  that  latter  situation  we  are,'  in  first  approximation,  back 
in  the  case  of  a  pure  Laplacian  field  with  the  boundary  condition  V  =  0.  The  idea  is  then  to  coarse- 
grain  the  real  geometry  to  a  scale  L:  =  Lc„  such  that  the  electrode  perimeter  Lpcg  in  a  region  of  size 
(diameter)  Lcg  is  given  by  the  condition  Yj  =  Yacc  or 

Lp,cg  =  A  =  r/P  W 

Consequently,  if  we  coarse-grain  the  original  geometry  to  macrosites  of  perimeter  A  =  r/p,  in 
the  new  coarse-grained  geometry  we  are  dealing  with  a  purely  Laplacian  field  and  we  can  then  use 
the  screening  factor  1/Scg  of  this  new  geometrical  object  to  find  its  effective  active  surface.  The  S 
number  of  the  coarse-grained  electrode  is  simply 


Scg  =  Np/(L/Lcg) 


(5) 


where  N_  is  the  number  of  yardsticks  of  length  Lcg  to  measure  the  perimeter  of  the  electrode 
whereas  L/Lc„  is  the  number  of  yardsticks  to  measure  the  size  (or  diameter)  of  the  electrode.  The 
quantity  1/S~g  is  the  effective  fraction  of  the  surface  which  is  active  and  the  admittance  of  the 
electrode  will  simply  be  given  by  Y(r)=  Yp(r)/Scg  or  its  impedance  by 


Z(r)  =  Zp(r).Scg  ® 

where  Zp(r)  would  be  the  surface  impedance  of  a  “stretched”  electrode  with  a  length  Lp.  In  this 
frame  the  number  Scg  of  the  coarse-grained  object  determines  directly  how  the  impedance  of  the 
total  surface  is  multiplied  due  to  screening.  If  we  consider  a  self-similar  electrode  with  a  inner  cut¬ 
off  l  and  fractal  dimension  Df  there  exist  a  simple  relation  A  ~  i  (L  J)Df  between  the  size  Lcg 
of  the  coarse  graining  and  the  length  of  the  perimeter. (For  a  list  of  references  on  the  response  or 
fractal  electrodes  see  [5,6])  Using  this  argument  one  obtains  for  the  admittance  of  a  self-similar 
electrode  of  macroscopic  size  L  and  thickness  b  the  value  Z  =  (Lb)’1(4p)G5f ' 1^f  rlA)f.  We 
substitute  r  by  (r^+jyto)'1  to  obtain  the  general  a.c.  response  and  for  blocking  electrodes  (for 
which  r_1=0)  we  find 


227 


Z(co)=  (Lb)'1(^p)^Df1^Df  (jv  “)‘1/Df- 


(7) 


The  d.c.  form  of  this  result  has  been  verified  by  numerical  simulation  and  the  a.c.  form  which 
represents  the  so-called  Constant  Phase  Angle  (C.P.A.)  response  has  been  verified  by  experiments 
on  model  electrodes  as  described  in  detail  in  reference  [7].  Generalization  of  the  above  procedure 
to  arbitrary  geometry  is  presented  in  [1].  It  should  be  mentionned  that  slightly  different  values  for 
the  C.P.A.  exponent  have  been  proposed  [8,9].  Up  to  now  they  are  not  distinguishable  from  1/Df 
in  simulations  and  experiments  and  they  rely  on  complex  theoretical  formulation  which  cannot  be 
extended  simply  to  arbitrary  geometry. 

One  should  also  mention  that  the  same  type  of  expression  as  that  given  by  Eq.  (7)  allows  to 
understand  quantitatively  the  impedance  diagram  of  blocking  quasi-fractal  3-d  electrodes  [10]. 


EXTENSION  TO  NON-LINEAR  RESPONSE 

The  same  method  can  be  used  to  study  the  non-linear  response  (see  [2]).  The  electrochemical 
response  of  a  planar  electrode  is  always  non-linear  when  the  applied  voltage  V  exceeds  a  few 
millivolts.  In  general  the  d.c.  current  density  across  an  electrode  obeys  the  Butler- Volmer  equation 
[11] 


j  =  j0  {  exp[(l-pt)eV/kT]  -  exp[-PteV/kT]  }  (8) 


where  e  is  the  electron  charge,  k  the  Boltzmann  constant,  T  the  temperature  and  bt  a  number 
smaller  than  one  called  the  cathodic  transfer  coefficient.  Note  that  for  the  linear  regime  (eV/kT 
«1)  we  have  j^eV/kT  and  consequently  the  small  voltage  Faradaic  surface  resistance  r  is  related 
to  j0  by  r=V/j=  kT/ej0.  If  we  work  with  large  positive  voltage  such  that  (eV/kT)  »1  the  Butler- 
Volmer  equation  simplifies  to  j=j0exp[(l-pt)eV/kT].  Then, there  exist  locally  on  the  electrode  a 
non-linear  surface  resistivity  r(V)  which  is  given  by  r(V)  =  (V/j0)exp[(pt-l)ey/kT|  To  this  non¬ 
linear  surface  resistivity  corresponds  a  non-linear  length  A(V)  =  r(V)/p  =  (V/pjQ)exp[(Pt-l)eV/kT]. 
The  coarse-graining  size  l  (A(V)/£  )^f  is  then  given  by 


Lcg(V)  =  t  { (V/p<j0)  exp[(Pt-l)eV/kTI  )  (9) 


and  the  non-linear  d.c.  impedance  response  of  the  electrode  is  given  by 


Z  =  (bL)- V  1)/Df  rv/j0)1/15f  exp[(p,-l)eV/Df  kT]  (10) 


The  current  across  a  self-similar  electrode  in  the  non-linear  regime  will  then  be  given  by  an 
apparent  Butler- Volmer  response  which  for  (eV/kT) »  1  is 


I  =  bL(p£)  G-DfVDf tf&f' V^f 3 I)% exp[(l-pt)eV/D^T].  (11) 


Hence,  for  fractal  electrodes  there  exists  a  strong  modification  of  the  response  due  to  the 
fractal  geometry  because  the  fractal  dimension  enters  the  argument  of  the  exponential.  One  usually 
study  in  electrochemistry  the  so-called  Tafel  plots  which  are  plots  of  log(I)  as  a  function  of  V 
[11].  For  an  ordinary  case  (Df=l)  one  finds  a  straight  line  and  the  slope  of  this  line  gives  a 
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measure  of  the  quantity  (l-(3t).  Here,  apart  from  the  slight  discrepancy  due  to  the  v<Pf  Wf  factor, 
one  will  also  find  a  straight  line  but  now  the  slope  will  involve  (l-pt)/Df  instead  of  (l-(3,).  The 
effective  Tafel  slope  is  then  divided  by  the  fractal  dimension.  This  fact  has  already  been  indicated 
by  Nyikos  andPajkossy  [12]  for  specific  self-affine  model  electrodes  for  which  specific 
computations  can  be  made  and  discussed  for  self-similar  electrodes  by  Mulder  et  al  [13].  What  we 
add  here  is  a  very  simple  geometrical  interpretation  which  relates  the  size  of  the  coarse-graining  to 
the  applied  potential  and  permits  to  find  directly  the  size  of  the  active  zone. 


ACTIVE  TRANSFER  ACROSS  A  SELF-SIMILAR  MEMBRANE  OR  CATALYSTS 

This  method  can  be  used  to  compute  the  active  transfer  across  a  self- similar  membrane  or  the 
activity  of  a  catalyst  with  the  same  geometry.  The  case  of  transfer  across  a  self-similar  passive 
membrane  has  been  discussed  in  [14].  We  consider  the  steady  state  diffusion  transfer  across  an 
active  self-similar  membrane.  The  concentration  c  of  the  species  of  interest  obeys  Laplace  equation 
Ac  =  0.  The  flux  in  the  bulk  is  given  by  Fick’s  law  <E>=  -D  Vc  (D  is  the  diffusion  coefficient.  The 
local  flux  across  the  membrane  is  proportional  (in  our  example  of  active  transfert)  to  the  square  of 
the  local  concentration  O  =  -wa  c2.  In  that  case  there  would  exists  a  concentration  dependent 
length 


A(c)  =  D/wac 


Along  the  same  lines  one  can  compute  an  admittance  for  diffusion 
Y=bL  l  tt-Df )%£>  Pr^/Df  (wac)1/Df 


(12) 


(13) 


The  total  flux  <X>y  is  equal  to  Yca  if  the  concentration  cQ  is  maintained  near  the  entrance  of  the 
system,  for  instance  oy  a  horizontal  flow  in  the  case  of  Fig.  1. surface  and 


Ot  =bL  l  a*Df)/Df  D  (Prl)/Df  Wa  1/Df  Co(l+Df)/Df  (14) 


The  flux  is  then  found  to  obey  a  power  law  as  a  function  of  the  concentration  with  an  exponent 
(1+Df)/Df. 


DISCUSSION 

The  hypothesis  which  is  used  implicitly  in  this  discussion  of  the  non-linear  responses  is  that 
the  potential  (electric  potential  for  the  case  of  the  electriode  or  concentration  or  chemical  potential  in 
the  case  of  the  active  membrane)  is  applied  in  the  same  manner  everywhere  on  the  active  zone.  The 
justification  for  that  is  to  be  found  in  the  fact  that  this  approximation  was  found  to  be  a  very  good 
approximation  to  compute  the  linear  response  [7].  Of  course  this  must  not  be  considered  as  a 
proof.  However,  the  approximation  that  there  exist  a  totally  passive  region  should  be  an  even 
better  approximation  in  the  case  of  non-linear  response  because  the  local  “activity”  will  vary  as  a 
power  or  an  exponential  function  of  the  harmonic  measure  and  consequently  be  very  small  in 
region  which  are  only  approximately  passive  in  the  linear  regime. 
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ABSTRACT 

In  real  conductor-insulator  composites  one  observes  a  sharp  change  of  the  dc  resistivity  and  a 
large  increase  of  the  low  frequency  dielectric  constant  at  the  percolation  threshold  pc .  However 
in  many  cases  the  a.c.  data  do  not  follow  the  scaling  behaviour  predicted  by  the  percolation 
theory.  To  account  for  these  discrepancies,  we  have  proposed  an  alternative  model  which 
incorporates  quantum  tunnelling  into  the  percolation  theory.  This  models  leads  to  a  new 
"tunnelling'’  scaling  law  for  the  complex  conductivity  which  gives  rise  for  concentration  below 
pc  to  an  exponential  variation  of  the  d.c.  conductivity  with  concentration  and  a  dispersion  of 
the  ac  complex  conductivity  with  non  universal  exponents.  This  new  scaling  law  depends  on 
two  new  exponents  and  reduces  to  the  usual  one  for  metal  concentration  well  above  pc We 
apply  this  more  general  scaling  to  discuss  the  relation  between  the  film  morphology  and  the  low 
frequency  dispersion  in  granular  metallic  composites. 


1.  A  TUNNELLING  SCALING  LAW 

The  electrical,  dielectric  and  optical  properties  of  metal-insulator  composites  close  to  the 
percolation  threshold  can  be  very  different  from  those  of  both  constituents.  The  complex 
conductivity  of  metal-dielectric  mixtures  exhibit  dispersion  properties  which  have  been 
discussed  in  the  framework  of  the  percolation  theory  [1]  .For  finite  frequencies  in  a  critical 
region  near  the  percolation  threshold  pc  the  complex  conductivity  is  assumed  to  obey  a  scaling 
law  of  the  form 


OetKp.to)  =  acfr(p,o)  <(>(  )  (1) 

In  this  expression  the  static  effective  conductivity  and  the  dielectric  constant  are  given  by 

oeff(p,0)  °c  am  Apl  for  p>  pc  and  eeff(p,0)  “  £i  IApl  s  where  Cm  and  £i  are  the  bulk  static 
metal  conductivity  and  insulator  dielectric  constant,  p  the  metal  concentration,  pc  the 
percolation  threshold  and  Ap  =  p  -  pc.  For  any  type  of  lattice  the  critical  exponents  t  and  s 
depend  only  on  the  dimensionality  d  of  the  system  (e.g.  t 83  2.0,  s  ®  0.7  for  d=3  and  t  =  s  ~  1.3 
for  d  —  2.).  From  this  law  if  follows  that  when  both  lApI  and  the  ratio  £j(D/Gm  are  small  in  the 
critical  region  around  pc  defined  by  lApI  <  (eiC0/cm)  ^t+S') ,  the  a.c  conductivity  and  dielectric 
constant  exhibit  a  dispersive  behavior :  ceff(w) 06  &>x  and  £eff(G))  «*  0)'y  with  x  =  t/(t+s)  and 
x+y  =1.  As  a  typical  good  metal  conductivity  cm  is  of  the  order  of  10  sec  if  the; 
measurement  frequency  co  <  10^  Hz  the  concentration  range  where  the  dispersion  can  be 
observed  shrinks  to  lApI  <  10"4.  In  that  region  however  dispersion  of  the  conductivity  and 
conductivity  has  been  observed  and  reported  for  thin  Au  films  of  varying  thickness  or 
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concentration  p  near  pc  from  100  Hz  to  10  MHz  [2] .  It  was  found  that  x  ~  0.95  and  y  ~  0.13, 
which  are  different  from  the  predictions  for  either  d  =  2  (x=y=0.5)  or  for  d  =  3  (x=0.74  et 
y=0.26).  Similar  results  have  been  reported  for  carbon-teflon  mixtures,  computer  modelled 
aluminium  percolation  thin  films  and  NbC-KCl  composites.[3,6].  Recently  to  interpret  these 
results,  we  have  proposed  a  new  percolation  theory  incorporating  the  effect  of  quantum 
tunnelling  and  introduced  a  new  "tunnelling"  scaling  equation  to  describe  the  AC  properties  of 
such  composites  materials  [7] 

We  refer  to  the  original  paper  for  a  detailed  discussion  of  this  new  theory.  Here  we  will 
summarize  the  new  results  for  two-dimensional  systems  and  show  how  the  new  scaling 
function  can  account  for  the  low  frequency  conductivity  and  dielectric  dispersion  of  granular 
gold  films  reported  in  [  1  -6]  The  new  scaling  function  reads 

OefiCp.w)  =  aeff(p,0)(t<^(X(^))a)  (2) 

where  A,  is  a  renormalized  tunnelling  constant  which  will  be  defined  later.  The  universal  scaling 
function  (j)  depends  on  the  ratio  of  the  capacitive  conductance  X^  to  the  tunnelling  conductance 
Xt ,  both  being  between  the  large  metallic  clusters  in  the  system.  It  also  depends  on  the 
renormalized  tunnelling  constant  X  to  some  power  a,  where  a  is  a  new  critical  exponent.  The 
analytical  function  <j>(x)  must  have  the  following  asymptotic  behavior  <f>(x)  ->  constant  when 
x->  0  and  ()>(x)  <*=  xr  when  x  ->  r  is  yet  another  critical  exponent,  which  will  not  necessarily 
have  the  values  expected  from  the  classical  percolation  theory.  To  estimate  values  of  Xw  and  X^. 
,  when  the  concentration  approaches  pc,  one  proceeds  as  follows.  The  typical  size  of  a  metallic 

cluster  is  of  the  order  of  the  correlation  length  %  *  a0  Al  pl'v  where  a0  is  the  size  of  a  metal 

grain  and  the  critical  exponent  v  =  4/3  for  d  =  2  and  v  ~  0.9  for  d  =  3.  These  clusters  are 
extremely  large  just  below  pc  and  have  a  very  ramified  shape.  The  typical  inter-cluster 

capacitive  conductance  X^  between  two  adjacent  conducting  clusters,  proportional  to  the 
number  of  points  of  close  approach  N(Ap)  is 

Xw  ~  -i  0)  ao8iN(Ap)0c  -i  0)  IAp)fs  (3) 

N(Ap)  goes  to  infinity  when  p  ->  pc,  leading  to  a  divergence  of  the  static  dielectric  constant. 

To  determine  the  typical  tunnelling  conductance  one  has  to  consider  two  large  metal  clusters 
connected  through  N(Ap)  tunnelling  junctions.  The  tunnelling  conductance  of  a  single  junction 
is  given  by  the  well  known  exponential  expression  Xj  «  a0  am  exp(-£  /  £•{)  •  The  intergranular 
separation  is  t  with  0  <  t  <  a0  and  the  quantum  tunnelling  distance  tt  is  of  the  order  of  a  few 

A.  The  conductance  of  the  i-th  junction  is  then  written  as  1}  ~  a0  om  exp(-A.0  xj)  where  A,0  = 
and  the  dimensionless  distances  xj  =  i\_  /aQ  are  distributed  in  the  interval  0<X|  <1.  The 
contact  conductances  are  spread  out  over  an  exponentially  large  range  and  only  the  lowest  of 
these  makes  a  significant  contribution  to  the  tunnelling  current.  If  one  now  considers  all  the 
adjacent  cluster  pairs  (i.e.  all  jk)  it  is  posssible  to  show  [9]  that  the  distribution  of  the 

ik 

intercluster  conductances  can  be  written  as  «  aQ  am  exp(-X(Ap)  y),0<  y  <  1  where  the 
renormalized  tunnelling  constant  X  is  X(Ap)  =  Xq/  N(Ap)  (4) . 
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When  p  ->  pc  ,  the  number  of  junctions  N(Ap)  tends  to  infinity,  making  it  easier  and  easier  for 
electrons  to  tunnel  from  one  cluster  to  another.To  calculate  the  effective  tunnelling  conductivity 
below  the  percolation  threshold,  one  has  to  compute  the  (self-averaging)  macroscopic 

ik 

conductivity  on  a  random  network  of  bonds  where  the  bond  conductance  are  distributed 
according  to  (4)  It  has  been  shown  [8-9]  that  in  such  systems  the  typical  inter-granular 
conductance  can  be  estimated  to  be 

“  a0  °m  exp(-A,(Ap)pc).  (5) 

Hence  the  static  conductivity  CTeff(p,0)  K  increases  exponentially  as  p  ->  pc  -  0  .Below 

the  percolation  threshold  the  critical  conductance  Lt  is  the  single  natural  scale  for  active 
conductance  in  the  system.  Using  Eq.(3-5),  the  scaling  equation  (2)  can  be  written  [7]  as 

=  °e«<P,0)  ♦  [  :i-°)El-^P)j*1  ]  (6) 

amexp(-pc  X(Ap)) 

Eq.  (6)  quantitatively  shows  how  the  dispersion  of  the  effective  complex  conductivity 
°f  such  systems  depends  on  the  ratio  of  the  static  conduc¬ 
tivity  aeff(p,0)  o=  amexp(-pc  X(Ap))  to  ©  ei(9i(Ap))a  l  .  As  ©  increases  Ceff(P>®)  starts  to 

become  frequency  dependent  when  ©  £i(A,(Ap))al  approaches  the  effective  static  conductivity 
<3eff(P>0)  Since  this  quantity  is  exponentially  small  somewhat  below  pc  the  dispersive  behavior 
(Jeff  oc  o/  and  £eff  ©r " 1  should  then  be  observable  at  very  low  frequencies. 

Two  dimensional  simulation  calculations  [7]  give  for  a  and  r  the  following  values  a~  1.4  and  r 
=  0.90  ±  0.05. 


2.  DISPERSION  IN  GRANULAR  FILMS.  INFLUENCE  OF  MORPHOLOGY 

Such  a  dispersion  is  observed  in  granular  gold  films.  Fig  1  and  2  show  the  frequency 
variation  of  the  conductivity  corresponding  to  gold  thin  films  whose  morphological  analysis  has 
been  studied  in  great  details  [11].  We  have  applied  the  new  scaling  law  to  these  data  and  the 
collapse  of  the  curves  corresponding  the  two  sets  of  curves  can  be  seen  in  Fig  3  and  4.  We 

have  used  a  =1.4  and  X(Ap)  =  X©  (Ap)s  with  s  =  1.3.  The  ratio  of  the  tunnelling  constants 

Xr A?0  ~  0.5  we  have  used  in  our  fitting  calculations  expresses  the  fact  that  the  tunnelling 
probability  is  larger  on  the  amorphous  substrate.  This  can  be  understood  easily  if  we  refer  to 
the  results  of  the  morphological  analysis  of  these  films  [11].  On  the  amorphous  substrate  before 
the  percolation  threshold,  one  observes  a  transition  from  a  granular  morphology  towards  a 
worm-like  morphology.  This  can  explain  why  there  is  not  a  perfect  collapse  at  higher 
frequencies  in  Fig2b.  As  one  approaches  pc  the  probability  of  small  inter-cluster  distances 
increases.  This  probability  is  larger  on  the  amorphous  substrate  and  correspond  to  a  larger 
probability  of  small  effective  tunnelling  distances  in  the  worm-like  morphology  of  this  films. 

This  corresponds  to  a  smaller  tunnelling  constant  A,0  compared  to  the  one  of  the  films  grown 
on  a  polycrystalline  substrate  where  the  granular  morphology  persists  until  concentrations  close 
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Figure  1:  Measurement  of  the  frequency  dependent  conductivity  of  thin 
films  for  differents  Au  concentrations  on  AMS  (a)  and  PSC  (b)  substrates. 
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to  the  percolation  transition.  A  more  detailed  discussion  of  this  relation  between  X  and  the 
morphology  can  be  found  in  Ref.  [8]. 


3.  Conclusions. 

In  this  paper  we  have  reported  new  recent  results  on  granular  thin  films  which  show 
unambiguously  that  the  low  frequency  dispersion  of  the  electrical  conductivity  for 
concentrations  lower  or  of  the  order  of  pc  can  be  related  to  tunnelling  conductivity.  The 
observed  exponents  are  in  agreement  with  die  new  scaling  law  and  exponents  and  the  tunnelling 
parameter  Xo  has  a  direct  relation  to  the  morphology  of  the  films. 

Our  paper  illustrates  the  interest  of  conducting  simultaneous  studies  of  the  morphology  and  of 
the  low  frequency  dispersion  of  the  conductivity  and  dielectric  constant  of  conducting-dielectric 
composites. 
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ABSTRACT 

The  transport  of  a  scalar  by  jump-type  random  advection  and  diffusion  is  described 
by  a  mean  field  formulation  in  terms  of  a  Langevin  equation  for  the  fluctuations  of 
the  scalar.  It  is  shown  how  the  distribution  of  the  scalar  fluctuations  is  sensistive  to 
the  relative  strength  of  advection  versus  diffusion,  and  the  details  of  the  advection 
process. 

INTRODUCTION 

The  understanding  of  the  mechanisms  of  transport  of  a  scalar  in  the  presence  of 
randomness  has  become  an  important  subject  in  science  and  engineering.  In  various 
turbulence  experiments,  the  probability  distribution  of  temperature,  velocity  gradi¬ 
ents,  concentration, etc.,  are  observed  to  be  non-Gaussian.  In  particular,  exponential 
tails  have  been  seen  where  Gaussian  distributions  were  expected  by  naively  invoking 
the  central  limit  theorem  [1-4].  Recently,  models  of  such  transport,  based  on  mean 
field  analyses  of  stochastic  processes,  have  been  used  with  some  success,  to  explain 
the  experimentally  observed  non-Gaussian  behavior  of  the  probability  distribution 

I5’6]  • 

Here,  we  study  the  distribution  of  a  scalar  $ ,  released  at  some  point  in  a  turbulent 
flow  with  an  externally  imposed  uniform  gradient.  The  turbulent  flow  is  modeled  as 
a  random  superposition  of  eddies,  that  have  a  characteristic  size  £  and  last  for  a 
characteristic  time  r.  This  model  is  known  as  the  Kerstein  model  for  turbulence 
mixing  [7].  The  small  scale  motion  is  not  considered,  instead  the  description  is  given 
at  a  mesoscopic  scale,  the  correlation  length  of  the  flow  £.  In  this  turbulent  flow, 
the  scalar  is  transported  by  diffusion  except  when  it  gets  close  to  an  eddie,  and  it 
is  advected  by  the  flow.  It  has  been  found  that  the  distribution  of  the  fluctuations 
of  such  scalar,  c  =  0  —  (0),  shows  exponential  tails.  Pumir  et  at  [8],  proposed  a 
phenomenological  model  to  explain  such  tails.  Later  on,  Holzer  and  Pumir  [5] ,  studied 
the  model  by  using  a  mean  field  analysis  of  stochastic  processes  that  emulate  the 
advection  and  diffusion  of  such  scalar,  and  their  approach  was  generalized  by  Kerstein 
and  McMurtry  [6]  who  stated  clearly  all  the  assumptions  involved  in  the  previous 
models,  clarifying  which  were  essential  to  reproduce  the  observed  distributions. 

The  advection  process  is  considered  as  discrete,  with  eddies  simulated  as  a  time 
sequence  of  statistically  independet  jump  events  that  appear  at  different  locations 
on  a  lattice.  Their  effect  on  the  scalar  is  a  partial  rotation.  For  example,  in  d  —  1  an 
eddie  will  just  flip  the  scalar  field  6  around  its  center  xQ,  as  illustrated  schematically 
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in  Figure  1.  In  higher  dimensions  the  rotational  effect  is  easier  to  visualize.  Between 
flips  or  advection  events,  the  scalar  diffuses.  The  uniform,  linear  mean  gradient,  acts 
as  a  spatially  homogeneous  source  of  fluctuations  0(r,t)  =  c(r,t)  +  (0(r,/)),  and  is 
externally  imposed  through  the  boundary  conditions  by  fixing  the  values  of  the  scalar 
on  the  walls  of  the  system.  If  the  mean  profile  (0)  is  linear  in  r,  it  is  conserved  by 
the  advective-diffusion  equation 


d6 

dt 


+  ff.ve  =  dv2o , 


(i) 


where  D  is  the  molecular  diffusivity,  and  v  the  turbulent  velocity  field  .  In  the 
absence  of  the  linear  gradient  the  scalar  fluctuations  will  eventually  relax  to  a  delta 
function  corresponding  to  a  completely  mixed  state  without  fluctuations. 


I 
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Figure  1.  Schematic  drawing  of  the  action  of  an  eddie  at  location  xQ  in  d  =  1 
and  the  points  affected  for  a  size  l  —  2.  On  the  right  axe  shown  the  sites  involved 
in  a  typical  eddie  in  d  —  2. 


LANGEVIN  MEAN  FIELD  THEORY 

Previous  mean  field  approaches  to  study  this  model  [5-7]  incorporated  the  effect 
of  advection  into  a  fine-grained  description  of  the  diffusion  process  starting  with  a 
discretized  representation  of  the  diffusion  equation  with  an  advection  term,  i.e., 

Ci(t  +  At)  =  (1  -  2 e)cj(t)  +  efc-iCt)  +  ci+1(t)]  +  rj,  (2) 

where  rj  is  a  random  forcing  term  that  represents  advection,  and  e  =  DAt/a2,  a 
being  the  lattice  constant.  The  index  i  refers  to  a  particular  lattice  site.  The  corre¬ 
lations  between  neighbor  fluid  elements  (here  lattice  sites,  at  the  mesoscopic  scale) 
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were  neglected  by  considering  the  random  variables  C{,  c,-_i  and  c,*+i  as  statistically 
independent,  and  independent  of  the  random  variable  77. 

An  alternative  mean  field  formulation  is  obtained  when  the  term  in  brackets  in 
eqn.(2)  is  set  equal  to  zero,  thus  the  quantities  Cj+i  and  C£_i  are  been  replaced  by 
their  mean  values.  Now,  eqn.(2)  reduces  to  a  linear  Langevin  equation 

+  (3) 

with  /?  =  2 D/a2  and  =  dr)/dt.  Eqn.(3)  can  be  solved  for  any  realization  of  the 
random  process  77, 

c(i)  =  f  ri'(t')e~S‘'H,")d,"dt'.  (4) 

J  —OO 

Kerstein  and  McMurtry  [6]  studied  the  case  of  (3  constant  in  eqn.(4).  They  find 
that  as  function  of  a  parameter  K  ( K  oc  /?)  the  probability  distribution  of  c  has 
exponential  tails.  In  a  more  general  case  (3  depends  on  time,  the  scalar  value  c,  and 
the  details  of  the  advection  process,  i.e,  the  statistics  of  77.  If  all  these  dependences 
are  known,  eqn.(4)  gives  the  history  in  time  of  the  scalar  within  a  fluid  element. 

We  consider  here  the  situation  where  (3  depends  on  time  and  the  statistics  of  77. 
For  the  jump  advection  process,  events  occur  at  times  tj  <  t7  i.e.,  r)'(t)  = 
tj),  where  the  terms  rjj  are  taken  from  a  given  distribution.  The  distribution  of 
times  between  advection  events  are  considered  as  having  an  exponential,  Gaussian 
and  Cauchy  form.  For  all  cases  eqn.(4)  is  reduced  to  a  sum  of  correlated  terms 


v"s  ~  ft 

<0  =  z2^e  ' 


(5) 


j=l 


and  for  constant  /3,  it  reduces  to  [6]  c(£)  =  Tlje  ^fc=1  ^Sk  • 

NUMERICAL  PROCEDURE 

The  advection-diffusion  process  is  directly  simulated  by  using  a  lattice  with 
evenly  spaced  points  on  wich  a  mean  gradient  is  imposed  by  fixing  the  values  of  0 
on  the  walls  (for  example  in  2D,  the  wall  at  y  =  -L/2  is  kept  with  B  =  0  while  the 
other  boundary  at  y  =  L/2  with  8  =  1.  Periodic  boundary  conditions  are  imposed 
along  the  x  axis).  At  each  set  of  randomly  chosen  times,  an  advection  event  occurs 
at  a  randomly  chosen  position.  As  mentioned  above,  the  effect  of  such  flip  event  is  to 
partially  rotate  the  scalar  6 ,  (see  Fig.l),  and  between  them,  the  scalar  is  transported 
by  diffusion.  The  system  is  let  evolve  until  a  statistically  stationary  state  is  reached. 
Then,  S' s  values  at  different  sites  on  the  lattice  are  recorded,  subtracted  from  their 
mean  values,  and  accumulated  in  a  histogram  of  c  =  8—  {6) ,  P(c).  Several  realizations 
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of  the  space-time  distribution  of  advection  events  were  considered  to  get  an  average 
distribution. 

For  the  Langevin  approach  a  large  number  of  c  samples  (~  107  —  108)  are  gen¬ 
erated  by  a  Monte  Carlo-type  sampling  of  rjj,  and  the  spacings  between  advection 
events  Sj  =  tj  —  tj-i  by  using  eqn.(5).  The  rfs  and  sj  values  are  obtained  from  given 
distributions.  About  102  —  103  terms  were  added  to  obtain  a  convergent  c  value. 
With  those  c  samples,  the  histogram  P(c)  is  constructed. 

The  histograms  obtained  with  the  two  procedures  described  above  are  compared  for 
different  conditions  in  which  the  distributions  of  spacing  between  advection  events, 
and  their  strength,  and  different  forms  of  the  (3  parameter  in  the  Langevin  equation 
(eqn.(4))  are  used. 

RESULTS  AND  DISCUSSION 

It  is  found  that  the  distribution  function  of  the  deviation  of  the  scalar  from  its 
mean  value  P(c ),  is  very  sensitive  to  the  statistics  of  the  advection  events.  For  a 
distribution  of  time  spacings  between  advection  events  of  exponential  form,  H(s )  = 
1/ (s)e~a^9^  it  was  found  in  Ref.  [6]  that  for  constant  /?,  P(c)  is  Gaussian  and  has 
exponential  tails  according  to  the  values  of  a  parameter  K  =  /?{s).  For  K  <C  1  it 
has  a  Gaussian  core,  and  exponential  tails  appear  for  K  >  1.  The  Gaussian  form 
is  expected  from  the  central  limit  theorem  since  for  K  C  1,  c  is  basically  a  sum  of 
nearly  identical  random  variables,  thus  its  limit  distribution  has  a  Gaussian  core. 

We  study  the  case  of  a  time  dependent  (3  (but  independent  of  c  and  r/)  for  the 
case  where  (3  decays  as  a  power  of  time,  i.e.,  (3  =  ^0fta  with  a  >  0.  It  is  found 
that  P(c)  has  a  Gaussian  core  for  small  values  of  the  parameter  K ,  and  exponential 
tails  appear  for  larger  values  of  this  parameter  as  is  shown  in  Figure  2.  If  H(s)  is 
Gaussian,  P(c)  is  also  Gaussian  and  for  a  Cauchy  distribution  of  spacings,  the  tails 
are  well  fitted  to  the  form  1/(1  +  c2).  These  results  suggest  that  for  constant  or  time 
dependent  /?,  the  tails  of  the  distribution  have  the  form  of  the  tails  of  H{s). 

The  other  case  explored  here,  is  the  one  where  /3  is  a  function  of  the  advection 
term.  We  study  a  Langevin  equation  of  the  form 

±  =  -pc  +  ni  +  v'2c,  (6) 

where  the  rj[  are  independent  random  variables  with  zero  mean,  such  that 

This  corresponds  to  (3  =  {30  +  t]'2  =  f{j /).  The  Langevin  equation  now  has  an  additive 
noise  term  (ryj),  and  a  multiplicative  noise  term  ( t]'2 ).  The  distribution  P(c)  is  non- 
Gaussian  even  though  the  distributions  of  rj's  are  Gaussian.  Figure  3  shows  how 
the  distribution  changes  as  we  change  the  strength  of  the  time  correlations  in  the 
advection  term,  i.e  the  relative  strength  of  the  two  noise  terms. 
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It  is  clear  that  the  mean  field  analysis  of  the  ad vect ion-diffusion  process  studied 
here  can  explain  the  exponential  tails  observed  in  experiments  and  simulations  of  the 
process,  however,  it  is  sensitive  to  the  details  of  the  advection  process,  that  selects 
the  exponential  statistics. 

Recently  Ching  and  Tu  [9]  reported  results  from  simulations  of  eqn.(2)  for  an 
incompressible  velocity  field,  whose  stream  function  is  a  Gaussian  random  field  with 
correlation  length  £  and  correlation  time  r.  They  found  that  the  tails  of  P(c)  are 
Gaussian,  exponential,  and  stretched  exponential  in  different  regimes.  They  showed 
phase  diagrams  indicating  the  regions  where  these  behaviors  are  expected  as  two 
parameters  related  to  the  relative  strength  of  the  diffusion  and  advection  terms  are 
varied.  With  the  mean  field  approach  used  here,  the  transition  from  Gaussian,  to 
exponential  tails,  and  stretched  exponential  is  also  seen  as  the  parameters  of  the 
model  are  varied. 

We  find  that  the  qualitative  features  of  P(c )  do  not  depend  on  dimensionality. 
This  result  is  in  agreement  with  the  basic  assumption  of  this  work  of  using  a  mean 
field  approach  to  describe  the  transport  process. 


Figure  2.  Plot  of  distributions  of  the  scalar  deviation,  P(c),  with  (3  =  flo/t1/2 
and  three  different  regimes  of  K:  (a)  for  K  =  0.1,  (b)  K  —  1.5,  and  (c)  K  =  10. 
The  solid  line  represents  a  Gaussian  with  the  same  variance. 

In  summary,  a  mean  field  approximation  in  terms  of  a  Langevin  equation  is 
able  to  describe  the  transport  of  a  scalar  in  a  turbulent  flow.  It  can  predict  the 
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exponential  tails  observed  in  experiments  and  simulations,  and  a  variety  of  shapes 
such  as  stretched  exponential,  and  Cauchy  distributions  can  be  seen  for  different 
values  of  the  relevant  parameters.  The  simplicity  of  the  approach  and  the  good 
agreement  with  the  direct  simulations  of  the  advection-diffusion  process  encourages 
its  application  in  the  description  of  such  transport  processes. 

The  author  thanks  R.F  Angulo  for  a  critical  reading  of  the  manuscript  and 
INTEVEP  S.A.  for  permission  to  publish  this  paper. 


Figure  3.  Distributions  of  scalar  deviation  P(c)  from  simulations  of  eqn.(6)  in 
Langevin  approach  for  various  noise  strengths:  a)r/oi  =  0.0165, 7702  =  IO7701 ,  b) 
7701  —  7702  =  0.165,  and  c)t70i  =  r}02  =  0.5. 
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ABSTRACT 

The  damping  of  the  vibrations  of  very  irregular  discretized  systems  embedded  in  a  viscous 
fluid  is  studied  in  the  particular  case  of  the  vibrations  of  percolation  clusters.  We  develop  a 
formal  description  for  the  “regularity”  of  a  vibrational  mode.  This  permits  us  to  measure 
numerically  how  the  local  fluctuations  in  the  vibration  amplitude  contribute  to  the  viscous 
damping.  The  fact  that  the  regularity  is  found  to  be  larger  than  that  of  a  single  localized  state  on  a 
linear  chain  is  indicative  of  the  very  structure  of  the  percolation  cluster  made  of  blobs  and  red 
bonds. 


INTRODUCTION 

It  has  been  shown  recently  that  the  vibrations  of  fractal  percolation  clusters  exhibit  an 
enhanced  damping  due  to  the  irregular  distribution  of  the  vibration  amplitude  [1].  In  order  to 
describe  more  precisely  this  effect  we  have  developed  a  simple  formalism  which  enables  us  to 
measure  the  spatial  “regularity”  of  the  vibrational  amplitude  [2].  In  these  papers  we  have 
obtained  two  main  results.  First  the  damping  is  dominated  by  a  minority  of  pairs  of  second- 
nearest  neighbors  which  are  far  in  the  “chemical  space”  but  close  in  the  real  space.  Second  and 
surprisingly,  the  fracton  amplitude  distribution  over  first-nearest  neighbor  pairs  is  more  regular 
than  for  an  ordinary  localized  mode  of  a  linear  chain.  This  was  qualitatively  interpreted  by 
describing  fractons  as  “regular  by  pieces”  and  the  present  work  is  devoted  to  give  a  more  precise 
numerical  evidence  of  this  fact.  We  recall  first  how  the  amplitude  distribution  regularity  is 
connected  to  the  viscous  damping  of  a  mode. 

Classically  the  damping  of  a  vibrational  mode  is  measured  by  the  so-called  quality  factor 
Q.  This  number  is  the  dimensionless  ratio  of  the  reactive  energy  E  to  the  losses  P  per  cycle: 


Q  =  2tcE/P.  (1) 

We  consider  here  the  vibrations  of  a  particular  irregular  object:  a  percolation  cluster  on  a 
square  lattice  with  spacing  a.  The  vibrational  elongation  of  an  eigenmode  of  frequency  co  is 
z(i,j,t)  =  CaxF(0(i,j)  cos(cot)  where  C  is  the  amplitude  and  with  a  suitable  normalization,  the 
maximum  kinetic  energy  E  is  equal  to  C2  m(^/2  where  m  is  the  mass  of  the  vibrating  particles. 

To  compute  the  losses  we  suppose  the  vibrating  system  to  be  embedded  in  a  viscous 
medium  as  presented  in  Ref.[l]  and  the  dissipation  due  to  the  internal  viscosity  of  the  displaced 
medium.  In  first  approximation  we  assume  a  laminar  flow  to  ensure  linear  damping.  In  this 
picture  the  local  damping  forces  are  proportional  to  the  vertical  velocity  difference  between 
neighboring  masses: 


F(i,j)=  -  ab  Sj,  y\L  lv(i,j)-v(i’j’)l  /  r(i,j)(i\j’)  (2) 

where  p  is  a  shear  viscosity,  v(i,j)=  dz(i,j)/dt  =  Caw  sin(cot)  T^Cij)  is  the  vertical  velocity  at  site 
(i,j)  and  r(i,j)(i\j’)  is  the  distance  between  site  (ij)  and  site  (r  ,j’).  The  length  b  represents  the 
vertical  size  of  the  moving  particles.  The  total  viscous  force  at  site  (i,j)  is  a  sum  of  the  forces  due 
to  first-nearest  neighbors,  second-nearest  neighbors  and  so  on.  If  there  are  losses  only  between 
first  nearest  neighbors  the  quality  factor  can  be  written 
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Qfnn=[m<^ab^]  W01)  with  (3) 

Aflm(a»  =  [a2XiJIT<0(i,j)l8'i'fnniM(i,j)]-'  with  (4) 

OTW-J)  =  (Wa){  l4-i+1  rH'iJl+lTi.1J-'Pi,jl+l«Pi,j+1-'PiJl+l'I'iJ.1-'FiJl }  (5) 


where  we  have  used  r(i,j)(i’,j’)=a,  the  first-nearest  neighbor  distance  of  the  system. 

The  energy  loss  depends  on  the  size,  shape  and  “regularity”  of  ^(ij)  through  the 
weighted  sum  of  the  local  amplitude  differences  in  (4,5).  In  general,  A((o)  will  depend  on  the 
local  “regularity”  as  well  as  on  the  localization  of  the  vibrational  amplitude.  In  [2]  we  have 
focused  on  a  size-independent  description  of  the  “regularity”  of  an  arbitrary  mode  in  a  resonator 
with  arbitrary  geometry.  We  have  introduced  a  number  R(co)  which  characterizes  the  “regularity” 
of  the  vibration  distribution  by  relating  A(a>)  to  the  size  X(g>)  of  the  region  where  the  system 
really  vibrates: 


R(co)  =  A(co)/x(co) 


(6) 


The  size  X(co)  is,  following  Thouless  [3],  obtained  from  the  quantity  V(co),  which  we  call 
the  localization  “volume”  (in  a  d-dimensional  space)  of  a  given  normalized  state  4>i(co): 


X((B)=  [Sj  ad  |'Pi(co)l4]‘1/d 


(7) 


and  the  quality  factor  is  now  Q  =  [  mco/ abji  ]  X(co)  R(co) . 

We  use  the  regularity  R(co)  to  describe  how  an  eigenfunction  varies  in  space.  For 
example,  in  the  simplest  classical  case  of  a  linear  string  of  length  L,  we  have  'F(x)=  (2/L)1' 
sin(n7tx/L)  for  the  nth  mode.  For  a  discretized  string  (with  L»a)  we  find  X  =  2L/3,  indicating 
that  whatever  the  mode  the  localization  volume  is  the  same  and  R=3/4n.  This  justifies  the  use  of 
the  word  “regularity”  to  qualify  the  spatial  behavior  of  a  wave  because  a  sine  wave  of  long 
wavelength  (small  n)  is  more  regular  than  a  sine  wave  of  short  wavelength,  which  exhibits  more 
“mountains  and  valleys”  along  the  same  localization  length  X.  An  interesting  case  is  the  case  of 
an  infinite  linear  chain  with  one  impurity  for  which  there  exists  a  single  localized  state  of  the 
form  'F(x)  =  X'm  exp[-  |x|/X].  In  this  case  X  =  21,  A  -  X  and  R=l/2.  The  surprising  result 
that  we  have  for  fractons  is  that  we  find  regularities  of  the  order  of  1  for  this  most  disordered 
system  and  this  is  discussed  now. 


PERCOLATION  FRACTONS  REGULARITY 

We  consider  the  vibrations  of  a  percolation  cluster  [4]  (for  a  recent  review  of  the  topic  we 
refer  to  [5]).  We  distinguish  between  two  definitions  of  space.  In  the  ordinary  “r-space”  the 
distance  between  two  points  is  described  by  the  ordinary  Euclidean  distance  r,  whereas  in  the 
space”  this  distance  is  described  by  the  length  £  (the  chemical  distance)  of  the  shortest 
conducting  path  between  the  two  points  [6]  (see  Fig.l). 

Fractons  are  “regular”  in  ^-space  and  “irregular”  in  r-space.  It  was  recently  shown  [7,8], 
that  in  first  approximation  and  for  large  distances  £,  fracton  amplitudes  decay  exponentially 
along  the  shortest  conducting  path  from  the  center  of  the  fracton,  chosen  at  site  0.  Their  envelope 
function  TLTA)  can  be  approximated  in  f-space  by:  |'F<»(A)|  «  exp[-  i^/X^d))]  where  £A  is 
the  chemical  distance  of  a  point  A  from  the  center  and  A^(cd)  is  the  localization  length  measured 
along  the  chemical  path. 
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Fig.l.  Schematic  distribution  of  the  fracton  amplitude  showing  qualitatively  why  the  viscous 
damping  between  second-nearest  neighbors  is  enhanced  by  the  irregular  spatial  distribution  of 
the  vibrational  amplitudes.  Note  the  different  chemical  paths,  leading  to  the  particles  A  and  B. 


In  percolation  clusters  all  nearest  neighbors  are  connected  and  thus  lie  on  the  same 
chemical  branch,  resulting  in  small  energy  losses  from  nearest  neighbor  dissipation.  But,  if  our 
percolation  cluster  is  embedded  in  an  Euclidean  viscous  medium,  there  will  also  exist  a  damping 
due  to  next-nearest  neighbors.  We  know  that  there  exists  a  substantial  number  of  pairs  of 
second-nearest  neighbors  A  and  B,  pertaining  to  very  different  chemical  distances  4  andfn,  i.e. 
with  M  >  2a.  As  indicated  in  Fig.l  these  pairs  exhibit  in  general  very  different  values  of  ^(A) 
and  ^(B)  and  can  therefore  create  a  large  viscous  damping.  As  a  consequence,  we  expect  for 
fractons  a  large  viscous  damping  between  second-nearest  neighbors,  especially  between  those 
with  a  chemical  distance  A£  >  2a.  This  damping  can  be  characterized  by  the  regularity  Rsnn 
which  was  described  in  [1]. 

For  the  numerical  calculations  discussed  in  [1,2]  we  have  generated  10  percolation 
clusters  at  pc=  0.592745  [9]  on  a  square  lattice  by  the  Leath  method  [10]  with  300  shells.  The 
fracton  modes  of  frequency  co  =  0.1(k/m)1/2  (k  is  the  strength  of  the  spring  constants)  that  we 
have  studied  are  calculated  numerically  on  each  of  the  clusters  by  the  Williams-Maris  technique 
[11].  We  have  computed  for  these  10  different  modes  the  first-  and  second-nearest  neighbor 
regularities.  Rfnn  and  Rsnn 


FRACTONS  ARE  REGULAR  BY  PIECES 

The  results  are  given  in  Tab. I.  The  first  interesting  comment  to  make  is  to  remark  that  the 
first-nearest  neighbor  regularities  are  of  order  1,  an  unexpected  result  in  the  sense  that  the 
vibration  distribution  is  found  more  “regular”  than  that  of  a  classical  localized  state  on  a  regular 
system.  This  can  be  understood  if  one  recalls  first  that  the  structure  of  the  percolation  cluster  is 
made  of  blobs  separated  by  red  bonds  [12].  Secondly  there  exists  a  very  close  link  between 
vibration  and  diffusion  over  the  same  region.  For  us  the  fact  that  the  regularity  is  large  indicates 
that  the  vibration  amplitude  on  a  blob  does  not  vary  strongly.  A  vibration  mode  made  as  a 
collection  of  blobs  vibrating  in  a  rather  homogeneous  fashion  and  separated  by  red  bonds  would 
give  rise  to  this  effect.  Fig.2  shows  a  qualitative  picture  of  this  type  of  amplitude  distribution. 
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ABSTRACT 


The  mechanical  properties  of  the  2D  elastic  rigid-nonrigid 
disordered  system  in  dependence  on  the  concentrations  of  the 
rigid  phase  are  studied.  The  system  is  constructed  on  the  basis 
of  the  square  lattice  and  finite  element  method  (FEM) 
approximation.  The  elasticity  threshold  of  the  FE  system  and 
the  critical  exponents  are  detemined  by  the  phenomenological 
renormalization  (PR)  of  the  Monte  Carlo  data. 


Introduction 


Experimental  and  theoretical  investigations  of  the  last  ten 
years  exposed  the  essential  difference  between  elastic  and 
conductive  properties  of  disordered  systems  near  the 

threshold?  10  The  exact  analogy  takes  place  in  the  frameworks  of 

the  Born  potential  In  this  model  equilibrium  equations  for 
every  displacement  component  are  of  Kirchgoff  type.  Elasticity 
threshold  and  stiffness  critical  exponent  are  equal  to  the 
percolation  threshold  and  conductivity  exponent  correspondingly. 
However,  Born  potential  changes  with  the  rotation  of  the  system. 
This  contradicts  to  the  regularities  of  deformation. 

Elastic  properties  of  disordered  lattices  were  studied  in  the 

.  ,2. <5-8  _ 

frameworks  of  linearized  central  force  potential.  Computer 
simulations  and  mean  field  approaches  for  2D  triangle  and  3D  fee 
lattices  revealed  that  elasticity  thresholds  noticeably  exceed 
percolation  ones.  It  was  shown  for  the  triangle  lattice  that 
this  effect  is  determined  by  the  formation  of  the  specific 
■’stiff”  structures.  4  5  p 

Bond-bending  potential  '  ’  based  investigations  established 
the  congruence  of  elasticity  and  percolation  thresholds.  It  is 
caused  by  the  formation  of  the  elastic  unidimensional  chains. 
Corresponding  critical  exponents  differ  both  with  the  exponents 
determined  by  the  central  force  potential  and  the  conductivity . 

The  properties  of  the  various  lattice  systems  near  the 
elasticity  threshold  are  quite  different.  That  conditions 
complexity  and  ambiguity  of  the  simulation  of  the  disordered 
continuum  media  mechanical  behavior.  Accordingly  to  the 
numerical  methods  for  the  solution  of  elastic  boundary  problems 
for  homogeneous  materials  it  is  natural  to  replace  the 
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homogeneous  regions  by  finite  elements  (FE)  with  the  proper 
mechanical  stiffness  parameters.  The  main  advantage  of  the  FE 
model  is  the  possibility  of  the  construction  of  the  discrete 
analog  of  homogeneous  continuum  media  with  arbitrary  Lame 

10 

coefficients.  The  approach  described  was  suggested  in 
However,  imperfection  of  computational  equipment  and  use  of 
relaxation-  type  numerical  methods  considerably  restricted  the 
precision  of  the  approximation  of  elasticity  thresholds  and 
modules . 


Description  of  the  model 


The  structure  of  2D  disordered  media  is  simulated  on  the  basis 
of  square  lattice  with  every  cell  randomly  "filled"  by  the  stiff 
or  soft  square  FE  with  probabilities  P=P2  and  P1=l-P 

correspondingly.  Elastic  energy  of  this  discrete  system  is  the 
sum  of  the  energies  of  FEs.  The  last  one  depends  upon 
displacements  XL ,  Yi  of  the  sites: 


»  =  Y.  (a^Xi  +  buW  “uW  (1> 

j 

Coefficients  a;i,  b. c, .  are  calculated  through  elastic  modules 

tj  bj 

C  and  C  =p.  of  corresponding  phase. 

Accordingly  to  FEM  variational  principle  minimum  value  of  (1) 
is  attained  on  the  solution  of  the  equilibrium  linear  system: 


£W_  n 

ax  “  Ul  0Y/ 


0 


(2) 


for  the  sites  at  the  proper  boundary  conditions. 

Effective  elastic  modules  C41  and  fl  were  determined  by  the 

solution  of  the  boundary  problem  for  LxL  square  domain  with 
periodic  conditions  on  vertical  sides  and  fixed  displacements  on 

p 

horizontal  boundaries.  Tranf er-matr ix  method  was  used  for  the 
exact  solution  of  (2)  and  calculate  the  values  of  C£1  and  of 

the  discrete  system. 
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Results  and  discussion 

Calculation  of  effective  elastic  modules  C14  and  |1  for  the 

squares  10x10,  25x25  and  40x40  was  performed  at  every  volume 
contents  p: 

at  <82Z>=  <S^=  0’ 

1 1  =  o.5<oi2>/<si2>  at  < s14  > -  <e22>  =  0. 

A  large  series  of  configurations  (=2000  for  arbitrary  p)  were 
analyzed  and  the  mean  values  of  C14  and  (1  were  found: 


C41(p,L)  =  <C11(p,L)>conf,  fl(p,L)  =  <fl(p,L)  >conf  • 


This  procedure  may  be  interpreted  as  the  method  of  calculation 
of  the  stiffness  of  the  strip  with  infinite  width  and  finite 
height  L  (L=10,  25,  40) (Fig, 1). 
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Fig.  1 


Poisson  ratios  2  (p,L)  were  found  from  the  isotropic 

approximation:  2( p , L ) =1-2|1/C1 4 .  Poisson  ratios  of  both  phases 

and  shear  module  of  the  stiff  component  were  fixed:  2^=0. 37, 

S2=0 . 23 ,  Ha=l. 

The  system  studied  is  geometrically  identical  to  the  site 
percolation  problem  on  the  square  lattice  with  diagonal  bonds. 
The  last  simulate  mechanical  interaction  between  FE  via  the 
tips.  Percolation  threshold  for  this  lattice  is  equal  to 
Pcl  0.41.  Infinite  cluster  by  the  ribs  of  the  stiff  FE's  is 

formed  at  pc2  0.59.  The  elasticity  threshold  Pceof  such  system 

is  not  known  a  priory.  This  situation  is  analogous  to  the 

central  force  potential  model2 ’5~?  It  is  clear  that  Pcl^Pce- 

Mean  field  estimation5  gives:  pce<0.5. 
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The  results  of  fJ.  concentration  dependences,  calculated  for 
the  systems  of  finite  size  L  are  represented  on  Fig.  2. 


0,0  0.2  0.4  0,6  0,8  1.0 


Fig,  2 


The  effect  of  the  shift  of  the  elastic  threshold  to  the  right 
with  increase  of  L  (  pce( 10)=0 . 25,  pce ( 25 ) =0 . 42 ,  pce(40)=0.45  ) 

may  be  seen  from  the  Fig. 2  and  is  quite  understandable. 
Probability  of  the  existence  of  the  stiff  cluster  at  P<PC&  is 

not  zero  for  the  finite  system.  Certainly,  it  increases  with  p, 
but  decreases  with  L.  So  up  and  down  banks  of  the  strip  are 
connected  by  the  finite  stiff  cluster  at  p<pce.  pce(L)  scaling 

dependence  may  be  obtain  by  the  assumption  that  percolation 
threshold  of  the  finite  strip  occurs  when  the  elastic  coherence 
length  £  of  the  stiff  cluster  is  equal  to  L: 


p  -p  ( L)  = 


a  L 


-1/V 


(3) 


If  we  load  the  strip  of  finite  height  L  in  horizontal  direction 
(analogous  to  simulation  used  in  )  we  could  obtain  decreasing 
dependences  pce(L).  In  this  case  the  fact  of  the  strip  cross  by 

the  soft  cluster  is  important. 

In  order  to  estimate  elastic  threshold  pce  for  the  infinite 
system  we  follow  the  idea  of  phenomenological  renormalization 
(PR)  of  Monte  Carlo  data7.  Taking  (3)  into  account  at  p>Pco(L) 
we  have: 

H=(P-Pcs,(M>T=  L'T/V(  (p-pce)  L1/v+a]  (4) 
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The  plots  of  the 

ln(  |1(  L2 )  /(!(  LI )  )/ln  ( L2/L1 )  and 

ln(  [1( L3 ) /|1( L2 ) ) /In ( L3/L2 )  versus  p 
are  represented  on  Fig. 3,  Ll=10, 

L2=25 ,  L3=40.  If  p  is  less  than 
Pco,  but  close  to  it,  we'll  have 

so  intersection  of  the 
curves  corresponds  to  elasticity 
threshold  pceof  infinite  system. 

pce=0.5  and  the  exponent  T/V=0.89. 

Let  us  turn  into  the  analysis  of 
the  dependence  of  effective 

stiffness  upon  the  ratio  between 
elastic  modules  of  the  phases. 
Conductivity  exponent  7: 

6.40  0.45  0.50  (5) 

Fig.  3 

of  symmetrical  disordered  D2 

mixture  of  two  conductors  |1  and  |12  is  of  exact  value  0.5.  The 

p 

construction  of  the  scaling  function  corresponds  to  7=s/(s+t). 
In  the  D2  case  we  have  s=t  and  7=0.5  that  is  in  accordence  with 
the  mentioned  exact  result.  The  treatment  of  our  calculations 
at  L=40  from  this  point  of  view  is  shown  on  Fig. 4a.  It  is  clear 
that  for  horizontal  strips  (Fig.l)  the  presence  of  stiff 

clusters  between  up  and  down  banks  leads  to  the  saturation  of 
the  dependences  ln(|l/[l2)  upon  In  ( |11  /M-2  )  . 


_q  _4  —2  0  0*30  0.35  0,40  0.45  0.50 


Fig.  4 

This  saturation  takes  place  at  larger  smaller  p 

because  the  stiff  connections  become  more  rare  with  the 


|  Infr*  vL3)/M.Li) ) 

!  InCW 

H  1 


-4  h  / 


1  -  L1=S5,  Lg=10,j 
3  -  L,=40,  L,=25_| 
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decrease  of  p.  So,  in  the  case  of  finite  system  GAM= 
dln((i/li2)/dln(|i1/(J.2 )  is  not  constant  and  tends  to  zero  with  the 

decrease  of  |i1/( i2 .  An  attempt  of  estimation  of  7  by  the 

straitening  at  the  media 2  3-10  S * *)  parts  of  the 

dependences  on  Fig. 4a  is  represented  on  Fig.  4b.  The  value  of 
7  drops  with  p.  The  increase  of  the  strips  height  (Fig. 4b) 
leads  to  the  shift  of  the  curves  to  the  right  in  accordance  with 
the  shift  of  the  threshold.  The  of  the  concentration  region  were 


7  drops  almost  does  not  changes  with  the  change  of  L.  This 

fact  likely  points  to  the  existence 
0.0  i - t - 1 - j - j - 1  of  not  trivial  continuous  spectrum 


2  f? 

j  8 * 10  10“s(2) 

0.6  ^  jj  6  10'3(3)  . 

|  L=40|J/  1<T4(4) 


of  7  at  the  certain  concentration 
interval  for  the  infinite  system. 

Concentration  dependences  of 
Poisson  ratios  2(p)  at  different 
are  represented  on  Fig.  5. 

We  have  monotonous  decrease  of  2  at 
low  fJ.1./|l2.  The  curves  have  minimum 

at  media  |11/(12 values  and  exhibit 

two  minimums  and  maximum  at  height 
stiffness  ratios.  The  results  at 
low  and  media  4t/|l  are  in 

p 

accordagcg  with  calculations  of  . 
Bergman  '  obtained  negative 

Poisson  ratio  at  infinite  fi1/|i2in 


0.0  0.2  0.4  0.6  0.0  1.0  the  case  of  horizontal  loading  of 


5  the  strip  of  disordered  honeycomb 

lattice  in  percolation  threshold. 
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ABSTRACT 

Transport  properties  of  natural  porous  media  have  been  observed  to  obey  scaling  laws  in 
the  wetting  phase  saturation.  Previous  work  relates  power-law  behavior  at  low  wetting  phase 
saturations,  i.e.,  at  high  capillary  pressures,  to  the  thin-film  physics  of  the  wetting  phase  and  the 
fractal  character  of  the  pore  space  of  porous  media.  Here,  we  present  recent  combined  porous- 
plate  capillary  pressure  and  electrical  conductivity  data  of  Berea  sandstone  at  low  saturations 
that  lend  support  to  the  scaling  laws.  Power  law  is  interpreted  in  terms  of  the  exponent  m  in  the 
relation  of  surface  forces  and  film  thickness  and  the  fractal  dimension  D  of  the  interface  between 
pore  space  and  solid  matrix.  Simple  determination  of  D  from  capillary  pressure  and  m  from 
electrical  conductivity  data  can  be  used  to  rapidly  determine  wetting  phase  relative  permeability 
and  capillary  dispersion  coefficient  at  low  wetting  phase  saturations. 


INTRODUCTION 

The  distribution  of  a  wetting  phase,  water,  at  low  saturation  is  of  interest  to  the  petroleum 
engineer  in  connection  with  equity  determinations  and  reservoir  simulation.  Also,  it  is  of  interest 
to  the  soil  scientist  in  connection  with  agricultural  crops,  the  balance  of  aquifers  and  the  migration 
of  agricultural,  chemical  and  nuclear  contaminants. 

At  high  capillary  pressure,  i.e.,  at  low  water  saturation,  water  in  a  water-wet  porous  medium 
exists  as  thin  films  which  cover  smooth  pore  walls,  as  pendular  structures  which  fill  nooks  and 
crannies,  i.e.,  asperities  in  pore  walls  on  scales  smaller  than  the  mean  radius  of  the  pores, 
and  as  bulk  liquid  which  fills  the  smallest  pores.  This  we  refer  to  as  the  low  saturation 
regime.  Recently,  power-law  behavior  of  transport  properties  at  low  wetting  phase  saturations 
has  been  related  to  the  thin-film  physics  of  the  wetting  phase  and  the  fractal  character  of  the 
pore  space  of  natural  porous  media.1-7  The  power  laws  deduced  are  X  =  S^x,  with  X  —  Pc, 
krw ,  <JW,  and  Dc,  where  for  capillary  pressure  bPc  =  -1/(3  -  D),  for  wetting  phase  relative 
permeability  bkrw  =  3/[m(3 -/?)],  for  b 0w  =  l/[m(3  -  D)],  and  for  capillary  dispersion 
coefficient  bDc  =  [3  -  m(4  -  D)]/[m(3  -  D)\,  where  m  is  the  exponent  in  the  relation  of 
disjoining  pressure  and  film  thickness  and  D  is  the  fractal  dimension  of  the  surface  between  the 
pore  space  and  surface  matrix. 

Accurate  measurements  of  transport  properties  at  low  saturations  are  challenges  and  reliable 
data  are  rare.8-15  Here,  we  present  recent  combined  capillary  pressure  and  electrical  conductivity 
data  of  Berea  sandstone  that  exhibit  scaling.  Simple  determination  of  D  and  m  can  then  be  used 
to  predict  bkrw  and  bDc  at  low  wetting  phase  saturations.  D  reveals  traits  of  the  microscopic 
world  of  pore  wall  roughness1,3,15’16’  and  m  of  molecular-level  forces  which  act  between  the 
wetting  phase  films  and  the  solid  matrix  and  largely  determine  surface  wettability.18 
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THEORY 

We  assume  one  of  the  fluids  strongly  wets  the  sample  porous  medium.  At  very  high 
capillary  pressure,  bulk  wetting  phase  does  not  span  the  sample.  Instead,  wetting  phase  is 
present  as  isolated  pendular  structures  —  that  fill  the  asperities  in  pore  walls,  connected  to  one 
another  through  thin  films  of  wetting  phase.  Thus,  thin  films  furnish  sample-spanning  hydraulic 
connections  through  which  wetting  phase  can  be  transported  through  the  sample.1-7 

Thus,  the  total  saturation  of  wetting  phase  Sw  is  composed  of  water  in  pendular  structures 
Sps  and  water  in  films  Stf,  i.e.,  Sw  =  Sps  +  Stf.  In  the  low  saturation  regime  Stf  does  not 
significantly  contribute  to  Sw.  Under  these  conditions  the  capillary  pressure  obeys  the  scaling 
law1,3,16  Pc  oc  Sw the  wetting  phase  relative  permeability  obeys3,7  krw  oc  D ^ , 

the  electrical  conductivity  obeys5,7  <rw  oc  ,  and  the  capillary  dispersion  coefficient 

Obeys6,7  Dc  OC  S^-^-D)]/[m(3-D)]^ 

Molecular-level  forces  act  near  and  across  the  interfaces  of  the  thin  films,  whose  thickness 
and  normal  stress  component  are  controlled  by  the  chemical  potential.  The  difference  between 
the  normal  stress  in  the  film  and  the  pressure  of  bulk  fluid  in  equilibrium  with  the  thin  film  is 
called  disjoining  pressure  II.  The  dependence  of  II  on  film  thickness  h  has  been  theorized  and 
measured  for  a  variety  of  solid/liquid  pairs;  often  these  data  are  described  well  over  a  restricted 
range  of  film  thickness  by  a  simple  monomial,  II  oc  h~m.  The  exponent  m  is  a  property  of 
the  solid/liquid  pair;  m  does  not  depend  on  the  configuration  of  the  pore  space  containing  the 
liquid.  For  example,  m  =  3  applies  to  van  der  Waals  interaction,  m  =  2  applies  to  electrostatic 
interaction  (dilute  limit)  and  m  =  1  applies  to  short-ranged  structural  interaction.18 

SAMPLE  PREPARATION 

The  core  sample  studied  was  a  Berea  sandstone.  The  sample,  nominally  5.5  cm  in  diameter 
and  4.5  cm  in  length,  was  Soxhlet-cleaned  with  toluene  and  methanol  for  16  hours  and  oven-dried 
at  100  °C.  Gas  permeability  and  porosity  at  confining  pressure  of  3000  psi  were,  respectively, 
15  md  and  6  %.  The  mineralogy  of  the  sample  as  measured  by  X-ray  diffraction  revealed  quartz 
only.  The  grain  density  was  2.6  g/cm3.  Two  matched  disk-shaped  samples  of  5.5  cm  in  diameter 
and  0.5  cm  in  thickness  were  cored  under  fresh  water  from  the  whole  core  sample.  The  sample 
disks  we  referred  to  as  M-6  and  M-7.  The  disks  were  then  prepared  for  the  porous  plate  capillary 
pressure  and  electrical  conductivity  measurements. 

Platinum  contacts  were  made  by  sputtering  directly  onto  the  two  opposite  flat  faces  of  the 
sample  disks.  The  lateral  surface  of  the  disks  was  sealed  with  a  shrinking  rubber  sleeve  to 
prevent  it  from  sputtering.  The  samples  were  again  Soxhlet-cleaned  with  toluene  and  methanol 
for  16  hours  and  oven-dried  at  100  °C.  A  detailed  description  of  the  experiment  is  given  by 
Knight  and  Nur.19 

EXPERIMENTAL  METHODS 

Commercially  available  Soilmoisture  5,  15,  and  100  bar  pressure-plate  extractors  were  used. 
Ceramic  plates  were  used  in  the  first  two  extractors.  A  cellulose  membrane,  also  available  from 
Soilmoisture,  was  used  in  the  100  bar  extractor.  The  principle  involved  in  the  operation  is  well 
known.  Saturated  samples  are  placed  directly  on  the  porous  plate  and  subjected  to  air  pressure 
in  the  extractor.  Diatomaceous  earth  is  used  to  secure  the  capillary  contact  between  the  samples 
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and  the  porous  plate.  This  precaution  was  not  necessary  in  the  case  of  the  membranes.  At  any 
given  air  pressure  in  the  extractor,  water  was  observed  to  flow  from  the  samples  until  capillary 
equilibrium  was  attained.  No  water  production  was  a  clear  indication  of  that.  Saturation  at 
equilibrium  was  determined  gravimetrically.  Total  run  time  for  a  single  capillary  pressure  point 
was  about  15  days.  Temperature  was  about  21  °C. 

The  impedance  of  the  capillary-equilibrated  samples  was  measured  with  a  two-contact  cell 
and  a  Hewlet-Packard  (4192A)  impedance  analyzer.  Measurements  were  made  in  the  frequency 
range  of  5  Hz  to  113  MHz.  The  oscillation  amplitude  was  1  V.  To  interpret  the  data  we  simply 
followed  Knight  and  Nur.19  The  electrical  response  of  the  samples  was  modeled  in  terms  of  a 
Debye  circuit  which  at  low  frequencies  reduces  to  a  series  RC  circuit  and  at  high  frequencies 
reduces  to  a  parallel  RC  circuit.  The  crossover  frequency  utc  was  determined  here  from  a 
complex  impedance  plot  of  the  data  for  the  partially  saturated  Berea  samples.  In  a  complex 
impedance  plot,  the  imaginary  part  of  the  impedance  -Xs  is  plotted  against  the  real  part  Rs. 
The  impedance  at  wc  is  almost  entirely  real,  and  thus  Rs  represents  the  best  value  for  the  d.c. 
resistance  of  the  samples. 

In  principle,  the  d.c.  conductivity  of  the  samples  at  wc  can  be  calculated  either  from 
<rw  =  hd/A  x  l/Rs  or  from  aw  =  hd/A  x  Gp  where  hd  and  A  are  respectively  the  thickness 
and  the  area  of  the  sample  disks,  and  Gp  is  the  conductance  of  the  disks  measured  in  the 
parallel  mode.  The  d.c.  conductivity  of  the  partially  saturated  samples  was  determined  from  Gv 
measurements.  We  found,  for  the  samples  examined  here,  that  a  frequency  of  60  kHz  minimized 
the  imaginary  part  of  the  samples’  impedance  at  the  various  levels  of  saturations. 


RESULTS  AND  DISCUSSION 

Figure  1  gives  the  capillary  pressure  of  water  (wetting  phase)  in  the  presence  of  air  (nonwetting 
phase)  for  the  matched  samples  M-6  and  M-7,  using  the  porous  plate  method.  The  saturation 
range  studied,  Sw  =  2%  to  6%,  is  well  below  the  percolation  threshold  of  sample-spanning  paths 
of  water-filled  pores.  Thus  water  is  present  only  as  thin  films  and  as  pendular  structures  that  are 
hydraulically  connected  to  one  another  through  thin  films. 

If  the  pore-wall  roughness  of  samples  M-6  and  M-7  is  nonfractal  and  consists  of  conical 
pits  (Pc  oc  5“3),  hemispherical  pits  (Pc  oc  S'"3),  and  the  spaces  between  fused  grains  (Pc  oc 
5~2),  it  is  expected  that  the  relation  Sw  =  AP~2  +  BP~*  would  describe  the  data  well. 
A  least-squares  fit  of  samples  M-6  and  M-7  data  to  this  formula  yields  poor  fit,  namely 
Sw  =  45. 1935 .Pc-2  -  15.3932P“3  with  a  correlation  coefficient  of  0.96.  At  high  capillary 
pressure  (Pc  >  20  bar)  the  water  saturation  does  not  scale  as  either  P^2  or  Pc-3.  Adding  a  term 
proportional  to  P~l  to  account  for  the  inventory  of  thin  films  deteriorates  the  fit  appreciably.  A 
least-squares  fit  yields  Sw  =  25.34856P"1  -  12.91572.P~2  -  1656.33097 P~3  with  a  correlation 
coefficient  of  0.63. 

If  the  pore-wall  roughness  is  fractal,  Pc  oc  D\  describes  the  relation  of  PC(SW). 

A  least-squares  fit  of  samples  M-6  and  M-7  data  to  this  equation  yields  Pc  oc  S~3,37  with 
a  correlation  coefficient  of  0.992.  Figure  1  shows  the  quality  of  the  fit.  Interpreting  the 
exponent  bPc  as  1/(3  -  D)  for  samples  M-6  and  M-7  the  fractal  dimension  is  D  =  2.7 
which  is  valid  at  length  scales  between  2.9  fim  and  0.29  pim  —  the  range  of  diameters  of 
equivalent  cylindrical  pore  segments  emptied  by  the  capillary  pressures  we  imposed.  This 
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fractal  dimension  is  compatible  with  the  range  2.57  to  2.87  found  by  Katz  and  Thompson 
from  scanning  micrographs.20 

Combined  capillary  pressure  and  electrical  conductivity  data  at  low  wetting  phase  saturations 
are  rare.  Here,  for  each  of  the  capillary  equilibrium  points  in  Figure  1,  we  measured  the  electrical 
conductivity  of  the  water  in  the  presence  of  air  (insulating)  for  samples  M-6  and  M-7. 

At  low  frequencies  ~  60  kHz  and  in  the  saturation  range  Sw  <  5%,  we  find  a  strong 
dependence  of  <rw  on  the  level  of  water  saturation.  Figure  2  shows  the  experimental  data  for 
samples  M-6  and  M-7.  Conventionally,  one  often  works  instead  of  with  the  so-called  resistivity 
index  /,  a  normalized  resistance  defined  via  aw0  =  awI,  where  awo  is  the  conductivity  of  a 
rock  that  is  completely  saturated  with  a  brine  of  conductivity  a0.  Thus  I  oc  Su,1^3  .  On 

the  basis  of  experimental  data,  Archie  proposed  a  power  law  of  the  form  /  oc  Sw  ^  where 
baw  is  a  constant  called  saturation  exponent  of  the  rock.21  Archie  suggested  a  value  of  2  for 
b for  both  sandstones  and  unconsolidated  sands.  The  value  of  baw  is  known  to  vary  over 
a  considerable  range.  Plainly,  ba%u  can  be  interpreted  as  l/[m(3  —  D)\  at  low  saturations  of 
wetting  phase.  A  least-squares  fit  of  the  data  at  high  capillary  pressure  yields  baw  =  1.796. 
Thus,  m  =  -bpjbffw  =  l/[(3  -  D)1.796].  With  D  =  2.7  we  find  that  m  ~  2,  appropriate  for 
thin  films  on  silica  surfaces  of  the  kind  present  in  samples  M-6  and  M-7.  The  value  m  ~  2 
reveals  a  predominance  of  weak  electrostatic  interactions  on  the  disjoining  pressure.  This  is 
an  expected  result  considering  that  some  amount  of  salt  from  the  sandstone  dissolves  into  the 
pore  fluid. 

Recently,  Melrose13  estimated  that  the  fraction  of  mineral  surface  available  for  adsorption  of 
wetting  thin  films  in  the  low  saturation  regime  varies  from  65  to  72%  of  the  total  available  surface. 
From  this  and  from  film  thickness  estimates  he  concluded  that  thin  films  form  a  significant 
fraction  of  the  total  wetting  phase  saturation.  Clearly,  this  is  at  variance  with  our  hypothesis  that 
thin  films,  over  the  Pc  range  shown  in  Figure  1,  furnish  hydraulic  connections  for  the  pendular 
structures  but  do  not  significantly  contribute  to  the  total  wetting  phase  saturation.  Melrose’s 
estimates  are  based  on  model  calculations  for  packings  of  spherical  particles  that  completely 
miss  the  fractal  character  of  sandstone  roughness,  i.e.,  that  asperities  are  distributed  over  more 
than  a  few  length  scales  as  Figure  1  suggests.  Figure  3  gives  a  drainage  sequence  of  a  partially 
saturated  fractal  object  called  Sierpinski  carpet.  Statistically,  rocks  resemble  fractal  objects  but 
they  do  so  only  between  upper  and  lower  cutoffs  of  scale.  Figure  3  clearly  shows  that  at  any 
given  capillary  pressure  in  the  low  saturation  regime,  the  area  available  for  adsorption  of  thin 
films  is  negligible  if  compared  to  the  area  occupied  by  pendular  structures.  Only  when  capillary 
pressure  increases  to  ultrahigh  values  and  pore  structures  are  free  of  pendular  water,  a  condition 
not  studied  here,  the  adsorbed  wetting  films  comprise  most  of  the  wetting  phase  saturation. 

Finally,  according  to  the  theory,  the  wetting  phase  relative  permeability  and  capillary  disper¬ 
sion  coefficient  of  samples  M-6  and  M-7  scale  as  krw  oc  5^-35  and  Dc  oc  S];02  respectively. 


CONCLUSIONS 

The  observed  power-law  behavior  of  Pc  and  aw  of  Berea  sandstone  at  low  wetting  phase 
saturation  Sw,  is  explained  by  theories  of  fractal  geometry  and  thin-film  physics.  Asperities 
in  pore  walls  are  characterized  over  a  limited  range  of  length  scales  by  a  fractal  dimension 
D  determined  from  capillary  pressure  data.  Liquid/solid  interactions  are  characterized  by  the 
exponent  m  in  the  power-law  dependence  of  disjoining  pressure  on  film  thickness.  For  the  Berea 
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Kinetic  Roughening 
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ABSTRACT 

The  influence  of  step-edge  barriers  that  inhibit  the  interlayer  transport  of  atoms  is  discussed 
in  the  context  of  several  material  systems  by  using  simulations  of  a  solid-on-solid  model. 
We  show  how  the  combined  effect  of  this  step-edge  barrier  and  a  non-thermal  short-range 
incorporation  process  of  freshly-deposited  atoms  can  be  used  to  explain  several  epitaxial 
phenomena  on  metal  and  semiconductor  surfaces:  (i)  re-entrant  oscillations  seen  with  He- atom 
scattering  and  high-resolution  low-energy  electron  diffraction  during  Pt(lll)  homoepitaxy,  (ii) 
instabilities  during  growth  on  GaAs(OOl)  and  several  metal  (001)  and  (111)  surfaces  in  the 
form  of  multilayer  features  that  dynamically  coarsen,  while  maintining  their  shape,  and  (iii) 
re-entrant  oscillations  during  etching  of  GaAs(OOl).  In  (iii),  the  incorporation  is  replaced  by 
a  short-range  search  for  the  atom  to  be  removed. 

INTRODUCTION 

The  evolution  of  surface  morphology  during  epitaxial  growth  is  the  result  of  a  delicate  inter¬ 
play  between  the  rate  of  deposition  of  atoms  onto  the  surface  and  the  subsequent  relaxation 
of  the  surface  profile  through  surface  diffusion.  The  shot  noise  associated  with  the  depo¬ 
sition  promotes  the  kinetic  roughening  of  the  surface  which  is  opposed  by  the  tendency  of 
the  surface  to  flatten  locally  through  the  redistribution  of  atoms.  The  extent  to  which  the 
surface  atoms  are  able  to  explore  different  local  configurations  under  the  driving  force  of  the 
deposition  current  then  determines  how  the  surface  morphology  develops. 

Herring  [1]  first  derived  scaling  laws  for  the  various  relaxation  mechanisms  as  a  function 
of  the  feature  size,  which  Mullins  [2]  later  cast  in  the  form  of  differential  equations  for  the 
growth  front  profile.  More  recently,  generalizations  of  Mullins’  equations  of  motion  [3-6] 
have  been  proposed  with  the  intent  of  describing  the  kinetic  roughening  of  the  surface  in 
terms  of  a  dynamic  scaling  hypothesis  [7]  for  the  variance  W(L,  t)  of  the  surface  height 
h(x ,  t ): 

W(L,  t)  =  [(ft2)  -  (ft)2] V2  ~  Lant/La/0)  (1) 

where  L  is  the  lateral  viewing  scale  and  /  is  a  scaling  function  with  the  properties  that 
for  x<Cl  and  /(x)->constant  for  x>l.  The  exponents  a  and  (3  are  universal  in  the 
sense  that  they  depend  only  on  factors  such  as  the  dimensionality  of  the  surface  rather  than 
the  microscopic  details  of  the  interactions.  For  situations  where  this  hypothesis  is  satisfied, 
the  growth  front  profile  evolves  into  a  self-organized  critical  state  [8]. 

The  evident  appeal  of  the  scale-invariant  structure  implied  by  (1)  has  spawned  a  huge 
literature  [9-11].  Recently,  however,  several  experimental  [12-17]  and  theoretical  [5,14-18] 
studies  have  revealed  that  the  growth  front  profile  may  evolve  into  an  altogether  different 
morphology  composed  of  fairly  regular  three-dimensional  structures  that  maintain  their  shape 
but  which  dynamically  coarsen  as  growth  proceeds.  The  origin  of  this  instability  was  pre¬ 
dicted  by  Villain  [5]  to  be  a  barrier  at  the  edges  of  two-dimensional  islands  that  inhibits  the 
interlayer  transport  of  atoms.  In  fact,  such  barriers  were  previously  invoked  [19]  to  explain  the 
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phenomenon  of  re-rentrant  layer-by-layer  growth,  and  there  is  a  variety  of  other  consequences 
of  these  barriers  as  well  [20-22]. 

In  this  paper,  we  will  examine  the  effect  of  step-edge  barriers  on  several  epitaxial  phe¬ 
nomena  from  the  standpoint  of  a  solid-on-solid  model  of  epitaxial  growth.  We  will  begin 
with  a  discussion  of  why  this  barrier  must  be  included  to  explain  surface  electron  diffraction 
experiments  from  GaAs(OOl)  surfaces  during  epitaxial  growth.  We  then  review  briefly  the 
simulations  of  the  experiments  of  Kunkel  et  al.  [19],  before  turning  our  attention  to  the  rough¬ 
ening  of  surfaces  in  the  presence  of  step-edge  barriers.  We  conclude  with  a  discussion  of 
re-entrant  layer-by-layer  oscillations  observed  with  surface  electron  diffraction  measurements 
when  AsBrs  is  used  to  chemically  etch  GaAs(OOl). 

THE  SOLID-ON-SOLID  MODEL 

In  the  solid-on-solid  model  of  epitaxial  growth  [23-27],  the  crystal  is  assumed  to  have  a  simple 
cubic  structure  with  neither  bulk  vacancies  nor  overhangs.  The  basic  processes  included  in 
this  model  are  the  deposition  of  atoms  onto  the  surface  and  the  subsequent  diffusion  of  surface 
adatoms.  Growth  is  initiated  by  atoms  being  deposited  onto  the  surface  at  a  rate  determined 
by  the  experimental  deposition  rate.  A  surface  site  is  first  selected  randomly,  and  then  a 
search  is  carried  out  within  a  square  of  a  fixed  linear  size  R,  centered  upon  the  selected 
site  for  the  site  with  the  maximum  number  of  lateral  nearest  neighbors.  The  incident  atom 
is  then  deposited  on  this  site.  The  effect  of  this  incorporation  mechanism  is  to  smoothen 
the  growth  front  and  lead  to  quasi  layer-by-layer  growth  at  temperatures  low  enough  that 
thermally  activated  adatom  hopping  is  negligible  [28-31]. 

The  migration  of  surface  atoms  is  modeled  as  a  nearest-neighbor  hopping  process  at  the 
rate 

k(E ,  T)  =  k0  exp(-E/kBT)  (2) 

where  E  is  the  hopping  barrier,  T  is  the  substrate  temperature,  and  kB  is  Boltzmann’s 
constant.  The  pre-factor  ko  is  the  attempt  frequency  for  this  hopping  and  is  assigned  the  value 
ko=2kBT/h,  where  h  is  Planck’s  constant.  The  hopping  barrier  is  the  sum  of  a  substrate 
term,  Es,  an  in-plane  contribution,  E^n,  and  the  step-edge  barrier  term  EBB.  The  in-plane 
term  is  taken  to  depend  linearly  on  the  number  of  nearest  neighbors:  Enn-^E^,  where 
n= 0, 1,2, 3,4.  The  vicinity  of  a  step  is  detected  by  counting  the  number  of  next-nearest 
neighbors  in  the  planes  beneath  and  above  the  hopping  atom  before  (mi)  and  after  (my)  a 
hop.  The  additional  (step-edge)  barrier  to  hopping  has  a  nonzero  value  only  if  m^>  my  and 
equals  ( mi-my)£#  where  EB  is  a  model  parameter.  Thus,  the  total  energy  barrier  E  is 
given  by 

E  =  Eg +  nEpj +  (rrii  —  —  mf)EB  (3) 

where  0(x)=l  if  x>0  and  0(a;)=O  if  x<0.  The  parameters  of  this  model  are  R,  Es,  £jv» 
and  £#,  which  must  be  adjusted  for  any  particular  material  system  to  obtain  quantitative 
agreement  with  observed  behavior.  For  vicinal  GaAs(OOl)  homoepitaxy,  simulations  with  the 
values  R= 7,  £#=1.54  eV,  £;v=0.23  eV,  and  £#=0.175  [32]  produce  the  agreement  shown 
in  Fig.  1  between  the  simulated  step  density  and  the  measured  [33]  reflection  high-energy 
electron-diffraction  (RHEED)  specular  intensity.  Both  the  incorporation  and  the  step-edge 
barrier  are  required  to  achieve  this  level  of  agreement  during  both  growth  and  post-growth 
equilibration  of  the  surface.  The  effect  of  the  incorporation  is  most  directly  evident  at  the  onset 
of  growth  in  the  enhancement  of  the  delay  in  the  first  maximum  of  the  RHEED  oscillations 
[34,35].  The  step-edge  barriers  slow  the  equilibration  of  the  surface  by  inhibiting  the  interlayer 
transport  of  atoms,  which  is  seen  most  clearly  in  recovery  profiles  obtained  from  simulations 
performed  with  [32]  and  without  [33]  this  barrier. 
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- Simulations 

- Experiment 

Figure  1.  Direct  comparison  between  measured  RHEED  intensity  [33]  and  the  step  density 
of  simulated  surfaces  [32]  for  a  GaAs(OOl)  vicinal  surface  misoriented  by  2°  toward  the  [010] 
direction  at  a  growth  rate  of  0.47  ML/s  (left  panel)  and  0.20  ML/s  (right  panel).  The  step 
density  increases  downward  and  data  at  different  temperatures  has  been  scaled  by  the  same 
factor  (for  a  given  flux)  to  facilitate  the  comparisons  with  the  RHEED  intensity. 


RE-ENTRANT  OSCILLATIONS  FOR  Pt(lll)  HOMOEPITAXY 

Among  the  first  experiments  that  showed  the  influence  of  step-edge  barriers  during  growth 
were  the  He-atom  scattering  measurements  of  Kunkel  et  al.  [19]  carried  out  during  Pt(lll) 
homoepitaxy.  These  measurements  revealed  a  transition  from  an  oscillatory  intensity  at  high 
temperatures  to  a  decaying  intensity  with  no  oscillations  at  lower  temperatures,  with  intensity 
oscillations  reappearing  at  still  lower  temperatures.  Kunkel  et  al.  [19]  based  their  explanation 
of  these  observations  on  the  existence  of  step-edge  barriers.  At  high  temperatures,  atoms 
acquire  large  amounts  of  thermal  energy  from  the  substrate  and  thus  can  overcome  the  barrier 
near  step  edges.  This  promotes  layer-by-layer  growth.  As  the  temperature  is  decreased,  the 
thermal  energy  of  the  atoms  decreases  accordingly,  and  the  barrier  starts  to  be  more  effective 
in  inhibiting  atom  hopping  between  layers.  The  adatom  density  on  the  terraces  thus  increases, 
which  increases  the  likelihood  of  island  formation.  As  this  process  is  repeated,  the  surface 
morphology  develops  three-dimensional  features.  At  still  lower  temperatures,  the  islands  are 
either  small  or  irregurlarly  shaped  [36,37],  so  the  effect  of  the  barrier  is  suppressed  [38],  and 
layer-by-layer  growth  is  recovered. 

We  have  modeled  these  observations  using  the  model  described  in  the  preceding  section 
with  the  parameters  R=3,  Es=0-75  eV,  Ep^= 0.18  eV,  and  J5j5=0.15  eV  [39].  A  comment  is 
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Figure  2.  Specular  beam  intensity  for  He-atom  diffraction  in  the  kinematic  approximation 
for  a  near-Bragg  angle  of  incidence  (a)  and  the  step  density  (b)  during  the  deposition  at  three 
different  temperatures  (from  the  top:  T=480  K,  T=400  K,  T- 280  K)  at  a  deposition  rate  of 
0.025  ML/s.  The  time  needed  to  deposit  a  monolayer  at  each  temperature  is  indicated  by  a 
horizontal  line  in  (a).  A  different  vertical  scale  has  been  used  for  the  intermediate  temperature 
data. 

in  order  regarding  the  choice  of  parameters  in  comparison  with  those  estimated  directly  from 
experimental  measurements  [40]:  Es= 0.23  eV  and  r=0.35  eV.  Our  intent  in  performing 
the  simulations  is  simply  to  capture  the  essential  physics  behind  the  re-entrant  behavior, 
rather  than  to  quantitatively  reproduce  all  of  the  experimental  measurements.  Additionally, 
simulations  of  our  model  with  the  “experimental”  parameters  would  be  impractical,  even  with 
the  most  powerful  modem  computers  because  of  the  size  of  the  lattice  required  to  avoid  finite- 
size  effects  and  the  level  of  surface  activity  at  the  temperatures  at  which  the  measurements 
were  taken.  We  must  content  ourselves,  therefore,  with  an  essentially  qualitative  approach  to 
this  phenomenon. 

Our  comparisons  between  simulations  and  experimental  work  are  based  on  calculating  (i) 
the  intensity  of  the  specular  beam  calculated  near  the  anti-Bragg  angle  of  incidence,  (ii)  the 
density  of  surface  steps,  which  is  a  good,  albeit  approximate,  analogue  of  the  intensity  of 
the  Bragg  peak  in  He-atom  diffraction,  and  (iii)  “snapshots”  of  the  surface  morphology.  The 
first  two  of  these  are  shown  in  Fig.  2.  The  re-entrant  behavior  is  seen  clearly  in  both  sets  of 
calculations.  It  is  important  to  note  that  we  obtained  the  oscillations  in  the  low-temperature 
regime  only  by  including  the  incorporation  mechanism  discussed  above.  This  is  because  in 
this  temperature  range,  the  islands  are  very  ramified  (Fig.  3).  Thus,  upon  deposition  most 
of  the  atoms  are  incorporated  directly  at  the  step  edges  of  these  islands  because  these  sites 
are  locally  the  energetically  most  favorable  in  terms  of  the  number  of  nearest  neighbors. 
The  incorporation  mechanism  thus,  in  effect,  bypasses  the  step  edge  barrier.  Without  the 
incorporation  mechanism,  we  observe  only  weak  and  strongly  damped  oscillations. 
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Figure  3.  Surface  morphologies  after  the  growth  of  2.4  ML  at  a  deposition  rate  of  0.0033 
ML/s  for  three  substrate  temperatures:  T= 270  K,  T=400  K,  T=480  K.  Shown  are  50x50 
subsections  of  the  lattice  used,  which  was  200x200,  except  at  the  lowest  temperature,  where 
400x400  lattice  were  used. 

The  surface  morphologies  for  the  three  temperature  regimes  are  shown  in  Fig.  3.  A 
comparison  with  the  corresponding  images  taken  with  scanning  tunneling  microscopy  in 
Ref.  [12]  reveals  clear  qualitative  similarities.  Of  particular  note  is  the  appearance  of  the 
three  dimensional  structures  for  the  three-dimensional  growth  regime.  The  morphology  of 
this  intermediate-temperature  regime  is  strikingly  different  from  that  in  the  two  temperature 
regimes  where  layer-by-layer  growth  is  observed,  showing  “pyramidal”  structures  with  sev¬ 
eral  incomplete  layers.  There  will  be  more  discussion  on  the  formation  and  evolution  of  these 
structures  in  the  next  section.  The  morphologies  in  the  two-dimensional  growth  regimes  differ 
from  one  another  primarily  in  the  island  sizes.  At  low  temperatures  there  are  many  small, 
ramified  islands,  while  in  the  high-temperature  regime  there  are  fewer  larger  islands  which 
are  compact 


UNSTABLE  EPITAXIAL  GROWTH 

Step-edge  barriers  give  rise  to  instabilities  in  the  surface  morphology  of  a  film  growing 
on  a  singular  surface,  as  first  pointed  out  by  Villain  [5].  These  instabilities  take  the  form 
of  pyramid-like  features  whose  slope  remains  approximately  constant  [13-15]  and  whose 
separation  increases  with  time  according  to  a  power  law.  Evidence  of  these  features  is  seen 
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Figure  4.  Simulated  surface  morphologies  of  GaAs(OOl)  homoepitaxy  on  300x  300  lattice 
at  the  substrate  temperature  T =555  °C  and  at  the  deposition  rate  of  1/6  ML/s.  The  arrow 
indicates  a  position  where  a  mound  has  split  into  two  mounds  which  rejoined  later. 

in  the  morphology  in  Fig.  3  for  the  intermediate  temperature  range.  In  our  simulations  of 
GaAs(001)  homoepitaxy,  we  observe  the  development  of  mounds  on  the  growing  singular 
surfaces  after  the  initial  oscillations  of  the  step  density  have  died  out.  The  mounds  grow  and 
merge  (but  occasionally  also  split,  see  the  mound  marked  by  the  arrow  in  the  lower  left  panel 
of  Fig.  4,  which  split  into  two  mounds  that  again  merged  after  an  additional  several  tens 
of  monolayers  were  grown).  Finally,  the  surface  arrives  at  a  state  in  which  the  number  of 
mounds  and  their  sizes  change  very  slowly  during  deposition  of  several  hundred  monolayers, 
although  the  coarsening  process  still  goes  on  and  the  shape  of  the  mounds  becomes  more 
regular.  Throughout  the  simulation,  the  mounds  keep  a  constant  average  angle  of  inclination, 
in  qualitative  agreement  with  the  experiment.  In  both  the  experiments  and  in  our  simulations 
the  size  of  the  terraces  on  the  hillsides  of  the  mounds  and  the  average  inter-island  distance 
at  submonolayer  coverages  are  roughly  the  same.  We  also  simulated  equilibration  of  the 
mounds  after  the  growth  was  stopped  and  observed  a  very  slow  approach  to  a  flat  surface,  with 
residual  mounds  distinguishable  even  after  1000  s  annealing,  again  in  very  good  agreement 
with  experimental  obervations  [17]. 
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Figure  5.  RHEED  specular-beam  intensity  evolution  during  etching  of  GaAs(OOl)  at  a  AsBr3 
flux  of  0.36  seem  and  different  substrate  temperatures.  The  inset  shows  the  etching  rate  vs.  the 
substrate  temperature. 

RE-ENTRANT  ETCHING  OSCILLATIONS  ON  GaAs(OOl) 

Most  fundamental  studies  of  relevance  to  heterostructure  formation  have  focussed  on  the 
growth  process.  However,  the  removal  of  atoms  during  processes  such  as  sputtering  and 
etching  also  provide  a  way  of  manipulating  surface  properties  and  morphology.  Several  recent 
studies  have  used  electron  and  helium-atom  diffraction  and  scanning  tunnelling  microscopy 
to  investigate  the  atomistic  kinetics  that  occur  during  the  removal  of  atoms  from  a  surface, 
usually  by  sputtering  [42-45].  These  experimental  studies,  as  well  as  computer  simulations 
[46-48]  have  revealed  several  qualitative  similarities  with  the  processes  that  occur  during 
epitaxial  growth,  with  monovacancies  and  vacancy  islands  playing  the  roles  of  adatoms  and 
adatom  islands,  respectively. 

In  this  section,  we  describe  a  model  for  the  chemical  etching  of  GaAs(OOl)  by  AsBr3  that 
were  motivated  by  recent  RHEED  measurements  shown  in  Fig.  5,  which  show  re-entrant 
behavior  analogous  to  that  discussed  above.  Other  features  to  note  are  as  follows.  In  the 
temperature  range  from  420°C  to  630°C,  the  oscillations  have  the  same  period,  while  below 
420°C,  the  period  shows  a  significant  increase.  In  the  inset  to  Fig.  5  is  shown  the  growth 
over  this  range,  which  is  approximately  constant  rate  above  420°C,  but  diminishes  rapidly 
below  this  temperature.  We  conclude  that  the  removal  above  420°C  is  supply-rate  limited, 
but  below  420°C  the  removal  is  reaction  limited.  In  particular,  the  re-entrant  behavior  is  not 
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Figure  6.  The  surface  step  density  and  the  intensity  of  the  specular  beam  calculated  in  the 
kinematic  approximation  for  an  anti-Bragg  angle  of  incidence  during  growth  at  three  different 
substrate  temperatures.  The  step  density  increases  downwards.  The  upper  two  curves  in  both 
plots  are  given  additional  offsets  to  make  comparisons  easier. 

due  to  any  pathology  in  the  AsBr3  decomposition  rate  over  the  temperature  range  of  interest, 
but  can  be  traced  to  factors  involving  surface  kinetics. 

To  model  these  observations,  we  modify  a  model  we  have  used  previously  to  describe 
sputtering  [47,48]  by  including  a  site  selectivity  for  the  removal  of  surface  atoms.  Atoms  are 
removed  from  the  substrate  at  a  rate  given  by  the  experimentally  observed  rate  of  etching. 
A  surface  site  is  first  selected  randomly,  and  then  a  search  is  carried  out  within  a  square 
of  a  fixed  linear  size  R,  centered  upon  the  originally  selected  site  for  the  atom  with  the 
minimum  number  of  lateral  nearest  neighbors.  The  atom  on  this  site  is  then  removed.  Surface 
migration  is  modeled  as  we  have  summarized  in  equations  (2)  and  (3)  with  one  important 
exception.  The  nearest-neighbor  contribution  E^n  is  given  by  ENN={niEN+E'N,  where 
E'N=(rii—n  f)0(rii-nf)EN  is  nonzero  only  if  the  number  of  in-plane  nearest  neighbors  before 
a  hop,  rii ,  is  greater  than  that  after  the  hop,  n/.  This  definition  leads  to  faster  diffusion  along 
island  edges  and  high  vacancy  mobility  (consistent  with  experimental  observations  [42-45]) 
but  preserves  the  difference  in  mobility  of  edge  atoms  with  different  coordination  and  the 
activation  barriers  to  detachment  of  atoms  from  step  edges  {E^^=niEN  for  n/= 0).  The 
model  parameters  used  in  this  study  were  £'5=1. 58  eV,  £^=0.24  eV,  £5= 0.175  eV,  and 
R= 3. 

The  results  of  the  simulation  are  shown  in  Fig.  6.  The  re-entrant  nature  of  the  RHEED 
oscillations  is  seen  to  be  reproduced  by  the  step  density.  In  the  kinematic  intensity,  the 
oscillations  do  not  disappear  in  the  intermediate  temperature,  but  they  are  much  better  defined 
for  both  lower  and  higher  temperatures.  Notice  that  the  range  of  temperatures  in  the  simulation 
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corresponds  well  to  those  in  Fig.  5.  Although  not  shown,  the  range  of  temperature  over  which 
the  oscillations  disappear  is  narrow  («10-20°C)  in  both  the  simulations  and  the  experiments. 

Based  on  the  experimentally  observed  behavior  and  our  simulations,  the  explanation  of  the 
re-entrant  layer-by-layer  etching  is  as  follows.  At  low  temperatures,  the  mobility  of  surface 
vacancies  is  relatively  low  and  they  form  only  small  islands.  Thus  there  is  a  high  density  of 
atoms  with  low  coordination  in  the  uppermost  layer  which  are  preferentially  removed.  This 
leads  to  the  layer-by-layer  removal  of  atoms  from  the  surface.  At  higher  temperatures,  the 
vacancies  become  more  mobile  and  large  vacancy  islands  are  formed  on  the  surface.  However, 
the  adatoms  and  vacancies  are  prevented  from  moving  between  layers  by  the  step-edge  barrier. 
This  results  in  multi-layer  removal  and  the  disappearance  of  RHEED  oscillations.  At  still 
higher  temperatures,  the  effect  of  the  barrier  is  diminished  and  layer-by-layer  removal  is  again 
observed.  The  transition  from  the  low-temperature  multilayer  removal  regime  to  the  layer- 
by-layer  removal  regime  at  high  temperatures  has  been  observed  in  the  ion-beam  sputtering 
of  Pt(lll)  [42-44],  but  to  obtain  the  reappearance  of  the  oscillations  at  lower  temperatures 
requires  a  site-selective  step  such  as  the  one  we  have  proposed. 
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FILM  GROWTH: 
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ABSTRACT 

The  study  of  the  morphology  of  surfaces  produced  by  vapor  deposition  began 
over  125  years  ago  with  Lord  Kelvin.  Since  then,  many  researchers  have 
addressed  this  topic  from  very  different  theoretical  viewpoints,  including 
thermodynamics,  kinetics,  fractal  geometry,  and  numerical  simulations.  Only 
recently,  however,  have  scanning  probe  microscopes  become  available  to  measure 
the  three  dimensional  topography  of  a  deposited  film,  which  provided  the 
quantitative  experimental  data  necessary  to  test  the  different  models  of  film 
growth.  The  concept  of  scaling  provides  a  good  first  description  of  the  morphology 
of  vapor  deposited  films  of  all  types,  but  for  heteroepitaxial  films,  scaling  is  only 
approximately  valid.  The  competition  between  the  surface  roughening  .caused  by 
island  nucleation  and  growth  versus  the  smoothening  actions  of  surface  diffusion 
and  desorption  can  lead  to  the  formation  of  correlated  structures  on  a  surface 
with  a  dominant  spatial  frequency.  By  rational  control  of  the  film  growth 
conditions,  one  can  produce  a  surface  covered  by  a  low  density  of  nearly 
monodisperse  nanoparticles,  an  essentially  fractal  surface,  or  a  planar  film 
surface. 

INTRODUCTION 

Recent  advances  in  both  scanning  probe  microscopes  and  x-ray  scattering 
techniques  now  allow  surface  roughening  during  film  growth  to  be  studied  in 
great  detail.  One  mathematical  method  to  characterize  the  kinetic  roughening  of 
a  growing  film  is  to  measure  the  surface  root-mean-square  height,  or  interface 
width,  as  a  function  of  measurement  length  and  growth  time  to  derive  static  (a) 
and  dynamic  ((3)  scaling  exponents,  respectively,  which  can  then  be  compared 
with  theoretical  predictions  for  the  evolution  of  self-affine  surfaces.1-3  A 
complementary  method  is  to  determine  the  power  density  spectrum  (PDS)  of  the 
surface,  which  is  the  Fourier  transform  (FT)  of  the  autocorrelation  function.4*5 
This  approach  is  not  only  more  sensitive  to  the  scaling  nature  of  a  surface,  but 
also  more  generally  applicable  to  surfaces  that  are  not  self-affine.3*^ 

We  have  recently  used  the  latter  approach  to  examine  the  Atomic  Force 
Microscope  (AFM)  topographs  collected  from  epitaxial  films  of  CuCl  grown  on 
CaF2(lll),8  which  displayed  3D-islanding  (i.e.  the  Volmer-Weber  or  Stranski- 
Krastanov  growth  mode9).  All  the  spectral  densities  of  the  films  contained  a  peak 
at  |  q  |  >0,  which  demonstrated  the  existence  of  a  dominant  spatial  frequency  for 
each  surface  (see  Fig.  1  for  examples).  Thus,  none  of  these  surfaces  was  truly 
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self-affine,  even  though  log-log  plots  of  the  interface  width  versus  length  scale 
were  essentially  linear  over  a  reasonably  large  length  range.2  The  maximum 
intensity  of  each  PDS  was  about  an  order  of  magnitude  higher  than  the  intensity 
at  q=0.  Inspection  of  the  topographs  revealed  that  the  dominant  spatial 
frequencies  coincided  with  the  characteristic  island  sizes  and  inter-island 
distances  for  the  given  sample. 


Fig.l  The  PDS  of  two  CuCl  films  grown  on  CaF2,  shown  by  the  filled 
squares,8  and  the  least  squares  fitting  results  to  Eq.  (2),  shown  by  the 
solid  line,  are  plotted  on  a  log-log  scale.  The  substrate  temperature 
and  the  average  film  thickness  are  indicated  for  each  sample. 


We  have  proposed  a  new  Langevin  equation  of  motion  (or  mass  continuity 
equation)  to  describe  the  three  dimensional  evolution  of  a  surface  of  one  material 
grown  on  another  by  a  vapor  deposition  process:10 

^^  =  [cik|-c2k|2+C3k|3-c4|9|4]M?,J)  +  77(^f).  (1) 

at 

Here,  h  is  the  Fourier  transform  of  the  surface  height  (defined  with  respect  to  the 
average  height  of  the  surface  in  real  space),  q  is  the  radially  averaged  spatial 
frequency,  the  cn's  are  physically  meaningful  parameters,  as  described  below, 
and  T|(q,t)  is  the  stochastic  noise  term  with  the  property  <Tl(q\t’)Tl(q,\t,,)>  =  5(q’-q"), 
which  models  the  roughening  of  a  surface  by  the  random  arrival  of  depositing 
particles.11  This  equation  can  be  solved  analytically  by  evaluation  of  the 
expectation  value  of  h(q,t )  to  yield  an  expression  for  the  PDS  of  a  growing  film:11 


g(q,t)  =  {\h(q,t)2\)  =  Q. 


exp[2f(qk|-c2k|2 


+  c3\q\ 

3 


-c4\q\4)]- 1 


cikl-c2l#  +  c3kl  ~cM 


(2) 


The  fits  of  Eq.  (2)  to  the  experimentally  determined  PDS  for  CuCl  on  CaF2  are  also 
shown  in  Fig.  1.  In  the  next  section,  we  will  provide  the  physical  justification  for 
Eqs.  1  and  2,  and  in  the  section  following  that  we  will  illustrate  the  use  of  these 
equations  for  the  rational  design  of  desired  surface  structures. 
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MECHANISTIC  DESCRIPTION  OF  VAPOR  HETERODEPOSITION 


The  goal  is  to  understand  how  the  fundamental  mechanisms  of  film  growth 
can  produce  a  dominant  spatial  frequency  such  as  those  represented  by  the  peaks 
in  the  PDS  curves  in  Fig.  1,  which  violate  the  usual  assumption  of  self-affinity  for 
the  morphology  of  vapor-deposited  films.1  The  starting  point  for  the  analysis  is  a 
model  for  nonislanding  growth.  The  scaling  of  surface  features  in  nonislanding 
growth  is  a  result  of  the  interplay  between  stochastic  roughening  caused  by  white 
noise  in  the  flux  of  the  deposited  species  and  smoothening  by  various  surface 
transport  mechanisms.  Growth  in  which  the  randomly  arriving  particles  stick 
where  they  land  (the  solid-on-solid  model)  would  produce  a  surface  height  as  a 
function  of  lateral  position  H(x,y)  that  is  a  Poisson  distribution;  the  radially 
averaged  PDS  of  such  a  stochastic  surface  would  be  represented  by  straight 
horizontal  lines  in  Fig.l,  since  totally  random  surfaces  would  contain  features  at 
all  spatial  frequencies  with  equal  probabilities. 

Stochastic  roughening  is  opposed  by  various  surface  transport  mechanisms 
that  drive  the  system  toward  its  thermodynamic  energy  minimum:  a  (locally)  flat 
surface.  Conyers  Herring12  was  the  first  to  derive  scaling  laws  that  quantify  the 
smoothening  effects  as  functions  of  feature  size  and  mechanism.  He  showed  with 
simple  thermodynamic  arguments  that  the  sintering  rate  of  any  surface  feature 
is  inversely  proportional  to  (feature  size)n,  where  n=l  for  viscous  flow  of  amor¬ 
phous  material,  n=2  for  evaporation-recondensation,  n=3  for  bulk  diffusion,  and 
n=4  for  surface  self-diffusion.  These  scaling  laws  were  later  cast  in  the  form  of 
differential  equations  by  Mullins,13  and  they  would  all  appear  in  Eq.  1  with 
negative  coefficients,  since  they  act  to  make  the  root  mean  square  surface  height 
smaller.  The  smoothening  of  surface  features  is  thus  not  independent  of  length 
scale;  each  of  the  four  possible  smoothening  mechanisms  will  leave  a  unique 
fingerprint  in  the  PDS  of  the  growing  surface.  The  essential  features  of  an 
equation  like  Eq.  (2)  are  that  when  the  PDS  is  plotted  against  q  on  a  log-log  scale,  it 
maintains  a  saturation  value  at  small  q  and  decreases  with  a  slope  of  -n  at  large 
q,  which  identifies  the  dominant  surface  smoothening  mechanism.  Indeed,  the 
limiting  slope  at  large  q  for  the  PDS  of  the  CuCl  films  in  Fig.  1  is  -4, 3  which  means 
that  surface  diffusion  dominates  the  surface  morphology  at  short  length  scales. 

Equations  similar  to  Eq.  (1)  containing  only  the  n=2  and/or  n=4  smoothening 
terms  have  been  proposed  previously  by  those  concerned  with  the  scaling  behavior 
of  vapor  deposited  surfaces.14'17  Although  variations  of  Eq.  (2)  have  been 
successful  in  predicting  the  scaling  behavior  of  vapor  deposited  films  and  ion- 
bombarded  surfaces  in  the  absence  of  island  formation,4  additional  terms  must  be 
added  to  Eq.  (1)  to  incorporate  the  nonstochastic  roughening  mechanisms  of  3D 
island  formation  before  it  can  reproduce  a  PDS  with  a  peak  at  q>0.  The  origin  of 
nonstochastic  roughening  in  Volmer-Weber  or  Stranski-Krastanov  systems9  lies 
in  the  preferential  enhancement  of  certain  spatial  frequencies  during  the 
formation  and  growth  of  islands. 

We  have  derived  scaling  laws  from  mechanistic  arguments  that  correspond  to 
the  n=l  and  n=3  roughening  terms,  i.e.  those  with  positive  coefficients  in  Eq.  (1), 
by  following  the  procedures  established  by  Herring.12  The  key  to  these  derivations 
is  to  establish  a  scaling  relationship  between  the  sizes  of  features  and  the  times 
needed  to  produce  a  geometrically  similar  change  in  them.10  By  Wulffs  theorem, 
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3D  islands  grow  in  a  self  similar  manner.18  A  general  expression  that  governs 
the  rate  p  for  3D  islands  to  change  in  a  geometrically  similar  fashion  is 

p  oc  V-^dV/dt,  (3) 

where  V  is  the  volume  of  an  island,  which  scales  as  (size)3,  and  dV/dt  is  the 
growth  rate.  There  are  two  primary  mechanisms  of  material  supply  to  the 
growing  island:  the  first  involves  the  incident  flux  arriving  directly  on  an  island 
from  the  gas  phase,  and  the  second  involves  material  arriving  at  the  perimeter  of 
the  island  by  surface  diffusion.  These  correspond  to  the  n=l  and  n=3  roughening 
mechanisms,  respectively,  seen  in  our  PDS  fits  to  Eq.  (2). 

In  the  first  mechanism  of  roughening  by  direct  incident  flux,  dV/dt  is  the 
product  of  the  projected  area  of  the  island  on  the  substrate  and  the  incident  flux. 
If  the  latter  is  assumed  to  be  constant,  dV/dt  scales  as  (size)2.  The  rate  of 
producing  a  self-similar  change  in  a  collection  of  islands  is  thus 

p  (size)2/ (size)3  q,  (4) 

which  means  the  roughening  rate  is  linearly  proportional  to  the  spatial 
frequency,  or  n=l.  Such  roughening  by  the  incident  flux  was  expected  for  our 
CuCl  on  CaF2  samples,  since  the  islands  covered  most  of  the  substrate  for  the 
films  examined.8 

The  second  mechanism  of  material  arrival  at  an  island  is  via  surface  diffusion 
on  the  substrate,  which  may  be  different  from  the  deposited  material,  to  the 
perimeter  of  the  growing  island.  Although  the  importance  of  this  mechanism  of 
roughening  diminishes  during  the  course  of  deposition  because  the  substrate  is 
eventually  covered,  it  is  the  most  significant  process  in  the  initial  stages  of  film 
growth  involving  island  nucleation.  The  rate  of  material  arrival  for  this 
mechanism  can  be  expressed  as 

dV/dt  ©c  (perimeter  of  the  island)x(surface  diffusion  flux).  (5) 

The  perimeter  of  the  island  scales  linearly  with  (size),  whereas  the  surface 
diffusion  flux  is  proportional  to  the  gradient  of  the  concentration  of  diffusing 
species  at  the  island  boundary.  The  island  size  dependence  of  the  surface 
concentration  of  diffusing  species  in  the  presence  of  multiple  islands  is  a  moving 
boundary  problem  for  which  no  analytical  solution  exists.  Numerous  theoretical 
approaches  have  been  attempted  by  researchers  to  obtain  an  estimate  of  the 
monomer  concentration  distribution.  In  one  model,  as  derived  by  Steyer  et  at. 19  to 
explain  the  formation  of  breath  figures  (liquid  droplets),  diffusing  species  arrive 
by  random  walk  from  an  infinitely  far  distance  to  the  edge  of  the  droplet  and 
become  incorporated.  Two  boundary  conditions  are  imposed  to  make  this  problem 
soluble.  First,  the  concentration  of  the  diffusing  species  at  the  edge  of  a 
hemispherical  island,  £(r=R),  is  required  to  be  zero,  where  r  is  the  distance  from 
the  center  of  the  island  and  R  is  the  radius  of  the  island;  this  arises  from  the 
assumption  that  the  monomer  acquisition  probability  at  the  island  edge  is  unity. 
Second,  rV£  is  set  to  zero  at  r=«>  to  satisfy  the  requirement  that  £(r)  is  constant  at 
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r=oo.  With  these  two  boundary  conditions,  £(r)  has  a  logarithmic  dependence  on 
the  distance  from  the  island, 


«r;R)  -  ln(r  /R).  (6) 

From  Eq.  (6),  V^(r)  at  r=R  is  proportional  to  R'1,  and  thus  dV/dt  in  Eq.  (5)  is  a 
constant.  The  resultant  roughening  rate  is  proportional  to  the  third  power  of  the 
spatial  frequency 


p  oc  (size)-3  oe  q3  ,  (7) 

and  thus  n=3  for  this  mechanism. 

Although  Eq.  (6)  yields  the  most  common  experimentally  observed  scaling 
behavior,  it  has  been  criticized  as  being  unrealistic  because  £(r)  diverges  at  r=°°. 
A  physically  motivated  model  for  the  concentration  distribution  is  to  assume  that 
£(r;R)  increases  monotonically  from  r=R  to  reach  a  saturation  value  at  r=°°.20 
This  can  be  described  by  an  equation  of  the  following  form 

^(r;R)  =  ^[l  -Z”=1am(R/rr],  (8) 

where  the  boundary  condition  £“=1am  =  1  is  imposed  to  assure  that  £(r)  at  the 
island  edge  is  zero.  Regardless  of  the  values  of  the  am's,  the  gradient  of  Eq.  (8)  at 
r=R  will  yield  a  diffusion  flux  that  is  also  proportional  to  R*1  and  thus  it  produces 
the  same  scaling  law  as  Eq.  (6). 

To  summarize  this  section,  Eq.  (1)  provides  a  description  for  the  PDS  of  a 
surface  growing  by  vapor  deposition.  This  equation  is  based  on  mechanistic 
principles  and  provides  excellent  agreement  with  the  observed  PDS  for  CuCl  films 
grown  on  CaF2-  There  are  three  types  of  terms  in  the  equation.  The  first  is  the 
noise  in  the  arriving  flux,  which  will  make  the  surface  roughen  stochastically. 
The  second  are  the  smoothening  terms  (those  with  negative  coefficients)  that 
correspond  to  the  n=2  and  n=4  moments  of  q,  which  represent  the  mechanisms  of 
desorption  from  the  surface  and  diffusion  on  the  surface,  respectively.  From  our 
fits  of  experimental  data  to  Eq.  (2),  these  appear  to  be  the  most  important 
smoothening  mechanisms.  Finally,  there  are  the  terms  that  represent  the 
formation  and  growth  of  islands  for  Volmer-Weber  and  Stranski-Krastanov 
growth  modes.  In  this  case,  we  find  that  the  terms  with  positive  coefficients  in 
Eq.  1  should  have  n=l  and  n=3  moments  of  q,  which  represent  the  growth  of 
islands  by  direct  deposition  and  diffusion  to  the  island  perimeter,  respectively. 


APPLICATIONS  OF  THE  EQUATION  OF  MOTION  FOR  VAPOR  DEPOSITION 

Equation  1  also  provides  a  model  for  tayloring  the  growth  of  a  surface  to  obtain 
a  desired  morphology.  Depending  on  the  growth  conditions,  one  can  obtain  a 
smooth  and  flat  surface  (desired  for  MBE),  a  fractal  surface,  or  a  surface  covered 
by  islands,  just  by  controlling  the  deposition  conditions. 

According  to  Eq.  1,  flat  surfaces  can  only  be  obtained  when  the  growth  is 
dominated  by  the  desorption  term.  Previous  studies  of  similar  linear  growth 


277 


equations  (such  as  the  Edwards-Wilkinson  equation14*15)  show  that  only  the  n=2 
term  can  produce  a  surface  that  does  not  roughen  more  than  logarithmically  with 
time  in  the  presence  of  noise.  This  may  not  at  first  appear  reasonable,  since  most 
MBE  growth  is  performed  below  the  sublimation  temperature  of  the  films  being 
deposited  to  acheive  net  growth.  However,  Herring12  derived  the  q-dependence  of 
desorption  from  the  Kelvin  equation,21 

P(R)  =  P(R=oo)exp  [2VMa/RNAkTj ,  (9) 

where  P  is  the  partial  pressure  of  the  material  of  interest,  R  is  the  radius  of  a 
particle  of  the  material,  Vm  is  the  molar  volume  of  the  material,  a  is  the  surface 
tension  of  the  material,  NA  is  Avagadro's  number,  k  is  the  Boltzmann  constant, 
and  T  is  the  temperature  of  the  system.  This  equation  shows  that  at  temperatures 
for  which  a  flat  surface  (R=°°)  is  stable,  an  island  can  have  a  significantly  higher 
vapor  pressure  because  of  its  small  radius  of  curvature.  Thus,  flat  surfaces  can 
be  produced  when  growth  occurs  slowly  to  discourage  the  formation  of  islands 
and  at  a  sufficiently  high  substrate  temperature  to  cause  the  islands  that  do  form 
to  sublime  at  rates  much  (even  several  orders  of  magnitude)  higher  than  flat 
regions  on  the  surface. 

Contrary  to  usual  expectations,  surface  diffusion  by  itself  does  not  produce  a 
flat  surface  during  vapor  deposition.  Instead,  studies  by  Wolf  and  Villain16  and 
by  Lai  and  Das  Sarma17  have  shown  that  the  n=4  term  in  Eq.  1,  which  represents 
the  mechanism  of  surface  diffusion,12  produces  a  self- similar  surface  in  the 
presence  of  deposition  noise,  or  if  nonlinear  terms  are  present  in  the  equation  of 
motion,  then  the  surface  will  be  self-affine .  Thus,  if  one  desires  to  grow  a  surface 
with  a  fractal  morphology,  one  should  deposit  the  material  with  the  highest  flux 
possible  to  encourage  surface  roughening  and  with  a  substrate  temperature  low 
enough  that  features  with  small  radii  of  curvature  will  not  sublime.  Surface 
diffusion  introduces  enough  correlation  to  a  growing  film  to  turn  a  Poisson 
distribution  into  a  fractal,  but  it  cannot  produce  a  globally  flat  surface  during 
growth  because  it  acts  over  too  short  a  length  scale. 

Finally,  we  can  examine  Fig.  1  and  wonder  how  narrow  the  distribution  can  be 
made.  A  narrow  peak  in  the  PDS  represents  a  sinusiodally  varying  surface. 
However,  if  the  growth  of  a  Stranski-Krastanov  system  is  halted  before  the  islands 
coalesce,  then  the  surface  is  covered  by  islands  that  may  be  called  quantum  dots  if 
the  island  sizes  are  on  the  order  of  1  nm  or  so.  Is  it  possible  to  grow  a  surface 
covered  with  a  monodisperse  distribution  of  quantum  dots?  Actually,  Reiss20 
demonstrated  over  40  years  ago  that  uniform  distributions  of  three  dimensional 
polymer  spheres  can  be  grown  from  solution  by  the  proper  control  of  the  growth 
kinetics.  We  will  demonstrate  here  that  the  growth  of  three  dimensional  islands 
on  a  two  dimensional  medium  can  in  theory  produce  an  even  narrower  size 
distribution.  This  model,  which  should  be  applicable  to  the  initial  growth  stages 
of  a  wide  range  of  island-forming  systems,  predicts  that  it  is  possible  to  grow 
nearly  monodisperse  nanoparticles  on  surfaces  by  the  proper  control  of  island 
nucleation  and  growth  kinetics. 

In  order  to  understand  the  size  distribution  of  a  group  of  islands,  one  can  first 
model  the  growth  of  an  individual  particle  in  real  space  by  Eq.  (10), 
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Rn-R0n  =  K(t-t0), 


(10) 


where  r  is  the  radius  of  the  island,  ro  is  the  radius  of  the  critical  nucleus  at  which 
the  growth  law  becomes  valid,  K  is  a  rate  constant,  and  to  is  the  germination  time 
for  the  formation  of  the  critical  nucleus.  The  value  of  n  is  dictated  by  the 
underlying  mechanism  that  transports  atoms  to  the  island,  and  has  been  the 
subject  of  considerable  research.  We  saw  above  that  n=3  (it  is  the  same  in 
reciprocal  or  real  space),  and  this  growth  law  has  also  been  experimentally 
observed  by  several  other  investigators  and  attributed  to  a  radially  dependent 
concentration  gradient  centered  on  the  island.19 

We  also  require  a  nucleation  model  for  the  rate  at  which  new  particles 
germinate.  Such  models  have  been  introduced  to  describe  solid  state  phase 
transformations,  as  in  the  problem  of  recrystallization  from  an  amorphous 
state.22’23  For  films  growing  on  surfaces,  nucleation  often  starts  preferentially 
at  defect  sites  on  the  substrate.  If  the  defect  density  (number  per  unit  area)  is 
finite  and  constant,  then  the  rate  at  which  nuclei  (N)  are  generated  is 
proportional  to  the  number  of  the  remaining  unoccupied  sites: 

dN 

=  a(Noo-N)  =  aNooexp(-at)  ,  (11) 

where  Nm  is  the  total  number  of  potential  nucleation  sites  and  a  is  the  nucleation 
probability  (per  unit  time).  Since  the  rate  at  which  new  nuclei  germinate  decays 
as  an  exponential  function  of  time,  this  model  is  termed  the  declining  nucleation 
model.23 

If  a  is  very  large,  the  declining  nucleation  model  approximates  site 
saturation,  for  which  all  particles  start  to  grow  simultaneously.  This  nucleation 
scheme  obviously  is  the  ideal  scenario  to  grow  monodisperse  nanoparticles. 
However,  for  most  systems,  all  the  particles  are  not  likely  to  germinate  and  begin 
growth  similtaneously.  According  to  Eq.  (10)  with  n=3,  particles  with  larger  radii 
will  grow  at  a  much  slower  rate  than  those  with  smaller  radii.  Thus,  particles 
born  later  in  time  will  grow  faster  and  can  eventually  attain  nearly  the  size  of  the 
particles  born  earlier.  As  long  as  the  nucleation  density  and  growth  times  are  not 
large  enough  to  allow  particles  to  overlap,  nearly  uniform  size  distributions  of 
particles  can  be  achieved. 

The  size  distribution  of  particles  can  be  found  by  combining  Eq.  (10)  with  n=3 
and  Eq.  (11)  to  yield: 

=3bN„R2exp[b(R3-Rmax3)]  ,  (12) 

where  b  =  a/K  is  the  ratio  of  the  particle  nucleation  rate  to  the  single  island 
growth  rate  and  Rmax3  =  Ktmax,  where  tmax  is  the  amount  of  time  the  islands  are 
allowed  to  nucleate  and  grow.  This  function  is  very  strongly  peaked  with  respect 
to  the  island  size,  and  the  width  of  the  distribution  decreases  with  increasing  b. 
An  alternate  form  for  the  size  distribution  function  is 

i?  =  b'NMexp[b'(V-Vmax)]  ,  (13) 
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where  V  =  0R3,  0  is  a  geometrical  factor  equal  to  g  k  if  the  islands  are 
hemispherical,  and  b1  =  b/0  .  The  island  appearance  frequency  at  the  small-size 
tail  of  the  distribution  (at  R=0)  is  suppressed  by  the  -Rmax^  term  in  the  exponent, 
and  the  maximum  in  the  distribution  is  cut  off  at  R  =  Rmax-  The  distributions  in 
Eqs.  (12)  and  (13)  do  not  include  the  effects  of  thermal  fluctuations  in  the  island 
growth  (the  growth  rate  is  assumed  to  be  constant  here),  which  will  introduce  an 
additional  broadening  to  the  distributions.  However,  statistical  broadening  for 
most  systems  is  small  compared  to  the  broadening  introduced  in  Eq.  (11). 

With  the  size  distribution  function  in  hand,  it  is  now  possible  to  compute  the 
average  size  of  the  particles  in  the  distribution  and  their  standard  deviation, 
which  can  be  done  analytically  using  Eq.  13  (but  not  Eq.  12).  The  relative  standard 
deviation  is  given  by: 

a  _  f  n-exp(-b'Vm„)]  [(b'Vmax-l)2+l-2exp(-b'Vmax)]  11/2 
<V>  "l  [b’Vmax-l+exp(-b'Vmax)]2  '1J  •  U4; 

where  <V>  is  the  average  and  a  the  standard  deviation  of  the  volume  distribution. 
In  the  limit  that  b'Vmax  »  1,  the  relative  standard  deviation  will  reduce  to 
(b’Vmax)'1-  Thus,  the  particles  will  have  a  narrower  size  distribution  as  they 
grow  larger,  as  long  as  they  do  not  interfere  with  each  other,  since  site  exclusion 
broadens  the  distribution  significantly.  Plots  of  Eq.  (14)  for  various  values  of  b'  are 
shown  in  Fig.  (2). 


Fig.  2  Relative  standard  deviation  of  the  volume  distribution  ct/<V>  of 
islands  growing  on  a  surface  plotted  as  a  function  of  the  normalized 
maximum  volume  (Vmax/Q,  where  12  is  a  constant  with  units  of 
volume)  that  an  island  can  contain  according  to  Eq.  (14). 
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With  the  single  island  growth  rule  of  Eq.  (10)  and  the  declining  nucleation 
model  of  Eq.  (11),  we  have  shown  that  the  particle  size  distribution  can  be 
expressed  as  in  Eqs.  (13)  and  (14).  If  the  condition  Vmax  »  (b1)'1  is  satisfied,  the 
average  particle  size  is  essentially  Vmax-  In  the  absence  of  thermal  fluctuations 
and  particle  interactions,  Eq.  (14)  predicts  that  the  relative  standard  deviation  of 
the  particle  volume  is  inversely  proportional  to  the  particle  volume.  For  a  real 
system,  Fig.  2  provides  guidance  in  obtaining  the  narrowest  possible  size 
distribution  of  islands  via  a  kinetic  route.  First,  one  should  choose  a  system  for 
which  the  islands  are  nucleated  by  a  fixed  number  of  immobile  pinning  centers. 
The  rate  of  nucleation  a  should  large,  i.e.  the  incident  flux  of  species  on  the 
surface  should  be  as  high  as  possible.  However,  the  rate  of  island  growth  should 
be  small,  so  the  substrate  temperature  should  be  as  low  as  possible  to  slow  down 
the  surface  diffusion  but  not  to  stop  it  altogether.  At  the  same  time,  the  island 
separation  must  be  kept  large  with  respect  to  the  island  size,  since  the  interaction 
of  particles  will  cause  a  broadening  in  the  size  distribution.  The  requirements  for 
growing  monodisperse  islands  by  kinetic  control  are  stringent,  but  they  should  be 
broadly  applicable. 

Thus,  the  prescription  for  growing  monodisperse  islands  is  to  grow  with  the 
highest  possible  flux  to  saturate  the  possible  growth  sites  as  quickly  as  possible  on 
a  substrate  held  at  the  lowest  temperature  that  will  still  allow  the  deposited 
species  to  diffuse  to  the  growing  islands.  If  the  deposition  is  halted  before  the 
islands  start  to  coalesce,  the  size  distribution  will  be  narrow.  If  the  deposition  is 
allowed  to  proceed  past  the  time  when  the  islands  coalesce,  the  resulting  surface 
will  be  fractal. 
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ABSTRACT 


Interface  roughness  is  one  of  the  central  features  in  many  important  thin  film 
technologies.  Roughness  is  a  result  of  far  from  equilibrium  dynamic  growth  process  and  is 
difficult  to  describe  using  conventional  statistical  mechanics.  Recently  a  dynamic  scaling 
hypothesis  has  been  proposed  to  describe  such  a  system  in  which  both  time  and  space  scaling  are 
considered  simultaneously.  This  approach  has  generated  tremendous  interest,  both  theoretical 
and  experimental,  for  scientists  working  in  thin  film  growth/etching  as  well  as  many  diverse 
fields.  In  this  paper  we  shall  discuss  the  origin  of  the  formation  of  interface  roughness,  the 
difference  between  near  equilibrium  and  far  from  equilibrium  growth  problems,  the  relevant 
parameters  that  are  necessary  to  describe  a  rough  interface,  and  the  application  of  the  self-affine 
scaling  concept  in  growth  problems.  The  experimental  approaches  to  study  rough  interfaces  and 
growth  fronts  using  diffraction  will  be  summarized.  It  is  shown  that  there  exist  two  types  of 
dynamic  scaling  during  growth,  one  with  a  stationary  local  slope  and  another  one  with  a 
nonstationary  local  slope.  Future  directions  in  this  new  area  of  research  are  highlighted. 


I.  INTRODUCTION 


The  growth  of  thin  films  is  not  only  a  subject  of  great  interest  from  practical  point  of 
view  but  also  of  fundamental  scientific  interest.  It  is  probably  not  exaggerating  to  say  that  the 
technological  foundations  of  most  high-tech  industries  are  based  primarily  on  the  development 
and  utilization  of  various  kinds  of  thin  films.  A  particularly  interesting  subject  in  thin  film 
growth  is  the  morphology  of  the  surface  growth  fronts  which  directly  controls  many  physical 
and  chemical  properties  of  the  film.  Growth  processes  are  inherently  non-equilibrium  processes. 
For  many  decades  the  description  of  thin  film  growth  processes  mostly  have  been  focused  on 
"near-equilibrium"  growth  conditions  where  energetics  of  surface  imperfections  such  as  atomic 
steps  and  kinks  play  very  important  roles.  Examples  are  the  well  known  two-  and  three- 
dimension  surface  nucleation  theories  [1  -  3].  Very  often,  a  well  defined  contour  or  morphology 
of  growth  front  can  be  obtained.  Figure  la  shows  such  a  growth  front  where  step  edge  plays  an 
important  role.  Many  experimental  studies  were  performed  under  near  equilibrium  conditions  in 
an  attempt  to  obtain  high  quality  films.  However,  the  window  (temperature,  pressure,  and 
growth  rate)  under  which  near-equilibrium  conditions  are  satisfied  is  quite  narrow.  In  general, 
the  growth  is  often  far-from-equilibrium  and  surface  energetics  may  not  play  as  important  a  role 
as  in  the  near-equilibrium  growth  case. 
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Fig.  1  (a)  The  growth  front  of  a  film  under  near-equilibrium  growth 
conditions  where  energetics  of  surface  imperfections  such  as 
atomic  step  edges  and  kinks  play  very  important  roles,  (b)  A 
cross  sectional  view  of  the  morphology  of  a  growth  front 
(Pd:  Au/Mica)  under  far-from-equilibrium  growth  conditions. 


Growth  under  far-from-equilibrium  generates  random  roughness  at  the  growth  front. 
The  rough  growth  front  results  from  the  competition  between  fluctuations  in  the  deposition  of 
material  onto  the  surface  and  the  smoothing  effect  at  the  growth  front  due  to  surface  diffusion. 
Figure  lb  shows  the  cross  section  view  of  such  a  surface.  Thus  far  a  standard  statistical 
mechanics  approach  to  describe  such  a  complex  morphology  associated  with  this  far-from- 
equilibrium  process  has  not  been  developed.  Recently  a  very  important  dynamic  scaling 
hypothesis  [4,  5]  has  been  proposed  to  describe  such  a  far-from-equilibrium  system  based  on  the 
concept  of  self-affine  fractals.  In  this  description,  both  time  and  space  scaling  are  considered 
simultaneously.  This  approach  has  generated  tremendous  interest  both  theoretically  and 
experimentally  for  scientists  working  in  thin  film  growth/etching  as  well  as  many  diverse  fields 
such  as  pattern  formation,  porous  media,  and  fracture. 

Both  real  space  imaging  techniques  and  diffraction  techniques  have  been  used  to  study 
rough  surfaces  and  growth  fronts.  Real  space  imaging  techniques  include  Scanning  Tunneling 
Microscopy  (STM)  [6  -  12],  Atomic  Force  Microscopy  (AFM)  [13,  14],  Transmission  Electron 
Microscopy  (TEM)  [15],  Secondary  Electron  Microscopy  (SEM),  and  optical  imaging 
techniques.  Examples  for  diffraction  techniques  are:  electron,  atom,  light,  and  X-ray  diffraction. 
Recent  advancements  in  diffraction  techniques  [16  -  19],  including  both  data  collection  and  the 
interpretation  of  the  data,  have  greatly  stimulated  experimental  study  of  dynamic  scaling  in  thin 
film  growth  fronts.  Diffraction  techniques  are  perhaps  more  suitable  and  powerful  for  the  study 
of  thin  film  growth  front  where  parameters  describing  the  properties  of  dynamic  growth  front 
such  as  interface  width,  lateral  correlation  length,  and  roughness  exponent,  have  to  be  measured 
in-situ  during  growth.  The  feasibility  of  such  a  study  has  been  demonstrated  [1 1,  20  -  27], 
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II.  ROUGHNESS  EXPONENT 


Several  parameters  are  required  to  describe  the  rough  interface  shown  in  Fig.  lb.  First 
of  all,  the  interface  width  w  is  defined  as  the  square  root  of  <  \h(r)  -  <h  >]2  >,  where  h(r)  is  the 
surface  height  at  position  r.  w  is  the  “amplitude”  of  surface  fluctuations  and  thus  describes  the 
property  of  the  interface  at  large  distances.  The  lateral  correlation  length  £  describes  the 
“wavelength”  of  surface  fluctuations.  Two  surfaces  having  the  same  interface  width  w  and  the 
same  lateral  correlation  length  £  may  possess  very  different  local  roughness  structure  as  shown 
in  Fig.  2.  One  therefore  requires  an  additional  parameter  to  describe  the  properties  of  the  rough 
surface.  The  most  popular  way  to  describe  the  interface  roughness  is  to  use  the  height-height 
correlation  function  G(r),  which  is  defined  as  <  [h(r)  -  h(0)]2  >.  For  large  r,  the  surface  height 
fluctuations  should  not  be  correlated  and  G(r)  =  2  <  [h(r)]2  >  =  2 w2.  Very  often,  for  small  r,  the 
height-height  correlation  function  has  an  asymptotic  form,  G(r)  =  {p  r)2a  ,  where  p  is  a  constant 
and  a  is  known  as  the  roughness  exponent,  or  Hurst  exponent,  a  describes  how  "wiggly"  the 
local  surface  is  and  has  a  value  of  <  1.  In  Fig.  3,  G(r)  is  plotted  as  a  function  of  r  in  log-log 
scale  for  the  surface  shown  in  Fig.  lb.  This  is  the  surface  of  a  Au:Pd  thin  film  deposited  on 
Mica.  The  height-height  correlation  function  reaches  a  constant  value  (equal  to  2 w2)  at  a  large 
distance.  This  distance  defines  a  lateral  correlation  length,  £,  beyond  which  the  surface  height 
fluctuations  are  not  correlated.  On  the  log-log  scale,  the  value  of  p  can  be  obtained  from  the 
intersection  of  the  curve  with  the  vertical  axis,  which  gives  2a  \og(p)  at  r  =  1  (or  log(r)  =  0). 


<? 
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Fig.  2  Two  rough  surfaces  having  the  same  interface  width  w  and  lateral 
correlation  length  £  but  differing  in  local  roughness. 
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Fig.  3  The  height-height  correlation  function  G(r)  measured  from  the 
surface  of  vacuum  evaporated  Pd:Au/Mica. 


One  notes  that  a  rough  interface  having  the  height-height  correlation  function  shown  in 
Fig.  3  has  the  interesting  characteristic  that  the  vertical  direction  does  not  scale  the  same  way  as 
in  the  lateral  direction.  It  is  therefore  not  a  "self-similar"  but  a  "self-affine"  surface  in  which  the 
height-height  correlation  can  be  written  as 


G(  r)  =  Iw1  f(  r/%)  , 


(1) 


where  f(x)  =  1  for  x  »  1,  and  f(x)  =  x  2ct,  for  x  «  1.  These  properties  are  consistent  with  the 
plot  shown  in  Fig.  3.  From  Eq.  (1),  p  can  be  written  as  ~  wllcL/%.  p  approximately  can  be 
treated  as  the  average  local  slope  of  the  rough  surface. 


ffl.  DYNAMIC  SCALING  HYPOTHESIS 


For  a  growing  interface,  the  height-height  correlation  is  time  dependent,  G  =  G(r,t).  The 
dynamic  scaling  hypothesis  for  a  growing  interface  assumes  a  height-height  correlation  of  the 
form  [4,  5] 


(2) 
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where,  again ,f(x)  =  1  for  x  »  1,  and  f(x)  =  x  2a,  for  x  «  1  The  interface  has  a  power  law 
behavior  in  time,  w(l)  ~  /  p.  Dynamic  scaling  requires  that  p  ~  w(t)VaN;(t)  be  time  independent, 
which  means  that  the  lateral  correlation  length  must  grow  as  ~  t  ^/a  It  is  important  to  note  that 
although  the  interface  width  and  the  lateral  correlation  length  increase  with  time  following 
power  laws,  the  local  slope  of  the  interface  remains  time  invariant.  Figure  4a  shows  the  essential 
characteristics  of  the  dynamic  scaling  hypothesis.  As  time  evolves,  the  interface  width  and  the 
lateral  correlation  length  are  shown  to  grow,  but  the  intersection  of  the  curve  with  the  vertical 
axis  on  this  log-log  plot,  which  is  related  to  the  local  slope  p  of  the  rough  surface,  does  not 
change.  The  physical  origin  of  this  very  interesting  phenomenon  is  that  the  fluctuations  and 
smoothing  effect  at  the  growth  front  have  reached  a  balance  and  the  local  structure  remains 
unchanged.  We  shall  refer  to  this  class  of  growth  front  as  the  type  I  dynamic  growth,  or 
stationary  growth. 

However,  a  recent  study  showed  that  p  =  constant  is  not  the  only  kind  of  dynamic 
growth  front.  One  can  also  have  a  case  where  the  local  slope  is  time  dependent,  p  =  p(t).  In 
this  case  the  height-height  correlation  behaves  like  the  curves  shown  in  Fig.  4b.  For  large  r  (x 
»  1),  G(r,  1)  =  2 [w(t)f  ~  t  2p.  For  short  range  (x  «  1),  G(r,  t)  ~  [p(t)r]2a.  Although  at  any 
time,  the  height-height  correlation  function  still  has  a  power  law  behavior  for  small  r  with  a 
constant  value  of  a,  p  is  time  dependent  and  so  is  the  local  slope  of  the  surface.  This  is  an 
interesting  situation  in  which  the  fluctuations  and  smoothing  effect  cannot  quite  reach  a  balance 
and  a  stationary  local  slope  cannot  be  achieved.  We  shall  refer  to  this  as  type  II  dynamic  growth 
or  non-stationary  growth. 


Fig.  4  (a)  The  time-dependent  height-height  correlation  function  G(r,  t) 
from  a  type  I  dynamic  growth  front,  which  shows  the  essential 
characteristics  of  the  dynamic  scaling  hypothesis,  (b)  The  time- 
dependent  height-height  correlation  function  G(r,  1)  from  a  type  II 
dynamic  growth  front.  The  plot  of  G(r,  t)  exhibits  a  time- 
dependent  and  unstable  local  slope  p(1)  that  is  different  from  the 
stable  p  shown  in  Fig.  4a. 
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IV.  DIFFRACTION  CHARACTERISTICS 


Thus  far,  diffraction  has  been  a  very  important  tool  for  in-situ  study  of  the  morphology 
of  growth  fronts.  All  diffraction  techniques  involve  a  diffraction  structure  factor  that  is  related 
to  the  morphology  of  the  growth  front.  In  most  cases,  all  the  important  parameters  related  to 
the  growth  front,  w ,  £  and  p,  and  therefore  the  exponents  a  and  P,  can  be  extracted  from  the 
specularly  reflected  diffraction  intensity  (diffraction  structure  factor).  In  general,  the  specularly 
reflected  intensity  can  be  written  as  [16,  17] 


I(  A ) ~ e  S(  Ay )  +  A|, ,  A± ) , 


(3) 


where  k  =  kout  -  kin  is  the  momentum  transfer  with  kout  and  kin  being  the  outgoing  and  incoming 
wavevectors,  and  k\\  and  k±  are  the  momentum  transfer  parallel  and  perpendicular  to  the  surface, 
respectively.  k±_  =  (A%IX)cos6  and  k\\  =  (47 z/X)sm(Oin  -  0),  where  9in  is  the  incident  angle  and  6 
is  the  scattering  angle  with  respect  to  the  surface  normal.  The  central  sharp  intensity  is  the  5- 
component  (5  line  shape)  which  depends  on  the  interface  width  w  and  is  used  for  the 
determination  of  w.  The  lateral  correlation,  £  is  inversely  proportional  to  the  full-width-at-half- 
maximum  (FWHM)  of  the  diffuse  part  of  the  intensity,  Idiff  (*|| ,  k±),  when  k±  is  small  (or,  the 
near  in-phase  diffraction  condition  for  stepped  surfaces).  For  large  k±  conditions  (or,  near  the 
out-of-phase  diffraction  condition  for  stepped  surfaces),  the  FWHM  of  the  diffuse  part  of  the 
intensity  (diffuse  line  shape)  is  proportional  to  p  kj_Va.  One  therefore  is  able  to  determine  both 
a  and  p  by  plotting  the  FWHM  as  a  function  of  kj_. 


V.  NOISE:  THE  ORIGIN  OF  INTERFACE  ROUGHNESS 


The  roughness  of  a  surface  growth  front  comes  from  the  inherent  noise  that  exists  during 
the  growth.  The  noise  gives  rise  to  fluctuations  of  the  material  arriving  at  the  growth  front  in 
time  and  space.  For  example,  in  evaporation-deposition  of  materials  onto  a  growth  front 
(including  molecular  beam  expitaxy  (MBE)),  atoms  arriving  on  the  surface  never  deposit 
uniformly  across  the  surface  at  any  time.  Over  the  time,  the  growth  front  may  become  rough 
even  it  is  perfectly  flat  initially.  If  we  ignore  the  smoothing  effect  after  the  atoms  have  arrived  at 
the  surface,  the  growth  front  morphology  can  be  described  by  the  following  equation: 


dt 


h(r,  t)=R  +  r](r,  t)  , 


(4) 


where  h(r,  t)  is  the  height  of  the  growth  front  at  the  surface  position  r  and  time  t,  with  respect  to 
the  original  flat  surface,  R  is  the  deposition  rate,  and  7](r,  i)  is  the  noise  term.  The  noise  is 
random  and  satisfies 
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[<?1(r,t)>  =  0 

1  <  rj(r,  l)  tj( r\  t ')  >  =  2D  S(r~  r')8(t -t ')  , 


where  D  is  a  constant.  Equation  (4)  can  be  reparametrized  and  rewritten  as 


t)  =  rj(r,  t) 


(6) 


after  replacing  h(r,  t)  by  h(r,  t)  +  Rt  to  normalize  the  height  so  that  the  value  of  h(r,  t)  is 
evaluated  with  respect  to  the  average  height  of  the  surface.  The  solution  of  Eq.  (6)  is 

t 

h(r,  t)  =  /  d  t '  rj(r,t ')  ,  (  7 ) 

0 


The  square  of  the  interface  width,  which  is  defined  as  [w(0]2  ~  K  Wr>  t)  -<h  >]2  >,  can  then  be 
calculated: 


t  t 

=  <  [h(r,  l)f  >  =  /  dffdt "  <l](r,r)ri(r,t")> 

0  0 

t  t  t 

~J  ctt'J  dl"  5(t"  =  /  dt'=t.  (8) 

oo  o 


Note  that  we  have  used  the  fact  that  <h>  —  0.  The  interface  width,  w(t),  therefore  grows  as  a 
power  of  time,  t p,  with  p  =  1/2,  independent  of  dimension.  It  is  seen  clearly  that  random  noise 
can  lead  to  the  roughening  of  the  growth  front  with  the  interface  width  growing  as  a  power  of 
time.  It  can  also  be  shown  from  the  height-height  correlation  that  £  ~  0  in  this  case.  This 
model  is,  of  course,  not  very  realistic.  Most  growth  problem  would  involve  some  kind  of 
surface  diffusion,  which  we  shall  discuss  next. 


VI.  EPITAXIAL  GROWTH  FRONTS  BY  EVAPORATION 


There  are  many  different  ways  that  materials  can  be  deposited  onto  the  growth  front. 
The  simplest  way  is  perhaps  by  evaporation.  The  flux  of  atoms  arrives  in  the  growth  front  at  a 
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constant  rate  (except  the  noise,  which  makes  it  slightly  non-uniform  in  time  and  space).  In  many 
classes  of  growth,  the  chance  of  re-evaporation  and  condensation  is  small.  The  smoothing  effect 
is  dominated  by  surface  diffusion  in  the  form  of  the  fourth  derivative  of  the  height  [28  -  33]: 


d_ 

dt 


h(r,  t)  =  -  k  VAh(r,  t)  +  rj(r,  t)  , 


(9) 


where  k  is  the  diffusion  coefficient.  The  smoothing  effect  caused  by  this  V4  type  of  surface 
diffusion  has  been  studied  for  long  time  and  has  been  used  to  describe  the  kinetic  of  flattening  of 
a  curved  surface  due  to  heat  treatment  [34],  The  difference  presented  here  for  the  evaporation- 
deposition  case  is  the  addition  of  the  noise  term.  Without  the  noise  term,  the  surface  remains 
flat  during  growth.  Equation  (9)  does  not  allow  void  formation  and  therefore  is  a  conservative 
growth  model.  The  model  would  work  well  for  evaporation-deposition  of  thin  films  such  as  low 
pressure  MBE  growth.  The  solution  of  this  linear  differential  equation  can  be  obtained  quite 
simply  by  working  in  Fourier  space  [33],  The  interface  width  grows  as  t  P,  with  P  =  1/4.  At 
short  range,  the  height-height  correlation  function  has  the  form  G(r,  t)  ~  [/Y/)/']2”  where  a  =  1 
and  p(t)  ~  yjLn(t).  Obviously  this  belongs  to  type  II  dynamic  growth  and  the  local  slope 
changes  with  time. 


Deposition  Time  (Min) 


Fig.  5  The  FWHM  (shown  as  open  circles)  of  HRLEED  (00)  beam  line 
shape  at  an  out-of-phase  condition,  k±c  =  7.08  %,  is  plotted  as  a 
function  of  the  growth  time.  The  solid  curve  results  from  the  fit 
using  the  form  of  FWHM  ~  ‘sjLnft/z),  where  r  is  an  adjustable  fit 
parameter. 
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Recent  MBE  growth  of  Si  on  Si(lll)  at  low  substrate  temperature  [26]  appears  to 
belong  to  this  type  II  of  simple  linear  diffusion  dynamics.  Figure  5  is  a  plot  of  the  FWHM  (~  p) 
of  the  high-resolution  low-energy  electron  diffraction  (HRLEED)  intensity  profile  as  a  function 
of  deposition  time  at  275  °C  substrate  temperature.  The  electron  energy  is  chosen  such  that  the 
phase  of  the  (00)  beam  is  near  an  out-of-phase  diffraction  condition  so  that  the  electron  wave 
interferes  destructively  from  different  layers  of  terraces  separated  by  atomic  steps.  At  these 
diffraction  conditions,  the  intensity  is  most  sensitive  to  local  step  (roughness)  structure.  The 
deposition  rate  was  7  bilayers/min  and  the  total  thickness  deposited  was  ~  370  A.  The  solid 
curve  is  a  yjLn(t)  fit  of  the  data.  The  exponents  a  and  p  were  also  obtained  to  be  1.03  ±  0.07 
and  0.25  ±  0.02,  respectively.  Interesting  enough,  the  roughening  evolution  of  a  sputter-etched 
Si(l  1 1)  surface  [24]  also  behaves  quite  similarly  in  that  the  local  slope  also  grows  as  ^Ln(t)  and 
a  =1.15  ±  0.08. 

Type  I  dynamic  growth  can  be  modeled  with  the  inclusion  of  a  term  V1 2 3 4h  or  a  nonlinear 
term,  V2(Vh)2,  in  Eq.  (9)  [29  -31].  Time-invariant  local  structure  [17]  that  was  predicted  by 
this  model  was  indeed  observed  in  some  MBE  experiments  [21,  22,  27].  Many  other  interesting 
models  were  proposed  in  recent  years  [5],  However,  their  relevance  to  realistic  experimental 
growth  conditions  has  not  been  fully  established. 


VII.  CONCLUSION 


Far-from-equilibrium  growth  front  study  is  in  its  infancy.  Model  calculations  for  vapor 
deposition  have  been  developed  but  not  for  other  technologically  important  growth  processes 
such  as  chemical  vapor  deposition  and  sputtered  deposition.  Only  limited  experimental  data 
were  available  to  compare  with  model  calculations.  More  experimental  work  performed  under 
different  substrate  temperatures,  deposition  rates,  and  pressures  are  needed  to  compare  with 
theoretical  predictions.  Further  understanding  of  this  exciting  new  class  of  non-equilibrium 
phenomena  would  allow  us  not  only  to  better  control  growth  front  morphology  and  therefore 
thin  film  quality  but  also  allows  testing  of  dynamic  growth  universality  classes. 
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ABSTRACT 

Atomic  force  microscopy  (AFM)  has  been  used  to  investigate  the  atomic-scale 
mechanisms  of  growth  of  GaAs  by  metal  organic  vapor  phase  epitaxy  (MOVPE).  The  influence 
of  impurities  such  as  silicon,  oxygen  and  carbon  on  the  small-scale  periodic  structure  as  well  as 
on  the  large-scale  features  has  been  studied.  The  growth  front  of  GaAs  epitaxial  films  grown 
on  vicinal  GaAs  (100)  substrates  exhibits  periodic  structure  except  for  the  Si  doped  GaAs  grown 
on  semi-insulating  vicinal  GaAs  (100)  substrates.  The  periodicity  on  the  surface  breaks  down 
when  oxygen,  silicon  or  carbon  concentration  exceeds  1018cm'3.  These  impurities  may 
preferentially  attach  at  the  step  edges  resulting  in  reduction  of  the  mobility  of  the  steps.  At 
higher  impurity  concentrations,  the  motion  of  the  growth  front  gets  pinned  on  the  surface 
resulting  in  a  disruption  of  the  step  flow  mode  of  growth.  The  wide  terraces  on  Si  doped  GaAs 
grown  on  semi-insulating  substrate  is  proposed  as  the  kinetic  limited  step  bunching  during  the 
step  flow  mode  of  growth. 

INTRODUCTION 

The  submicron  device  dimensions  within  semiconductor  systems  has  stimulated  interest 
in  the  fundamental  physics  of  quantum  structures1  as  well  as  in  novel  device  concepts  such  as 
lateral  superlattices,  quantum  wires,  and  dots2.  However,  the  methods  to  fabricate  these 
structures,  and  control  their  size  in  the  nanometer  scale  rely  critically  on  understanding  of  the 
fundamental  mechanisms  governing  the  evolution  of  the  growth  front.  The  concept  of  evolution 
of  steps  and  facets  on  vicinal  substrates  under  different  growth  conditions  is  extremely 
important  in  synthesizing  these  quantum  devices.  Recent  investigations  have  focused  on 
formation  of  micro-facets  on  GaAs  and  AlxGaj_x  As  surfaces3  8. 

The  growth  front  morphology  of  molecular-beam-epitaxy  (MBE)-grown  GaAs  has  been 
investigated  by  STM6’7,  AFM8,  and  RHEED6.  The  periodic  or  quasiperiodic  morphology 
consisting  of  elongated  mounds  (regions  of  bunched  steps)  that  is  generally  observed6'8  has  been 
ascribed  variously  to  thermodynamic  driving  forces  or  kinetic  limitations.  The  thermodynamic 
arguments  rest  on  the  adoption  by  the  growth  front  morphology  that  minimizes  the  free  energy 
of  the  surface:  anisotropic  step  energies  can  lead  to  anisotropic  shapes  and  steps  may  bunch  to 
form  specific  lower-energy  facets.  Kinetic  arguments  rest  on  limited  diffusion  rates,  anisotropy 
in  diffusion,  and  especially  the  existence  of  barriers  for  atomic  transport  over  steps.  These 
factors  cause  the  periodic  nucleation  of  2-D  islands  which  grow  into  3-D  structures. 

Although  MOVPE  growth  is  qualitatively  different  from  MBE  growth,  similar 
fundamental  thermodynamic  driving  forces  and  kinetic  limitations  must  control  the  growth  front 
morphology.  Periodic  growth  front  morphology  has  also  been  observed  in  MOVPE-grown 
GaAs(OOl)3'5.  Kasu  and  Kobayashi3  measured  the  angle  between  the  facets,  and  suggested  a 
thermodynamic  control  and  the  formation  of  microfacets  with  (100)  and  (11 7)B  faces  to 
minimize  the  surface  energy  as  the  bunched  steps  grown  on  vicinal  GaAs(lOO)  miscut  toward 
both  [110]  and  [1 10]  were  stable  during  prolonged  annealing.  Hata  et  al ,4  also  invoked 

293 

Mat.  Res.  Soc.  Symp.  Proc.Vol.  367®  1995  Materials  Research  Society 


thermodynamic  arguments  to  explain  their  observation  of  step  bunching,  which  occurred, 
however,  on  a  vicinal  surface  miscut  toward  [010]. 

The  work  reported  so  far  has  focused  on  growth  without  deliberate  incorporation  of 
impurities  in  the  films.  This  investigation  has  focused  on  the  evolution  of  growth  front 
morphology  when  oxygen,  silicon  and  carbon  are  deliberately  incorporated  in  GaAs  (001) 
during  growth.  Oxygen  and  carbon  are  common,  often  inadvertent  impurity  in  MOVPE  growth 
environment9.  After  an  evaluation  of  existing  results  on  undoped  GaAs  in  terms  of 
thermodynamic  or  kinetic  mechanisms,  we  present  a  model  in  which  the  evolving  morphology 
is  controlled  by  a  modification  of  the  kinetic  parameters  by  the  impurity. 

EXPERIMENTS 

Epitaxial  films  were  grown  on  semi-insulating  and  n-type  GaAs  (001)  substrates  with  a 
miscut  angle  of  1.95°  ±0.1°  towards  [010].  Double  crystal  x-ray  diffraction  was  used  to 
confirm  the  miscut  angles  of  the  substrate.  GaAs  was  grown  by  MOVPE  at  600°C,  650°C  and 
700°C,  using  trimethyl  gallium  and  arsine  or  tertiary  butyl  arsine  at  a  growth  rate  of  50  nm/min. 
Diethylaluminum  ethoxide  (DEALO)  ((C2H5)5A10C2H5)  was  used  to  incorporate  oxygen 
intentionally  during  the  growth.  Silicon  was  incorporated  from  silane  and/or  disilane.  Carbon 
was  incorporated  from  CC14.  The  details  of  the  oxygen9,  silicon10,  and  carbon11  incorporation 
are  discussed  elsewhere.  The  oxygen,  silicon  and  carbon  concentrations  were  controlled  over 
the  range  of  1016  1  020  >  1016-1018  and  1017-1019  cm"3  respectively.  The  sample  structure 
consisted  of  an  undoped  buffer  layer  of  GaAs,  0.1pm  thick,  followed  by  either  a  1  or  5  pm 
layer  of  doped  GaAs.  The  impurity  concentrations  were  determined  by  secondary  ion  mass 
spectrometry  (SIMS)  and  capacitance  voltage  measurements.  The  surface  morphology  was 
investigated  by  AFM.  The  AFM  was  operated  in  a  constant  force  mode  with  a  wide,  1 00  pm 
length  triangular  commercial  silicon  nitride  cantilever  tip  having  a  force  constant  of  0.58  N/m. 

RESULTS 

I.  Undoped  GaAs 

The  RMS  roughness  (a)  of  the  epiready  substrate  surface  prior  to  any  deposition  is  less 
than  a  (a  =  0.221  nm)  monolayer  when  averaged  over  an  area  of  1pm2.  The  surface  has  no 
observable  structure  associated  with  it.  The  surface  structure  of  the  undoped  GaAs  grown  on  n- 
type  and  semi-insulating  2°  [010]  misoriented  substrates  exhibits  periodic  structure.  Figure  1(a) 
shows  the  periodic  structure  of  the  surface  of  5pm  thick  undoped  GaAs.  It  has  a  spatial 
wavelength  of  48  nm  and  an  amplitude  of  1 .2  nm,  in  the  direction  of  the  substrate  miscut.  This 
miscut  gives  terraces  with  a  mean  width  of  ~  8  nm.  It  is  clear  that  this  periodic  structure  is  not 
replicated  from  the  substrate  but  develops  during  the  growth. 

II.  Silicon  doped  GaAs 

The  silicon  doped  GaAs  samples  were  grown  on  vicinal  ~2°  [010]  misoriented  semi- 
insulating  and  n-type  substrates  at  the  same  time.  The  surface  morphology  does  not  depend  on 
doping  sources,  SiH4  or  Si2H6  or  the  group  V  sources,  arsine  or  tertiary  butyl  arsine.  The 
morphology  of  the  surface  of  the  Si  doped  GaAs(001)  grown  on  n-type  substrates  exhibits 
periodic  structure  along  the  [010]  miscut  direction.  This  surface  structure  is  identical  to  the 
surface  of  undoped  GaAs  except  with  a  smaller  spatial  wavelength  of  ~  33  nm.  The  periodicity 
decreases  and  the  RMS  roughness  increases  with  increasing  silicon  concentration.  Wide  terraces 
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[010]  [010] 


Figure  1: 

(a)  The  surface  structure  of  5  pm  thick  undoped  GaAs  grown  on  the  above 
substrate  with  a  RMS  roughness  of  0.3 13  nm.  The  surface  is  periodic  along  the 
miscut  direction. 

(b)  Facets  of  0.4  to  0.6  pm  along  the  miscut  direction  on  10  17  cm’3  [Si]  doped 
GaAs  grown  on  GaAs  (100)  ->  2  [010]. 

(c)  The  periodic  structure  of  1018  cm  '3  [O]  doped  GaAs  along  the  miscut 
direction. 

(d)  The  periodicity  breaks  down  at  higher  [O]  1020  cm-3  in  GaAs. 
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of  the  order  of  0.4  to  0.6  pm  are  observed  on  1016  -1018  cm  '3  Si  doped  GaAs  (001)  grown  on  a 
semi-insulating  substrate  (shown  in  figure  1  (b)).  These  flat  terraces  are  atomically  smooth  with 
a  roughness  of  less  than  a  monolayer  (a  =  0.21 1  nm).  The  average  width  of  the  terraces  does  not 
decrease  significantly  with  the  increase  in  doping  levels  from  2x10  to  7x10  cm'. 

III.  Oxygen  doped  GaAs 

The  surface  morphology  of  oxygen  doped  GaAs  grown  on  both  n-type  and  semi- 
insulating  substrates,  at  low  oxygen  concentrations,  exhibits  a  periodic  structure  along  the 
misorientation  direction  [010].  Figure  1(c)  shows  the  periodic  structure  formed  on  the  surface 
of  1018  cm'3  oxygen  doped  GaAs.  The  periodicity  decreases  with  the  increase  in  oxygen 
concentration  up  to  1018  cm'3.  Although  the  qualitative  features  of  the  surface  morphology  are 
not  affected  by  [O]  concentration  of  less  than  1019cm'3,  quantitatively  the  spatial  period  of  the 
surface  morphology  decreases,  the  RMS  value  of  the  roughness  and  the  amplitude  increases.  At 
[O]  concentration  above  1019  cm'3  an  existing  new  broken  surface  morphology  consisting  of  3- 
D  clusters,  evolves.  Figure  1(d)  shows  these  features,  which  are  0.1  -  0.2  pm  in  height  and 
corresponds  to  the  presence  of  visual  size  haze  on  the  surface. 

IV.  Carbon  doped  GaAs 

The  surface  morphology  of  carbon  doped  GaAs  grown  on  a  semi-insulating  substrate 
exhibits  a  periodic  structure  along  the  miscut  direction  [010]  when  doped  with  carbon  up  to  1018 
cm  '3.  These  features  do  not,  however,  have  long-range  periodicity.  At  higher  carbon 
concentrations  the  large  aperiodic  mound-like  structures  appear  on  the  surface.  The  effect  of 
carbon  doping  on  the  morphology  of  GaAs  is  thus,  similar  to  that  of  oxygen,  except  that  at 
higher  carbon  doping  (above  1018  cm  *3)  large  mounds  with  heights  on  the  order  of  ~  10-20  nm 
are  observed  instead  of  isolated  islands  with  steep  edges  observed  for  high  oxygen  doping. 

DISCUSSION 

The  principal  observations  are:  1)  The  miscut  direction  and  feature  directions  are  same, 
which  is  in  agreement  with  other  MOVPE  studies1’3,  2)  the  nature  of  the  substrates  (  semi- 
insulating  or  n-type)  has  no  effect  on  the  features  observed  in  O  and  C  doped  GaAs,  3)  the 
nature  of  the  substrate  does  influence  the  surface  morphology  of  Si  doped  GaAs,  4) 
quantitatively  the  spatial  period  of  ripples  observed  on  the  surface  decrease,  while  the  RMS 
roughness  and  amplitude  increase  with  increasing  concentration  of  impurities,  and  5)  lastly,  at 
higher  concentration  of  O  and  C,  there  is  a  breakdown  of  the  observed  periodic  structure. 

Before  suggesting  a  model  to  explain  the  observed  behavior,  we  briefly  evaluate  the 
existing  data  in  terms  of  possible  thermodynamic  or  kinetic  mechanisms.  Both  thermodynamic 
and  kinetic  arguments  have  merit.  In  any  given  growth  situation  it  is  likely  that  both  play  a  role 
to  a  greater  or  lesser  extent.  In  contrast  to  Si  (001),  GaAs(001)  has  a  polar  surface.  An  obvious 
possible  cause  for  morphological  rearrangement  in  GaAs  to  minimize  free  energy  might  be 
related  to  charge  rearrangement  at  the  surface13.  In  all  the  MOVPE  data3'6,  including  ours,  the 
periodic  morphology  is  aligned  along  the  miscut  direction.  The  only  way  in  which 
thermodynamics  could  accomplish  this  result  is  if  there  existed  a  step  free  energy  that 
sufficiently  dominated  the  surface  free  energy  independent  of  the  step  orientation  so  that 
periodic  morphology  could  form  in  whatever  orientation  the  initial  surface  was  miscut. 

Kinetic  limitations  are  much  more  creditable  causes  for  large-scale  periodic  morphology. 
The  periodic  nucleation  of  islands  is  a  direct  result  of  a  limited  diffusion  length,  which  can  be 
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brought  about  by  either  a  low  substrate  temperature  or  a  high  deposition  rate13.  On  a  very  fiat 
surface  the  nucleation  is  homogeneous  in  the  sense  that  atoms  must  find  each  other  on  a  terrace. 
If  steps  are  present,  they  can  act  as  “heterogeneous”  nucleation  sites  that  therefore  lock  in  the 
direction  of  periodicity  of  the  subsequently  formed  morphological  features.  Nuclei  formed  on 
steps  that  lie  within  a  diffusion  length  of  each  other  will  tend  to  coalesce  into  one  structure, 
leading,  as  for  the  flat  surface,  to  a  periodic  morphology.  The  period  will  be  smaller  than  that 
on  a  flat  surface  if  barriers  for  crossing  steps  exist,  because  the  diffusion  length  will  be  less.  The 
morphology  will  be  anisotropic,  because  in  the  direction  in  which  there  are  no  steps,  the 
diffusion  length  will  be  larger  and  the  separation  of  mounds  will  therefore  be  greater.  Once 
such  a  structure  forms  it  is  difficult  to  “erase”  it:  the  smoothening  of  a  structure  requires  the 
“ripening”  mechanism  to  be  effective,  in  which  an  atom  must  desorb  from  a  structure  and 
migrate  to  another  or  migrate  from  the  top  of  a  structure  to  its  base.  The  driving  forces  for 
ripening  depend  on  differences  of  local  chemical  potentials  (in  the  simple  cases  local  curvature 
of  the  morphology).  If  the  structures  are  far  apart  or  shallow,  there  is  little  driving  force  and  a 
structure,  as  in  Ostwald  ripening,  simply  can  not  reach  an  equilibrium  configuration.  For  this 
reason,  the  arguments  those  claim  an  equilibrium  structure  of  the  surface  as  annealing  has  no 
effect,  are  hazardous. 

An  impurity  mechanism  proposed  by  Frank14,  is  relevant  in  explaining  the  step 
bunching  in  GaAs.  The  presence  of  an  impurity  directly  in  front  of  a  growing  step  impedes  the 
motion  of  step.  As  a  result,  the  velocity  of  a  step  becomes  a  decreasing  function  of  the  density 
of  impurities  immediately  in  front  of  it.  When  a  step  segment  finally  moves  over  a  given 
impurity,  the  effect  of  that  impurity  becomes  weaker.  Thus,  impurities  are  essentially  covered 
and  their  effect  is  lessened  and  even  deactivated.  The  effect  of  one  type  of  impurity  differs  from 
that  of  other.  Since  new  impurities  continually  arrive  from  the  vapor  phase  during  growth,  the 
motion  of  the  steps  in  step  flow  is  determined  by  the  presence  of  both  the  active  as  well  as 
covered  impurities.  The  impurities  need  not  be  added  from  external  sources  but  rather  could  be 
present  in  the  growth  environment  or  as  defects  and  dislocations  at  the  growth  front  or  could 
float  up  like  a  surfactant  after  it  is  introduced.  These  impurities  and  defects  on  the  surface  may 
be  responsible  for  the  step  bunching  in  MOVPE  growth  environments. 

In  MOVPE  grown  GaAs  doped  with  oxygen,  oxygen  is  known  to  attach  strongly  to  the 
surface  and  preferentially  incorporated  ,  at  Ga  terminated  steps15.  Under  the  present  growth 
conditions  on  a  2°  misoriented  GaAs  (001)  substrate,  for  [O]  *  1018  cm'3,  one  in  eighty  step 
sites  would  be  associated  with  oxygen  atom.  The  impact  of  high  concentration  of  oxygen  at  the 
step  edges  can  be  several.  Oxygen  may  act  as  a  kinetic  barrier  to  step  flow  impeding  the  motion 
of  the  steps  and  large  scale  feature  across  the  surface,  leading  to  step  bunching.  In  addition,  the 
electronic  interactions  between  oxygen  atoms  at  the  growth  front  may  lead  to  larger  repulsive  or 
attractive  interactions.  Repulsive  interactions  between  the  oxygen  and  other  migrating  charged 
species  can  increase  the  effective  region  over  which  sites  for  further  growth  will  be  blocked.  At 
the  highest  oxygen  concentration,  [O]  ~  1020cm'3,  the  regular  features  is  finally  broken  into  a 
series  of  small  hillocks. 

The  large  facets  observed  in  Si  doped  GaAs  on  vicinal  semi-insulating  substrates  are 
most  likely  meta-stable  structures  consisting  of  fifty  to  seventy  steps,  and  are  probably  due  to 
kinetic  limited  step  bunching  during  step  flow  mode  of  growth.  The  difference  in  surface 
morphology  obtained  from  Si  doped  GaAs  grown  on  n-type  substrates  and  semi-insulating 
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substrates,  is  not  clear  at  this  moment.  We  speculate  that  electronic  interactions  play  a 
significant  role  in  altering  the  surface  morphology  of  Si  doped  GaAs.  It  can  be  predicted  that 
oxygen  has  the  strongest  effect  in  pinning  the  motion  of  steps  compared  to  silicon  and  carbon 
since  the  oxygen  doped  GaAs  is  rougher  compared  to  GaAs  doped  with  silicon  and  carbon  at 
the  identical  conditions.  Carbon  most  likely  impedes  the  motion  of  steps  but  does  not  pin  the 
steps  as  strong  as  oxygen  does.  It  is  important  to  note  that  oxygen  and  carbon  are  always  present 
in  growth  environment.  These  results  indicate  that  impurities  may  be  responsible  for  step 
bunching  in  MOVPE  grown  GaAs  even  without  intentional  impurity  incorporation. 

CONCLUSIONS 

The  effect  of  impurity  incorporation  on  the  evolution  of  the  surface  morphology  of 
MOVPE  grown  GaAs  was  investigated  in  this  study  using  AFM.  It  has  been  observed  that  the 
impact  of  impurities  on  the  growth  front  strongly  influences  the  mechanisms  of  growth  on 
vicinal  GaAs  (001).  The  increased  roughness  at  the  growth  front  with  oxygen  incorporation  is 
indicative  of  step  pinning  at  the  surface  with  the  eventual  break-up  of  the  surface  structure. 
Silicon  incorporation  in  GaAs  can  be  accomplished  from  various  sources  such  as  silane  and 
disilane  without  affecting  the  morphology  of  the  growth  front.  These  measurements  indicate 
that  the  oxygen  and  carbon  contamination  or  impurity  incorporation  during  the  growth  of 
semiconductor  layers  can  lead  to  changes  in  the  interfacial  structure  affecting  the  subsequent 
material  properties  and  device  design. 
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ABSTRACT 

In  the  context  of  linear  cascade  theory,  we  derive  a  stochastic  nonlinear  equation  to  describe 
the  evolution  and  scaling  properties  of  surfaces  eroded  by  ion  bombardment.  The  coefficients 
appearing  in  the  equation  are  calculated  explicitly  in  terms  of  the  physical  parameters 
characterizing  the  sputtering  process.  We  find  that  transitions  may  take  place  between 
various  scaling  behaviors  when  experimental  parameters  such  as  the  angle  of  incidence  of 
the  incoming  ions  or  their  average  penetration  depth,  are  varied. 

INTRODUCTION 

The  formation  and  development  of  non-equilibrium  rough  interfaces  has  attracted  an  enor¬ 
mous  attention  in  recent  years,  due  both  to  the  fundamental  questions  that  arise  and  to  the 
potential  technological  relevance  of  the  processes  considered,  ranging  from  growth  of  thin 
films  by  molecular  beam  epitaxy  to  motion  of  flux  lines  in  type  II  superconductors  [1].  A 
common  feature  of  the  surfaces  and  interfaces  observed  experimentally  is  that,  their  rough¬ 
ening  follows  simple  scaling  laws.  The  morphology  and  dynamics  of  a  rough  interface  can 
be  characterized  by  the  surface  width,  w(t ,  L),  that  scales  as  w2{t,  L)  =  <[A(r,  t)-  h(t)\  )  - 
L2of(t/Lz ),  where  a  is  the  roughness  exponent  for  the  interface  h(r,t)  and  the  dynamic 
exponent  z  describes  the  scaling  of  the  relaxation  times  with  the  system  size  L;  h{t)  is 
the  mean  height  of  the  interface  at  time  t  and  {  )  denotes  both  ensemble  and  space  aver¬ 
age.  The  scaling  function  /  has  the  properties  f{u  ->  0)  ~  u2a/z  and  f{u  oo)  -  const. 
Theoretically,  the  exponents  a  and  z  can  be  obtained  using  discrete  numerical  models  or 
stochastic  evolution  equations.  The  latter  approach  amounts  to  a  coarse  grained  descrip¬ 
tion  of  the  interface,  where  the  interface  profile  h(r,t)  is  defined  over  length  scales  at  which 
microscopic  details  such  as  the  discrete  lattice  structure  can  be  ignored,  but  which  are  still 
detailed  enough  to  incorporate  the  stochastic  nature  of  the  processes  that  take  place  on  the 
surface.  The  exponents  o,  *  characterize  then  the  large  length  scale  behavior  of  the  surface 

^r°  Whereas  most  studies  of  the  scaling  properties  of  rough  surfaces  have  focused  on  growth 
phenomena,  only  very  recently  there  have  been  a  few  experimental  studies  [2,  3, 4, 5]  focusing 
on  the  dynamics  and  scaling  behavior  of  surfaces  eroded  by  ion  bombardment  [6].  On  one 
side,  for  graphite  bombarded  with  5  keV  Ar  ions,  Eklund  et  al.  [2]  reported  a  ~  0.2  ~  0-4, 
and  z  ~  1.6  -  1.8,  values  consistent  with  the  predictions  of  the  Kardar-Parisi-Zhang  (KPZ) 
equation  in  2+1  dimensions  [7,  8].  Similarly  Krim  et  al.  [3]  observed  a  self-affine  surface 
generated  by  5  keV  Ar  bombardment  of  an  Fe  sample,  with  a  larger  exponent,  a  =  0.52 
Meanwhile  for  Si  bombarded  with  0.5  keV  Ar  ions  at  normal  incidence,  Yang  et  al.  [5] 
obtain  a  value  of  a  ~  1.5,  and  find  that  the  scaling  of  the  width  w(L,t)  does  not  follow  the 
above  form.  On  the  other  hand,  it  is  well  known  that  a  periodic  ripple  structure  develops  for 
many  sputter  etched  surfaces  (see  e.g.  [9]).  Chason  et  al  [4]  have  studied  such  morphologies 
for  both  Si02  and  Ge  bombarded  with  Xe  ions  at  1  keV,  and  found  that  their  dynamics 
differs  from  that  expected  for  the  self-affine  surfaces  observed  in  [2]  and  [3]. 

In  this  work  we  address  the  large  length  scale  behavior  of  ion-sputtered  surfaces,  aiming 
to  understand  in  an  unified  framework  the  dynamics  and  scaling  behaviors  observed  experi¬ 
mentally.  We  report  on  the  derivation  [10]  of  a  nonlinear  stochastic  equation  that  describes 
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Figure  1:  Following  a  straigh  trajectory  (solid  line)  the  ion  penetrates  an  average  distance 
a  inside  the  solid  (dotted  line)  after  which  it  completely  spreads  out  its  kinetic  energy.  The 
dotted  curves  are  equal  energy  contours.  Energy  released  at  point  P  contributes  to  erosion 
at  0. 


the  time  evolution  of  the  surface  height  h  as  measured  from  an  initially  flat  surface.  We  find 
that  transitions  may  take  place  between  various  surface  morphologies  as  the  experimental 
parameters  (e.g.  angle  of  incidence,  penetration  depth)  are  varied.  While  at  short  length 
scales  the  equation  describes  the  development  of  a  periodic  ripple  structure,  at  larger  length 
scales  the  surface  morphology  may  be  either  logarithmically  (a  =  0)  or  algebraically  (a  >  0) 
rough.  Note  the  distinction  between  the  surface  morphology  as  probed  at  different  length 
scales.  It  seems  that  in  the  experiments  in  which  the  ripple  structure  has  been  observed, 
the  scaling  behavior  at  scales  larger  than  the  ripple  wavelength  has  not  been  considered. 
An  important  conclusion  of  our  work  is  to  show  that  it  is  in  the  large  length  scale  regime 
that  the  transitions  may  take  place  between  different  scaling  behaviors. 


STOCHASTIC  EQUATION 

To  derive  an  equation  for  the  evolution  of  the  surface  profile,  we  need  a  model  of  the  physical 
processes  taking  place  in  the  system.  In  the  case  of  ion-sputtering,  the  linear  cascade  theory 
due  to  Sigmund  [11]  has  proved  very  successful  in  describing  for  the  sputtering  yield  curves 
in  a  large  variety  of  systems  and  experimental  situations.  In  ion  sputtering  the  bombarding 
ions  penetrate  the  surface  and  transfer  their  kinetic  energy  to  the  atoms  of  the  substrate  by 
inducing  cascades  of  collisions  among  them,  or  through  other  processes  such  as  electronic 
excitations.  Whereas  most  of  the  atoms  which  are  actually  sputtered  are  those  located  at 
the  surface,  the  scattering  events  that  might  lead  to  sputtering  take  place  within  a  certain 
layer  of  average  depth  a.  This  average  value  for  the  ion  deposition  depth  depends  on  the 
energy  of  the  bombarding  ions,  their  angle  of  incidence,  the  microscopic  structure  of  the 
target  material  and  the  features  of  the  scattering  processes  taking  place  inside  the  sample. 
A  convenient  picture  of  the  process  is  sketched  in  Fig.  1.  According  to  it  the  ions  penetrate  a 
distance  a  inside  the  solid  before  they  completely  spread  out  their  kinetic  energy  with  some 
assumed  spatial  distribution.  An  ion  releasing  its  energy  at  point  P  in  the  solid  contributes 
an  amount  of  energy  to  the  surface  point  0,  that  may  induce  the  atoms  in  O  to  break 
their  bonds  and  leave  the  surface.  Following  [11,  12],  we  consider  that  the  average  energy 
deposited  at  point  O  due  to  the  ion  arriving  at  P  follows  the  Gaussian  distribution 
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Here  z'  is  the  distance  measured  along  the  ion  trajectory,  and  x',  y '  are  measured  in  the 
plane  perpendicular  to  it;  e  denotes  the  total  energy  carried  by  the  ion,  and  (7,  p  are  the 
widths  of  the  distribution  in  directions  parallel  and  perpendicular  to  the  incoming  beam 
respectively.  However,  the  sample  is  subject  to  an  uniform  flux  J  of  bombarding  ions,  a 
large  number  of  ions  penetrate  the  solid  at  different  points  simultaneously.  Thus  the  velocity 
of  erosion  at  O  depends  directly  on  the  total  power  So  contributed  by  all  the  ions  deposited 
within  the  range  of  the  distribution  (1).  If  we  ignore  shadowing  effects  among  neighboring 
points,  as  well  as  further  redeposition  of  the  eroded  material,  the  velocity  of  erosion  at  0 
is  given  by 

v  =  p  /  dr  $(r)  Eo(r ),  (2) 

Jn 

where  the  integral  is  taken  over  the  region  U  of  all  the  points  at  which  the  deposited  energy 
contributes  to  S0,  $(r)  is  a  local  correction  to  the  uniform  flux  J  and  p  is  a  proportionality 
constant  between  power  deposition  and  rate  of  erosion. 

As  noticed  by  Sigmund  [11],  and  further  developed  by  Bradley  and  Harper  [12J,  this 
description  of  the  sputtering  process  implies  that  the  local  velocity  of  erosion  v  at  point 
0  depends  of  the  values  of  the  surface  curvatures  at  that  point.  This  dependence  leads  to 
an  instability,  since  the  probability  to  erode  at  0  is  proportional  to  SQ,  and  surface  atoms 
will  be  eroded  more  likely  if  0  is  the  bottom  of  a  trough  than  if  it  is  the  peak  of  a  crest. 
Still  there  is  another  main  geometrical  factor  influencing  the  local  velocity  of  erosion,  and 
this  is  the  dependence  of  the  sputtering  yield  on  the  angle  of  incidence  of  the  ion  beam 
to  the  surface  normal.  This  angle  varies  from  point  to  point  on  the  surface  due  to  the 
local  inclinations  or  slopes.  Finally,  two  additional  processes  must  be  taken  into  account  to 
describe  the  evolution  of  the  surface.  One  is  the  stochastic  nature  of  the  sputtering  process: 
the  bombarding  ions  reach  the  surface  at  random  positions  and  times.  The  second  is  the 
diffusion  of  the  atoms  on  the  surface  at  finite  temperature  [2,  4,  5]. 

After  the  above  considerations  we  can  proceed  to  the  equation  for  the  surface  profile. 
The  details  of  the  calculation  are  given  in  [10],  here  we  discuss  the  main  results  and  their 
physical  consequences.  In  the  absence  of  overhangs  the  surface  can  be  described  by  a  single 
valued  height  function  h(x,y,t ),  measured  from  an  initial  flat  configuration  which  is  taken 
to  lie  in  the  {x,y)  plane.  The  ion  beam  is  parallel  to  the  x-h  plane  forming  an  angle 
0  <  9  <  7t/2  with  the  h  axis.  The  time  evolution  of  h  has  the  form 
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where  the  surface  diffusion  is  represented  by  the  V2(V2/i)  term  [13]  with  A  a  temperature 
dependent  positive  coefficient,  7]  is  Gaussian  white  noise  with  variance  proportional  to  the 
flux  J,  and  the  remaining  terms  in  (3)  originate  from  an  expansion  of  v  in  powers  of 
curvatures  and  slopes,  for  which  a  number  of  assumptions  have  been  made:  (l)  the  radii  of 
curvature  at  {x,y,h)  are  assumed  much  larger  than  the  typical  length  scale  defined  in  our 
problem,  namely  the  average  deposition  depth  a;  (ii)  a  quadratic  approximation  has  been 
taken  for  the  surface  height  in  a  neighborhood  of  the  point  (®,  y,  h),  and  (iii)  the  surface 
is  assumed  to  vary  smoothly  enough  so  that  products  of  derivatives  of  h  can  be  neglected 
for  third  or  higher  orders.  In  particular  we  would  like  to  stress  the  appearance  of  the  terms 
with  coefficients  Xx  and  A„.  These  nonlinearities,  usually  referred  to  as  KPZ  terms,  appear 
in  the  description  of  a  great  variety  of  growth  processes.  In  most  cases  these  terms  appear 
on  the  basis  of  symmetry  arguments,  and  describe  the  growth  (or  erosion)  of  a  surface  along 
the  local  normal  direction.  Here  we  have  derived  them  from  the  physical  model  discussed 
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above,  and  they  might  be  regarded  as  reminiscent  of  first-order  erosion  theory,  in  which  the 
surface  is  assumed  to  evolve  at  every  point  along  the  local  direction  of  the  normal,  with  the 
refinement  of  a  position  dependent  incidence  angle  [14]. 

The  coefficients  appearing  in  (3)  can  be  computed  in  terms  of  the  physical  parameters 
characterizing  the  sputtering  process.  To  simplify  the  discussion  we  restrict  ourselves  to 
the  symmetric  case  a  =  fi.  If  we  write  F  =  (eJp/\/27r)exp(— a2/2),  s  =  sin#,  c  =  cos  9  and 
aa  =  a/<7,  we  find 


—c,  7=  ^s(ajc2 -1)  ,  &  =  ^3c{6  +  aJc2-aJsV}  ,  (y  =  |^c{2  -  a2c2}  , 
{2s2  -  c2  -  ajs2c2}  ,  vy  -  -^aac2, 

~c{l  +  a2(3s2  -  c2)  -  «Js2c2}  ,  Ay  =  -7^.  (4) 


The  terms  appearing  in  (3)  reflect  the  asymmetry  introduced  between  the  x  and  y  directions 
by  the  off-normal  ion  beam,  in  that  (3)  is  invariant  under  the  coordinate  transformation 
y  —>  —y  but  not  under  x  — *•  —x.  However,  for  9  — ►  0,  7  =  =  £y  =  0,  A*  =  Xy  and  vx  =  vy, 

and  the  x  —  y  symmetry  is  recovered  [15].  The  equation  studied  in  Ref.  [12]  corresponds  to 
the  deterministic  linear  version  of  (3),  i.  e.  £x  —  £y  =  \x  =  \y  —  t\  —  0. 


DISCUSSION  AND  SUMMARY 

In  the  following  we  summarize  the  main  conclusions  concerning  the  scaling  behavior  ex¬ 
pected  from  Eqn.  (3),  and  end  with  some  comments  on  both  some  possible  verifications 
and  limitations  of  its  applicability.  The  nonlinear  terms  of  coefficients  £x  and  £y  are  not 
expected  to  play  a  significant  role  regarding  the  large  distance  behavior  of  (3),  and  for  this 
reason  we  neglect  them. 

The  scaling  behavior  depends  on  the  relative  signs  of  i/x,  z/y,  \x  and  Xy  [16].  The 
variations  of  these  coefficients  as  functions  of  aa  and  9  lead  to  the  phase  diagram  shown  in 
Fig.  2.  In  the  following  we  discuss  the  various  scaling  regimes  separately. 
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Figure  2:  Phase  diagram  for  the  isotropic  case  cr  —  fi  =  1.  Region  la:  vx  <  0,  Xx  <  0, 
Ay  >  0;  Region  lb:  vx  <  0,  Xx  >  0,  Xy  <  0;  Region  Ic:  vx  <  0,  Xx  >  0,  Xy  >  0;  Region  Ila: 
ux  >  0,  Xx  >  0,  Xy  >  0;  Region  lib:  vx  >  0,  Xx  >  0,  Xy  <  0. 
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Region  I  —  For  small  $  both  ux  and  vy  are  negative.  As  discussed  by  Bradley  and 
Harper  [12]  and  experimentally  studied  by  Chason  et  al  [4],  a  periodic  structure  dominates 
the  surface  morphology,  with  ripples  oriented  along  the  direction  ( x  or  y)  which  presents 
the  largest  absolute  value  for  its  surface  tension  coefficient.  The  wavelength  of  the  ripples 
is  Ac  =  V24,  where  ic  =  yOf/M  is  a  length-scale  that  appears  due  to  the  competition 
between  surface  tension  and  surface  diffusion.  The  fact  that  vx,  vy  are  negative  reflects 
the  geometrical  instability  described  above,  and  introduces  severe  technical  difficulties  intd 
the  analysis  of  Eqn.  (3),  whether  by  means  of  dynamical  renormalization  group  techniques 
(DRG)  or  numerical  integration  of  the  equation.  A  similar  instability  is  known  to  occur  in 
the  Kuramoto-Sivashinsky  equation  describing  chemical  turbulence  or  flame  front  propaga- 

The^  large  length  scale  behavior  1  »  4  is  expected  to  be  different. .  Now  both  the 
nonlinearities  A*,  Ay  and  the  noise  may  become  relevant.  A  DRG  analysis  performed  for 
the  isotropic  limit  of  Eqn.  (3)  [18,  19]  suggests  that  inside  region  7,  A*  and  yow  to  zero. 
The  surface  is  logarithmically  rough,  with  a  roughness  exponent  a  =  0.  While  in  regions 
Ia-c  the  coefficients  of  the  nonlinear  terms  may  change  sign  as  aa  or  9  vary,  we  do  not 
expect  this  to  modify  the  scaling  behavior. 

Region  II  —  For  larger  values  of  0 ,  >  0,  whereas  still  ^  <  0.  Now  the  periodic 

structure  associated  with  the  instability  is  directed  along  the  y  direction  and  is  the  dominant 
morphology  at  scales  t  ~  Ic.  Much  less  is  known  about  the  scaling  behavior  for  large  length 
scales.  Preliminary  results  of  a  DRG  calculation  indicate  that  the  surface  may  be  stabilize 
by  the  positive  vx  and  the  nonlinearities.  If  this  is  the  case,  surface  diffusion  contributes 
negligibly  as  a  relaxation  mechanism  at  these  length  scales,  and  Eqn.  (3)  reduces  to  the 
AKPZ  equation  [20,  21].  Now  the  scaling  behavior  depends  on  the  relative  signs  of  the 
nonlinearities  [20]:  If  A*Ay  >  0  (//a),  a  =  0.38  and  z  =  1.6,  the  surface  width  w{L,i) 
increases  algebraically,  being  characterized  by  the  exponents  of  the  KPZ  equation  m  2+ 1 
dimensions  [8].  For  \x\y  <  0  (7/6),  the  nonlinear  terms  become  irrelevant,  and  the  width 

grows  only  logarithmically,  i.e.  a  =  0.  .  ... 

Even  though  several  aspects  of  the  scaling  behavior  predicted  by  (3)  and  (4)  have  still 
to  be  clarified,  we  believe  that  these  equations  contain  the  relevant  ingredients  for  under¬ 
standing  roughening  by  ion  bombardment.  It  is  important  to  remark  that  our  analysis 
describes  the  roughening  process  inside  a  small  slope  approximation.  At  later  stages  the 
slopes  increase:  on  one  side  this  affects  the  approximations  made  in  the  derivation  of  (3), 
but  possibly  more  important  is  the  fact  that  at  some  points  on  the  surface  the  angle  be¬ 
tween  the  local  normal  and  the  ion  beam  approaches  grazing  incidence,  where  linear  cascade 
theory  [6,  11]  is  known  to  describe  less  accurately  the  sputtering  processes.  Finally,  at  these 
later  stages  additional  non-linear  effects  such  as  shadowing  may  become  relevant  [22]. 

Summarizing  the  description  provided  by  Eqns.  (3)  and  (4),  at  short  length  scales  the 
morphology  consists  of  a  periodic  structure  oriented  along  the  direction  determined  by  the 
largest  in  absolute  value  of  the  negative  surface  tension  coefficients  [4].  Modifying  the  values 
of  aa  or  0  changes  the  orientation  of  the  ripples  [9,  12].  At  large  length  scales  we  expect 
two  different  scaling  regimes.  One  is  characterized  by  KPZ  exponents,  which  might  be 
observed  in  region  Ila  in  Fig.  2.  Indeed,  the  values  of  the  exponents  reported  by  Eklund 
et  al.  [2]  are  consistent  within  the  experimental  errors  with  the  KPZ  exponents  in  2+1 
dimensions.  The  other  regime  is  characterized  by  logarithmic  scaling  (a  ==  0),  which  has 
not  been  observed  experimentally  so  far.  We  believe  that  it  can  be  experimentally  tested 
for  suitable  (e.g,  small)  values  of  the  angle  of  incidence.  Moreover  by  tuning  the  values  of  6 
and/or  aa  one  may  induce  transitions  among  the  different  scaling  behaviors.  For  example, 
fixing  aa  and  increasing  the  value  of  6  would  lead  from  logarithmic  (regions  la  and  Ic)  to 
KPZ  scaling  {Ila),  and  again  logarithmic  scaling  (7/6)  for  large  enough  angles.  Also,  the 
measurement  of  the  erosion  velocity  may  help  to  test  the  applicability  of  Eqn.  (3).  Taking 


spatial  and  noise  averages  in  (3),  the  terms  contributing  to  the  erosion  velocity  are  the  ones 
proportional  to  v0,  £x,  £y,  A*  and  \y.  In  the  stationary  state,  modifying  6  or  aa  changes 
the  average  yield,  allowing  for  a  comparison  of  the  experimental  yield  curves  with  the  ones 
predicted  by  (3). 
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ABSTRACT 

We  present  the  results  of  electron  beam  assisted  molecular  beam  epitaxy  (EB-MBE)  on  the 
growth  mode  of  silicon  on  CaF2/Si(lll).  By  irradiating  the  CaF2  surface  with  low  energy 
electrons,  the  fluorine  is  desorbed,  leaving  an  ordered  array  of  F-centers  behind.  Using 
atomic  force  microscopy  (AFM),  we  do  not  detect  any  surface  damage  on  the  CaF2  layer 
due  to  the  low  energy  electron  irradiation.  The  surface  free  energy  of  the  CaF2  is  raised 
due  to  the  F-center  array  and  the  subsequent  silicon  layer  is  smoother.  Using  AFM  and 
X-ray  photoelectron  spectroscopy  (XPS),  we  find  an  optimal  range  of  exposures  for  high 
temperature  (650°C)  growth  of  the  silicon  overlayer  that  minimizes  surface  roughness  of  the 
silicon  overlayer  and  we  present  a  simple  model  based  on  geometrical  thermodynamics  to 
explain  this. 

We  observed  a  similar  optimal  range  of  exposures  that  minimizes  the  surface  roughness 
for  medium  (575°C)  and  low  (500°C)  growth  temperatures  of  the  silicon  layer.  We  present 
an  explanation  for  this  growth  mode  based  on  kinetics. 

INTRODUCTION 

Integration  of  quantum  devices  such  as  resonant  tunneling  diodes  with  standard  VLSI  silicon 
circuitry  is  a  way  of  implementing  ultra  dense  digital  memory,  neural  networks,  and  high 
speed  analog  to  digital  converters.  To  date  this  effort  is  hampered  by  the  lack  of  a  suitable 
hetero junction  necessary  to  fabricate  the  quantum  devices.  The  Si/CaF2  material  system  is 
a  promising  candidate  for  this  integration  since  the  lattice  mismatch  is  small  (0.6  %  at  room 
temperature)  and  the  crystalline  structures  are  similar.  Consequently,  the  system  has  been 
studied  extensively  and  it  was  found  that  while  CaF2  grows  in  a  two  dimensional  epitaxial 
fashion  on  silicon  (111),  silicon  islands  on  CaF2  (see  figure  1)  when  grown  by  standard 
molecular  beam  epitaxy  (MBE)  techniques  [1].  In  this  paper,  we  report  on  our  efforts  to 
reduce  the  tendency  of  the  silicon  to  island  by  using  a  technique  known  as  electron  beam 
assisted  molecular  beam  epitaxy  (EB  MBE).  This  technique  has  been  used  to  improve  growth 
of  both  Ge  [3]  and  GaAs  [4]  on  CaF2.  We  have  reported  growth  of  silicon  on  CaF2  by  EB 
MBE  at  high  susbtrate  temperatures  during  silicon  growth  elsewhere  [2];  here  we  discuss  low 
and  medium  substrate  temperature  growth  of  silicon  on  CaF2  by  EB  MBE  and  incorporate 
the  high  temperature  results  for  the  purpose  of  comparison. 

The  EB  MBE  technique,  where  one  irradiates  the  CaF2  surface  with  low  energy  electrons 
prior  to  depositing  the  silicon  overlayer,  relies  on  the  fact  that  the  electrons  desorb  flourine 
as  F+  from  CaF2.  This  creates  a  calcium  rich  surface  with  an  ordered  array  of  surface 
F-centers[5].  This  surface  should  have  a  higher  surface  free  energy  than  the  normal  CaF2 
surface  and  should  thus  favour  2D  growth  or  at  least  lower  the  contact  angle  in  3D  growth  of 
silicon  on  CaF2  since  the  reason  for  silicon  islanding  on  CaF2  is  the  large  surface  free  energy 
mismatch. 
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The  paper  is  organized  as  follows.  In  the  experimental  section  we  describe  the  sample 
structure  and  present  the  LEED,  AFM,  and  XPS  data.  In  the  discussion  section  we  explain 
the  high  temperature  results  using  a  simple  geometrical  thermodynamics  model.  The  low 
temperature  results  are  explained  by  kinetics.  In  the  final  section,  we  summarize  the  results 
and  suggest  future  directions  for  research  is  this  area. 


EXPERIMENT 

The  sample  used  in  the  experiment  has  three  layers:  50  nm  silicon  on  10  nm  CaF2  on  a  100 
nm  thick  silicon  buffer  grown  on  a  silicon  (111)  wafer.  The  reason  for  choosing  a  thick  CaF2 
layer  is  to  prevent  electron  beam  penetration  through  it.  Early  TEM  studies  showed  that 
10  nm  is  sufficient  for  this  purpose.  Since  the  AFM  measurements  were  performed  in  air, 
we  chose  a  relatively  thick  (50  nm)  silicon  overlayer  to  ensure  that  the  surface  features  due 
to  oxidation  are  about  a  factor  of  10-50  times  smaller  than  the  features  due  to  the  electron 
beam  exposure. 

We  prepared  samples  at  three  different  sub¬ 
strate  temperatures  during  silicon  deposition. 
The  heigh  temperature  sample  was  grown  at 
650  °C,  the  medium  temperature  sample  at  575  °C, 
and  the  low  temperature  sample  was  grown  at 
500  °C.  During  CaF2  deposition  the  substrate 
temperature  was  kept  at  700  °C  for  all  samples. 
The  deposition  rates  were  0.05  nm/s  for  the  sil¬ 
icon  growth  and  0.04  nm/s  -  0.10  nm/s  for  the 
CaF2  growth. 

The  silicon  buffer  layer  exhibited  the  cus¬ 
tomary  sharp  7x7  LEED  pattern.  This  pattern 
changed  to  the  expected  lxl  pattern  after  the 
CaF2  had  been  deposited.  To  expose  the  sur¬ 
face,  we  defocussed  the  LEED  beam  to  a  spot  diameter  of  about  4  mm  and  set  the  dose  rate 
to  0.85  /rA/cm2  for  the  samples  with  doses  ranging  from  zero  to  1.0  mC/cm2  and  12  ^A/cm2 
for  the  samples  with  doses  ranging  from  0.5  to  50  mC/cm2.  The  LEED  pattern  remained  the 
same  (except  the  spots  were  larger  due  to  the  defocussing)  for  the  doses  up  to  1.0  mC/cm2. 
The  unchanging  LEED  pattern  shows  that  the  surface  remains  ordered,  indicating  that  the 
F-centers  created  by  flourine  desorption  form  an  ordered  array  [5].  For  higher  doses  the 
LEED  pattern  lost  contrast,  which  we  interpret  as  a  disordering  of  the  CaF2  surface  by  the 
electron  irradiation.  The  low  temperature  silicon  overlayers  exhibited  a  weak  lxl  pattern. 
The  silicon  overlayers  grown  at  medium  and  high  temperature  all  exhibited  a  strong  lxl 
pattern  although  the  spot  size  was  fairly  large  compared  to  the  buffer  layer. 

Figure  1  shows  the  morphology  of  the  silicon  overlayer  grown  at  high  temperature  with 
zero  electron  dose.  The  islands  are  about  100-300  nm  in  diameter  and  many  are  hexagonal. 
The  sides  of  the  islands  are  aligned  along  what  we  believe  to  be  the  {011}  directions  of  the 
substrate.  The  surface  morphology  of  the  zero  electron  dose  medium  temperature  sample  is 
similar  to  that  of  the  zero  dose  high  temperature  sample,  except  that  the  typical  island  size 
is  smaller  (100  -  200  nm  diameter). 

Figure  2  shows  the  morphology  of  the  silicon  overlayer  grown  at  low  temperature  with 
zero  electron  dose.  Unlike  the  high  and  medium  temperature  samples,  this  sample  has  show 


Figure  1:  AFM  micrograph  of  silicon 
grown  on  CaF2(lll)  by  MBE  at  650  °  C. 


no  well  defined  islands  and  the  silicon  overlayer  appears  to  cover  the  CaF2  completely. 


The  surface  morphology  of  the  high  tem¬ 
perature  sample  irradiated  with  a  dose  of  1.0 
mC/cm2  is  shown  in  figure  3.  The  islands  have 
the  same  general  shape  as  in  the  high  tempera¬ 
ture  zero  dose  case,  but  they  have  coalesced  to 
a  large  degree  and  the  surface  is  much  smoother 
than  that  of  the  zero  dose  case.  The  island 
shape  changes  in  the  medium  temperature  case 
with  a  an  electron  dose  of  1.0  mC/cm2.  As  you 
can  see  in  figure  4,  the  islands  have  lost  their 
hexagonal  shape.  The  triangular  shapes  are  due 
to  the  morphology  of  the  underlying  CaF2.  The 
smoothest  overlayer  was  obtained  with  an  elec¬ 
tron  dose  of  0.5  mC/cm2  in  the  low  temperature 


Figure  2:  AFM  micrograph  of  silicon 
grown  on  CaF2(lll)  by  MBE  at  500  0  C. 


case,  but  the  difference  in  roughness  and  morphology  between  this  case  and  the  zero  dose 


case  is  small. 


The  high  temperature  and  high  electron  dose 
cases  can  be  characterized  as  follows.  At  a  dose 
of  10  mC/cm2,  the  islands  are  shapeless,  tall 
and  spaced  far  apart.  The  islands  do  not  to 
seem  to  have  any  specific  crystal  faces,  instead 
their  shape  appears  to  be  flattened  spheres.  In 
general,  they  stand  about  50  nm  tall  with  base 
diameter  of  about  200  nm  and  the  spacing  be¬ 
tween  them  is  about  2.5  /mi.  All  of  these  val¬ 
ues  are  rough  means  with  large  (50%  of  mean) 
standard  deviations.  The  surface  between  the 


islands  does  not  show  any  specific  crystalline 

faces  either.  The  reason  for  this  change  in  sur-  FiSure  3:  A™  micrograph  of  silicon 
face  morphology  is  probably  due  to  the  CaF2  grown  on  CaF2(lll)  by  EB  at 

surface  being  randomized  by  the  electron  beam  650  ^  ^ose  mC/cm  . 

as  indicated  by  the  LEED.  At  a  dose  of  50  mC/cm2,  there  are  40  nm  deep  triangular  pin¬ 
holes  spaced  about  1  /xm  apart  instead  of  islands.  The  surface  between  the  holes  also  shows 
triangular  features.  Again,  we  think  that  the  damage  done  to  the  CaF2  during  the  electron 
beam  exposure  is  the  reason  for  this  change  in  surface  morphology. 

Since  the  histograms  of  the  AFM  micrographs  acquired  in  the  constant  force  mode  are 
unimodal  and  gaussian-like,  the  root  mean  square  (RMS)  of  the  data  is  a  good  measure  of 
the  surface  roughness.  The  measured  roughness  depends  not  only  on  the  surface  morphology, 
but  also  on  the  magnitude  of  the  contact  force,  the  scanning  rate,  and  the  condition  of  the 
tip.  Thus,  in  order  to  ensure  that  the  measurements  were  quantatively  comparable,  we  used 
a  small  repulsive  force  in  the  range  (8  -  25  nN)  and  a  slow  scan  rate  (15  min/image).  In 
order  to  check  for  tip  modification,  we  scanned  a  calibration  sample  between  the  roughness 
measurements.  Figure  5  shows  that  the  roughness  is  significantly  lower  for  the  irradiated 
samples  in  the  high  temperature  case  (the  lines  drawn  in  the  picture  are  there  only  to  guide 
the  eye).  The  roughness  exhibits  a  broad  minimum  followed  by  an  increase  in  roughness  at 
10  mC/cm2.  In  the  medium  temperature  case,  the  roughness  also  decreases  with  increased 
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electron  dose.  In  the  low  temperature  case,  the  roughness 
around  1.0  mC/cm2. 


Figure  4:  AFM  micrograph  of  silicon 
grown  on  CaF2(lll)  by  EB  MBE  at 
575  °  C.  Dose  1.0  mC/cm2. 


has  a  broad  but  shallow  minimum 

The  CaF2/Si  XPS  peak  ratios  for  the  high 
temperature  case  support  the  notion  that  the 
silicon  nearly  covers  the  CaF2  in  1.0  mC/cm2 
dose  case  whereas  the  coverage  is  incomplete 
in  the  zero  dose  case.  The  fluorine/silicon  ra¬ 
tio  is  largest  in  the  zero  dose  and  diminishes 
significantly  for  the  1.0  mC/cm2  surface.  After 
sputtering  about  3  nm,  the  calcium  and  flourine 
peaks  vanish  in  all  but  the  zero  dose  case.  This 
is  consistent  with  the  model  that  the  zero  dose 
morphology  consists  of  tall  islands  with  valleys 
between  whereas  the  CaF2  surface  in  the  1.0 
mC/cm2  case  is  nearly  completely  covered  with 
silicon.  The  tall  islands  shield  the  CaF2  during 
sputtering,  thus  only  the  zero  dose  case  shows 
The  calcium  to  silicon  ratio  is  about  the  same 


calcium  and  fluorine  peaks  after  sputtering, 
for  all  samples  before  sputtering  which  is  explained  by  the  fact  that  calcium  is  know  to  surf 
on  top  of  silicon  [6].  The  AFM  micrographs  show  that  there  are  valleys  that  probably  reach 
down  to  the  CaF2  layer  in  the  zero  dose  case,  but  not  in  the  1.0  mC/cm2  case.  Since  this 
agrees  well  with  the  model  explaining  the  XPS  data,  we  conclude  that  the  silicon  almost 
covers  the  CaF2  completely  in  the  high  temperature  1.0  mC/cm2  dose  case  whereas  the 


coverage  is  incomplete  in  the  zero  dose  case. 


DISCUSSION 

In  the  high  temperature  cases  and  in  the  zero  dose  medium  temperature  case,  we  can  ex¬ 
plain  the  observed  crystal  shape  and  roughness  with  a  simple  model  based  on  geometrical 
thermodynamics.  In  this  model,  the  electron  dose  creates  an  ordered  array  of  F-centers  that 
increases  the  surface  free  energy,  favoring  lower  contact  angles  and  a  smoother  surface  mor¬ 
phology.  If  one  assumes  that  the  growth  process  is  close  to  thermodynamic  equilibrium  and 
that  the  shear  stress  is  small  near  the  interface,  the  surface  morphology  can  be  determined 
by  two  conditions.  The  first  one  is  that  the  Helmholz  surface  free  energy  is  minimized  and 
the  second  one  is  the  contact  angle  between  the  surface  and  the  epilayer  is  determined  by  the 
force  balance  of  the  respective  surface  tensions  [7].  The  minimization  condition  determines 
the  shape  of  the  silicon  islands  and  the  contact  angle  force  balance  allows  us  to  estimate  the 
surface  tensions  of  the  interface  and  the  irradiated  CaF2  surface. 

The  measured  surface  free  energies  are  approximately  1240  ergs/cm2  and  450  ergs/cm2 
for  Si(lll)  and  CaF2(lll)  respectively  [8].  Thus,  in  the  case  of  CaF2  growth  on  silicon,  the 
surface  free  energy  is  minimized  by  the  CaF2  covering  the  silicon  in  a  2D  fashion.  On  the 
other  hand,  in  the  case  of  silicon  growth  on  CaF2,  the  free  energy  is  minimized  by  3D  growth 
of  the  silicon  on  the  CaF2. 

The  shape  of  the  resulting  microcrystal  is  determined  by  the  directional  dependence  of 
the  surface  free  energy.  By  this  argument,  the  silicon  crystal  should  be  bound  by  the  {111} 
and  {100}  faces.  However,  the  common  crystal  habit  of  silicon  also  shows  {113}  faces  (see 
figure  6a).  The  presence  of  this  face  can  be  explained  by  a  surface  reconstruction  lowering 
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Electron  dose  (mC/cmA2) 


the  energy  of  the  {113}  surfaces  [9].  Thus,  we  expect  the  shape  of  a  silicon  microcrystal  on 
a  (111)  substrate  to  be  hexagonal  (see  figure  6b).  As  one  can  see  in  figure  1,  silicon  does 
indeed  form  hexagonally  shaped  microcrystals  when  grown  on  CaF2  at  high  temperature. 
Similarly  shaped  microcrystals  are  seen  in  the  high  temperature  irradiated  samples  as  well 
as  in  the  zero  dose  medium  temperature  case.  Surface  roughness  versus  electron  dose 
The  contact  angle  (defined  in  figure  6c) 

between  the  microcrystal  and  the  sub-  8  0  .  silicon  growth  temperature 

strate  is  determined  by  the  force  balance  ][ 

at  the  bottom  of  the  edge  of  the  crys-  60  .  «57sc  . 

tal  [2].  Using  measured  values  for  the  li  ^  jr 

contact  angle  in  the  high  temperature  | 

case  one  obtains  an  interface  free  energy  w  40  $  2 

of -1100  ±  60  ergs/cm2.  Since  the  inter-  3!  3E  3E 

face  bonding  has  been  determined  to  be  zo  3[  I  j- 

dominated  by  the  Si-Ca  bonds  [1],  this  Si  3l  jjr  ^ 

implies  that  the  Si— Ca  bond  energy  at  |  Damage | 

the  interface  is  2.5  ±  0.3  eV  which  is  rea-  o.o  . ^  . X — . ^  . ;‘o0 

sonable.  If  we  interpret  the  lower  con-  Electron  dose  (mc/cmA2) 

tact  angle  in  the  1.0  mC/cm2  case  as  an 

increase  in  the  surface  free  energy  of  the  , 

CaF2  surface  due  to  induced  F-centers  F'«urc  5:  RMS  TCrsus  eIectron  dose' 

and  assume  that  the  the  Si/CaF2  interface  free  energy  remains  the  same  as  in  the  zero  dose 
case,  then  the  F-center-CaF2  surface  free  energy  is  520  ±  95  ergs/cm2.  As  expected,  this 
energy  is  larger  than  the  free  energy  of  the  normal  CaF2  surface. 

We  do  not  see  the  predicted  hexagonally  ]  ]Q 

shaped  islands  netiher  on  the  irradiated  medium  100  i  ^ 

temperature  samples  nor  on  any  of  the  low  113  I  1 1 1  //  vX 

temperature  samples.  For  the  low  temper-  Y\  // 

ature  samples,  the  assumption  that  the  growth  /  -h  ''XX  \) — (7s  ml 

process  is  close  to  thermodynamic  equilib-  A  1.  '  j\  ^1n°^Jrf^c,vstal 

rium  breaks  down;  in  these  cases  the  mobil-  M  / /\  \  /  /) 

ity  is  too  low.  Instead  of  forming  well  de-  \/  1 1  ^ 

fined  islands,  the  silicon  forms  an  overlayer  X.  XL/  Y  r~ - \ 

of  poly  crystalline  nature  as  shown  in  figure  XXl- — ^ ^ — 011 

2.  A  possible  explanation  for  the  smoothen-  o  ailcon  ^  ^ 

ing  of  the  medium  temperature  irradiated 
sample  is  that  small  defects  caused  by  the 
radiation  decreases  the  mobility  of  the  sili¬ 
con  atoms  to  the  point  where  they  cannot  Fjgure  6:  The  silicon  crystal, 

form  the  islanded  surface  of  the  zero  dose 


Figure  5:  RMS  versus  electron  dose. 


1.  Silicon  crystal  hoblt. 


b.  Silicon  mlcrociystal 
on  til  surface. 


^ ^ — on 

c.  Cross  section  of 
microcrystal  showing 
contact  angle  0- 


Figure  6:  The  silicon  crystal. 


case. 

In  conclusion,  our  model  correctly  predicts  the  observed  hexagonal  islands  and  decrease 
in  surface  roughness  due  to  decrease  in  the  contact  angle  in  the  high  temperature  cases  and 
the  medium  temperature  zero  dose  case.  Furthermore,  the  model  gives  reasonable  values  for 
the  Si-Ca  bond  energy  and  the  free  energy  of  the  F-center-CaF2  surface.  At  the  low  and 
medium  growth  temperatures  the  mobility  of  the  silicon  atoms  is  too  low  to  form  well  defined 
microcrystals.  This  would  explain  why  the  resulting  surfaces  appears  to  be  polycrystalline 
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in  the  AFM  micrographs  and  why  the  LEED  patterns  for  the  low  temperature  case  indicates 
that  the  surface  might  be  amorphous. 

Summary 

We  studied  the  surface  morphology  of  silicon,  grown  on  epitaxial  CaF2/Si  by  electron  beam 
assisted  MBE  at  three  different  growth  temperatures,  using  atomic  force  microscopy  (AFM), 
X-ray  photoelectron  spectroscopy  (XPS)  and  low  energy  electron  diffraction  (LEED).  We 
found  that  the  roughness  of  the  silicon  overlayer  was  minimized  by  exposing  the  CaF2  to 
an  electron  dose  of  1.0  mC/cm2  in  the  high  temperature  case  (650°C)  before  growing  the 
epitaxial  silicon  overlayer.  Contact  angle  measurements  yielded  a  Si— Ca  interface  bond 
strength  of  2.5  dt  0.3  eV  and  a  free  energy  of  520  ±  95  ergs/cm2  of  the  irradiated  CaF2  surface. 
The  medium  (575°C)  and  low  (500°C)  temperature  samples  showed  smoother  surfaces  at  the 
cost  of  crystalline  quality.  The  AFM  results  were  consistent  with  the  LEED  and  XPS  data. 
We  presented  a  simple  model  based  on  geometrical  thermodynamics  which  explained  the 
data  well  in  the  high  temperature  case.  An  explanation  based  on  kinetics  was  put  forward 
for  the  low  and  medium  temperature  cases. 

Although  these  results  indicate  that  it  is  currently  impractical  to  manufacture  devices 
that  require  thin  smooth  films  of  silicon  on  CaF2  through  electron  irradiation  of  the  CaF2 
surface  and  kinetic  constraints,  there  is  some  hope  for  this  material  system.  The  most 
fruitful  approach  would  probably  be  to  find  a  substance  that  could  either  lower  the  Si— CaF2 
interface  free  energy  or  passivate  the  silicon  surface  during  the  growth. 

We  are  grateful  to  Michael  W.  Wang  for  the  XPS  work.  This  work  was  supported  by 
ONR  N00014-89-J-1141. 
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ABSTRACT 


Roughness  parameters  of  sample  surface  and  buried  interfaces  in  a  series  of  thin  layers  of  Si0.4Geo.6 
grown  on  Si(100)  by  molecular  beam  epitaxy  (MBE)  were  measured  by  using  the  technique  of 
grazing-incidence  x-ray  scattering  (GIXS).  The  strain  in  the  layer  and  the  critical  thickness  of  the  film 
were  determined  from  x-ray  diffraction  of  the  Si(004)  peak.  The  roughness  parameters  can  be 
described  by  a  scaling-law  with  an  exponent  p  =  0.71  for  both  the  surface  and  interfacial  roughness. 
Establishment  of  a  scaling  law  thus  allows  a  possibility  of  predicting  the  interfacial  roughness  as  a 
function  of  the  epilayer  thickness. 


INTRODUCTION 


Interfacial  roughness  between  lattice  mismatched  materials  is  one  of  the  important  factors  which 
limit  the  performance  of  some  modem  semiconductor  electronic  and  optoelectronic  devices. 
Variations  of  the  interfacial  roughness  in  multilayer  semiconductors  prepared  under  different 
processing  conditions  are  closely  related  to  the  strain  arising  from  the  lattice  mismatch.  Measuring  the 
changes  of  interfacial  roughness  as  a  function  of  film  thickness  during  epitaxial  growth  can  provide 
deeper  insight  into  a  physical  understanding  of  the  effects  of  lattice  strain  on  interfacial  morphology. 
The  lattice  strain  in  the  layers  can  be  determined  by  x-ray  diffraction  and  the  interfacial  roughness  can 
be  measured  by  means  of  GIXS. 

In  present  experiment,  the  surface  and  buried  interfacial  roughness  in  a  series  of  thin  Sio.4Geo.6 
films  grown  on  Si(100)  by  MBE  were  measured.  The  strain  in  the  layer  and  the  critical  thickness  of  the 
films  were  obtained  from  x-ray  diffraction  of  the  Si(004)  peak.  The  roughness  parameters  are  found  to 
follow  a  scaling-law  with  an  exponent  P  =  0.71  for  both  the  surface  and  interfacial  roughness.  As  the 
film  thickness  changes  from  below  the  critical  thickness  to  above,  the  scaling  behavior  shows 
significant  deviation,  indicating  a  large  change  in  the  morphology  of  surface  and  interface 
microstructures.  Physical  understanding  of  such  a  scaling  behavior  is  especially  useful  for  predicting 
the  interfacial  roughness  as  a  function  of  the  epilayer  thickness  between  lattice  mismatched  material 
systems. 

Many  different  types  of  solid  interfaces  can  be  described  by  a  self-affine  surface  structure  as 
defined  by  Mandelbrodt  in  terms  of  fractional  Brownian  motion.1  More  recently,  important  progress 
has  been  made  in  the  dynamic  scaling  approach;  applications  of  these  results  to  the  study  of  epitaxial 
growth  are  quite  successful.2'12  A  roughness  parameter  a  (sometimes  also  called  interface  width)  can 
be  defined  to  account  for  the  root  mean-square  (rms)  height  fluctuations  during  the  growth  and 
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evolution  of  an  interface.  In  the  absence  of  any  characteristic  length  scale,  the  roughness  parameter  a 
is  expected  to  grow  with  some  power  of  time  with  a  scaling  exponent  (32  as: 


a(t)=<[h(x,y,t)-h]2  >,y~tp 


0) 


where  x  and  y  are  the  coordinates  of  position  inthe  epilayer  plane,  t  is  the  deposition  time,  h(x,y,t)  is 
the  height  of  surface  at  position  x,  y  and  time  t,  h  is  the  mean  height  of  the  interface  at  time  t  averaged 
over  the  epilayer  surface.  For  the  case  of  a  steady-state  MBE  growth  in  the  present  experiment,  the 
deposition  time  is  directly  proportional  to  the  epilayer  thickness.  Theoretical  calculation  of  the 
exponent  (3  will  necessarily  depend  on  the  modeling  of  the  dynamics  which  could  capture  the  basic 
physics  of  epitaxial  growth. 

A  theoretical  model  developed  by  Kardar-Parisi-Zhang  (KPZ)  has  recently  received  ample 
attention  in  the  study  of  surface  relaxation/diffusion  and  growth  dynamics.3'5  In  this  model,  h  is 
governed  by  a  nonlinear  generalized  Langevin-type  equation: 


—  =  vV2h  +  -(Vh)2+ri 
dt  2 


where  v  is  the  difiusion  coefficient  related  to  surface  relaxation,  X  is  the  growth  velocity  perpendicular 
to  the  surface  and  r|  represents  the  random  noise  in  the  incoming  flux.  Theoretical  calculations  and 
simulations  based  on  the  KPZ  model  have  predicted  different  values  for  the  scaling  behavior  of  surface 
roughness.  In  the  previous  experimental  studies  of  roughness  scaling,6*10  (3  has  been  found  to  fall  in  a 
wide  range  between  0.2  and  1.  G.W. Collins  et  al.  observed  (3=0. 7-1.0  for  the  growth  of  plasma 
polymer  films  at  different  deposition  rates 6  Y.-L.He  et  al  obtained  (3=0.22  for  Fe  on  Fe(001).7  H- 
J.Emst  et  al.  observed  (3=0.26  and  0.56  for  Cu  on  Cu(100)  at  growth  temperatures  of  160K  and  200K, 
respectively.8  H.You  et  al.  obtained  (3=0.40  and  0.42  for  Au  films  grown  on  Si(l  1 1)  at  temperatures 
300K  and  220K,  respectively.9  The  diversity  of  these  measured  values  of  (3  indicates  that  the  growth 
dynamics  is  quite  complicated  for  different  material  systems  or  with  different  surface 
diffiision/relaxation  mechanisms. 11  To  the  best  of  our  knowledge,  there  has  been  no  prior  experimental 
studies  of  this  power-law  scaling  and  exponent  in  heteroepitaxial  growth  of  semiconductor 
compounds. 

In  this  paper,  we  report  results  of  x-ray  scattering  experiments  to  investigate  the  scaling  behavior 
of  interfacial  roughness  in  compound  semiconductors  grown  by  MBE.  The  SiGe  system  was  chosen 
for  this  purpose  because  of  practical  interests  in  this  material  for  device  applications  and  also  in  light  of 
the  fact  that  highly  smooth  interfaces  with  coherent  strain  can  indeed  be  grown  by  MBE,  as  found  in 
our  earlier  experiments. 13  In  addition,  variation  of  Ge  concentration  in  the  alloys  can  afford  a  means  to 
fine-tune  its  lattice  mismatch  with  the  Si  substrates.  For  the  present  x-ray  study,  Sio.4Geo.6  epilayers 
with  varying  thickness  on  Si(100)  were  used  so  that  a  coherent  strain  can  exist  in  the  system  within  a 
reasonable  range  of  thickness  variation  below  the  critical  thickness.  It  should  also  be  noted  that 
grazing  incidence  x-ray  scattering  measurements  are  uniquely  suited  for  determining  a  global  average 
of  the  interfacial  roughness  of  buried  interfaces  underneath  the  sample  surface.  This  method  is  highly 
accurate  and  nondestructive. 


312 


EXPERIMENTAL  RESULTS  AND  DISCUSSION 


The  x-ray  experiments  were  carried  out  at  the  X3B1  beamline,  National  Synchrotron  Light 
Source  (NSLS),  Brookhaven  National  Laboratory.  The  experimental  setup  and  detailed  procedures 
for  the  determination  of  interfacial  roughness  have  been  reported  elsewhere.13  Single  layer  Si0.4Geo.6 
samples  were  grown  on  Si(100)  substrates  by  MBE.  The  growth  temperature  of  these  layers  was 
about  500°C  at  a  growth  pressure  of  ~  4x1  O'9  torn  The  nominal  thickness  of  these  samples  was  varied 
in  a  range  between  20  and  300  A  during  growth,  which  covers  both  regions  of  pseudomorphic  growth 
and  lattice  relaxation. 

X-ray  diffraction  patterns  are  shown  in  Fig.  1.  The  Si  (004)  substrate  peak  is  shown  in  the 
figure  at  the  zero  angle  difference  with  a  resolution-limited  width.  In  addition,  a  broad  peak  arising 
from  the  epilayer  of  Sio.4Geo.6  is  present  at  a  lower  angle.  As  expected,  the  position  of  the  epilayer 
diffraction  peak  shows  that  its  lattice  spacing  in  the  normal  direction  is  larger  than  that  of  the  substrate. 
For  the  thinnest  (20  A)  sample  studied,  the  diffraction  peak  due  to  the  film  is,  however,  beyond  the 
detection  limit  of  our  instrumentation.  The  film  diffraction  peak  remains  at  practically  the  same 
position  for  films  with  thickness  up  to  120  A.  The  large  change  of  the  peak  position  observed  for  the 
300  A  sample  shows  that  its  lattice  spacing  has  become  smaller  than  the  other  samples,  as  a  result  of 
lattice  relaxation.  The  lattice  spacing  in  the  perpendicular  direction  derived  from  these  diffraction 
patterns  are  plotted  in  Fig.  2  as  a  function  of  layer  thickness  (solid  squares).  For  comparison,  the 
lattice  constant  of  an  unstrained  (lattice  relaxed)  Sio.4Geo.6  alloy  is  shown  in  the  same  figure  (dotted 
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Figure  1  Measured  diffraction  patterns  for 
Sio.4Geo.6  epilayers  grown  on  Si(100).  The 
nominal  thickness  for  each  sample  is  indicated 
in  the  figure.  The  curves  for  different  samples 
have  been  shifted  vertically  for  the  sake  of 
clarity. 
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Figure  2  Lattice  spacing  in  perpendicular 
direction  as  a  function  of  film  thickness  (solid 
squares).  The  dotted  line  is  the  lattice  spacing 
for  unstrained  Sio.4Geo.6  alloys,  and  the  solid 
line  is  a  theoretical  calculation  of  the 
corresponding  lattice  spacing  for  strained 
Sio.4Ge<>.6  films  on  Si(100). 
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line).  Because  of  the  anisotropic  strains  present  in  the  film  during  pseudomorphic  growth,  the  vertical 
lattice  spacing  is  anticipated  to  be  larger  than  that  of  the  unstrained  Sio.4Geo.6  alloy. 

Commensurate  growth  of  Sio.4Geo.6  strained  layer  on  Si(100)  results  in  a  biaxial  in-plane 
compression  of  the  alloy  lattice  and  a  corresponding  elongation  normal  to  the  interface.  The  strain 
tensor  due  to  this  tetragonal  distortion  takes  a  simple  form  with  only  two  non-zero  components  as 
shown  in  the  following: 


e//  = 


ei  e// 


(3) 


where  e//  and  e±  are  components  of  the  strain  tensor  in  the  directions  parallel  and  normal  to  the  surface, 
ao  and  b  are  the  lattice  constants  of  the  substrate  and  epilayer,  respectively;  p  is  Poisson’s  ratio  and  f  is 
the  lattice  mismatch.  A  simple  theoretical  calculation  of  the  perpendicular  lattice  spacing  14  for 
coherently  strained  Sio.4Geo.6  thin  films  on  Si(100)  based  on  the  anisotropic  strain  tensor  elements  in 
Eq.(3)  is  also  shown  in  Fig.  2  (solid  line),  where  values  of  the  elastic  moduli  of  Sio.4Geo.6  used  in  this 
calculation  were  obtained  from  a  linear  interpolation  of  the  tabulated  values  for  Si  and  Ge.15  The 
calculated  lattice  spacing  in  the  perpendicular  direction  is  in  reasonable  agreement  with  our 
experimental  results  for  films  with  thickness  up  to  120 A.  The  rapid  decrease  in  perpendicular  lattice 
spacing  of  the  300A  film  apparently  indicates  that  it  has  already  exceeded  the  actual  critical  thickness16 
as  a  result  of  lattice  relaxation.  Consequently,  the  tetragonal  lattice  distortion  will  be  relaxed  to  form  a 
cubic  structure,  and  the  vertical  lattice  spacing  in  the  relaxed  film  becomes  smaller  than  that  of  the 
strained  films.  Figure  2  shows  that  the  critical  thickness  for  Si0.4Geo.6  films  on  Si(100)  lies  somewhere 
between  120 A  and  3 00 A. 

The  interfacial  roughness  parameters  were  determined  from  GIXS  studies.  The  measured 
specular  reflectivity  data,  corrected  by  subtracting  out  the  longitudinal  diffuse  scattering  background,13 
are  shown  in  Fig.  3  (circles).  The  microstructural  parameters  of  these  samples,  such  as  film  thickness, 
surface  and  interfacial  roughness  can  be  obtained  by  fitting  a  well-established  theoretical  model  to  the 
experimental  data  as  reported  before.13  The  solid  lines  in  this  figure  are  theoretical  calculations  based 
on  the  Fresnel’s  laws  in  classical  optics  in  which  the  effect  of  interfacial  roughness  has  been 
incorporated  by  using  a  vector  scattering  model  developed  by  Vidal  and  Vincent.17  As  can  be  seen 
from  the  close  fit  in  Fig.  3,  the  theoretical  calculations  and  experimental  data  are  in  excellent 
agreement. 

Values  of  surface  roughness  (solid  squares)  and  buried  interfacial  roughness  (solid  circles) 
deduced  from  the  reflectivity  data  are  shown  in  Fig.  4  as  a  function  of  epilayer  thickness.  The 
uncertainty  in  these  roughness  parameters  is  estimated  to  be  around  1  A.  The  solid  line  in  Fig.  4  is  a  fit 
of  the  rms  surface  roughness  with  the  power-law  scaling  given  in  Eq.  (1)  for  film  thickness  up  to  120  A. 
The  value  of  (3  is  found  to  be  0.71  ±  0.07  for  our  samples.  On  the  basis  of  the  dynamical  scaling 
approach,2'12  this  may  be  taken  as  an  indication  of  the  occurrence  of  kinetic  roughening  in  the  Sio.4Geo,6 
films.  It  should  be  noted  that  the  surface  roughness  of  a  film  beyond  the  critical  thickness  cannot  be 
described  by  the  same  power-law  scaling.  This  result  suggests  that  the  morphology  of  the  surface  has 
undergone  a  significant  change  when  the  critical  thickness  is  exceeded. 

It  is  also  interesting  to  note  that  the  interfacial  roughness  of  these  films  can  be  described  by  the 
same  power-law  scaling.  The  dashed  line  in  Fig.  4  is  a  fit  of  the  interfacial  roughness  to  the  same 
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scaling  law  as  for  the  sample  surface.  We  also  obtained  a  same  scaling  exponent  P  =  0.71  ±  0.07.  The 
same  scaling  behavior  thus  indicates  that  similar  microstructures  are  responsible  for  the  rms  roughness 
of  both  the  surface  and  interface,  most  probably  caused  by  microstructure  propagation  from  the 
substrate  throughout  the  entire  epilayer.  However,  deviation  from  the  power-law  scaling  behavior 
occurs  for  the  interfacial  roughness  in  the  120 A  film,  before  the  top  surface  roughness  shows  lattice 
relaxation.  This  implies  that  structural  changes  at  the  interface  has  actually  started  before  the  film  is 
fully  relaxed,  possibly  resulting  from  the  appearance  of  misfit  dislocations  at  the  interface  which  could 
compensate  for  some  of  the  strain  energy.  Hence,  the  requirement  for  a  smooth  interface  is  more 
stringent  than  for  the  film  surface.  Measurements  of  the  power-law  scaling,  and/or  deviations  thereof, 
could  thus  serve  as  a  useful  precursor  for  detecting  microstructural  changes  in  the  interfaces. 


Figure  3  Results  of  specular  reflectivity  for 
Sio.4Geo,6  films  on  Si(100)  (circles).  The 
nominal  thickness  is  indicated  for  each  sample. 
Solid  lines  are  theoretical  calculations.  The 
curves  for  different  samples  have  been  shifted 
vertically  for  the  sake  of  clarity. 


Figure  4  Results  of  surface  roughness  (solid 
squares)  and  buried  interfacial  roughness  (solid 
circles)  as  a  function  of  epilayer  thickness. 
Solid  line  is  a  theoretical  fit  of  the  surface 
roughness  to  power-law  scaling  Eq.(l)  with  an 
exponent  p  =  0.71.  Dashed  line  is  a  similar 
theoretical  fit  of  the  interfacial  roughness  to 
power-law  scaling  with  the  same  exponent. 


The  value  of  exponent  P=0.71  measured  in  our  experiments  is  invariably  different  from  those 
obtained  in  most  of  the  previous  experiments7'10  and  theoretical  predictions,  except  for  the  case  of 
plasma  polymer  films6  where  values  of  0.6<  p  <1  were  deduced.  Nonetheless,  the  low  values  of  P 
below  ours  were  mainly  found  in  homoepitaxial  growth  where  neither  lattice  mismatch  nor  strain  is 
present  in  the  films.  It  is  believed  that  the  coherent  strain  in  the  heteroepitaxial  films  studied  in  the 
present  experiment  should  play  a  very  important  role  in  controlling  the  morphology  and 
microstructures  of  the  surface  and  interface.  This  view  is  also  supported  by  the  observed  deviation  of 
power-law  scaling  as  the  layer  thickness  approaches  the  critical  thickness.  Moreover,  the  presence  of 
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coherent  strain  could  also  provide  a  pinning  force  during  the  epitaxial  growth  and  the  constituent  atoms 
were  not  allowed  to  relax  or  difluse  freely.  The  pinning  mechanisms  were  not  explored  in  the 
theoretical  predictions. 


CONCLUSIONS 


In  conclusion,  our  x-ray  results  have  provided  first  evidence  for  power-law  scaling  of  the  rms 
roughness  of  buried  interfaces  in  semiconductor  heterostructures.  Both  the  surface  and  interface  rms 
roughness  as  a  function  of  epilayer  thickness  follow  the  same  scaling  law  with  same  exponent  value 
when  the  films  are  coherently  strained.  When  the  critical  thickness  is  exceeded,  the  scaling  behavior  of 
the  buried  interfacial  roughness  breaks  down  before  the  film  is  fully  relaxed,  thereby  indicating  a 
significant  change  in  the  microstructures  and  morphology  of  the  buried  interface. 
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ABSTRACT 

Coherent  iron-copper  multilayers  of  a  wavelength  of  2.5nm  that  were  measured  to  be  non¬ 
magnetic  were  structurally  characterised  using  high  resolution  and  Fresnel  techniques.  A 
measurement  of  the  tetragonal  distortion  from  layer  to  layer  and  as  a  whole  would  allow  an 
assessment  of  the  degree  to  which  the  material  exhibits  any  anomaly  in  its  elastic  behaviour. 
The  modelling  of  the  distortions  requires  however  the  measurement  of  the  abruptness  of  the 
interfaces  and  this  requires  the  quantification  of  the  Fresnel  contrast.  The  degree  to  which  the 
measurements  can  be  obtained  to  the  required  accuracies  is  considered. 


INTRODUCTION 

As  part  of  a  long  term  plan  to  correlate  the  elastic  and  magnetic  properties  of  iron-copper 
multilayers  as  a  function  of  their  wavelength  and  Fe/Cu  ratio  as  well  as  their  in-plane  strain  our 
aim  here  has  been  to  assess  the  accuracy  to  which  a  typical  multilayer  can  be  compositionally 
and  structurally  characterised.  The  only  comparable  work  reported  to  date  was  that  of  Baxter 
and  Stobbs  [1].  These  authors  managed  to  use  the  same  TEM  techniques  as  we  apply  here  to 
show  that  an  admittedly  somewhat  longer  wavelength  multilayer  of  Cu-NiPd  exhibited 
variations  in  lattice  spacing  of  a  form  that  could  only  be  explained  using  values  for  the  relevant 
elastic  constants  that  were  unrealistic  for  bulk  material  and  an  effectively  tetragonal  "strain  free” 
state  of  the  multilayer  as  a  whole.  It  is  thus  worth  emphasising  that  any  elastic  anomaly  in  the 
behaviour  of  a  multilayer  structure  can  in  principle  be  assessed  through  a  full  characterisation  of 
the  non-stress-applied-state.  In  fact,  since  it  is  now  commonly  argued  that  the  elastic  anomalies 
reported  at  one  time  in  abundance  for  such  systems  [2]  are  an  artefact  or  at  the  minimum  small 
[3],  the  importance  of  more  quantitative  work  in  the  field  is  clear.  Systems  potentially 
exhibiting  layer  thickness  and  strain  dependent  magnetic  properties  are  still  more  interesting 
and  it  is  this  which  has  dictated  our  choice  of  the  Fe-Cu  system  for  appraisal.  That  the  strains 
could  affect  the  magnetic  properties  would  appear  to  be  accepted  and  while  it  is  well  known  that 
small  f.c.c.  Fe  particles  under  triaxial  tension  in  MgO  can  be  ferromagnetic  [4],  there  are 
conflicting  reports  of  the  magnetic  state  for  variously  biaxially  strained  Fe  layer  systems  [5]. 
Neither  the  structure,  strain  or  phase  state  of  the  Fe  has  been  specifically  determined  by  T.E.M. 
and  it  is  this  which  has  perhaps  led  to  current  confusion  in  the  modelling  of  the  magnetic 
behaviour  of  such  systems. 


RESULTS  AND  DISCUSSION 

The  layer  system  examined  was  prepared  by  UHV  DC  magnetron  sputtering  by  techniques 
described  elsewhere  [6].  It  should  be  noted  that  this  method  allows  the  formation  of  coherently 
layered  f.c.c.  Fe-Cu  multilayers  with  greater  ease  than  they  can  be  made  using  MBE  techniques. 
This  is  in  part  because  of  the  partial  thermal isation  of  the  adatoms  in  the  former  process  which 
leads  to  a  lower  tendency  for  3D  island  formation  than  in  MBE. 

A  relatively  low  magnification  image  of  the  multilayer  examined  here  is  shown  edge-on  in  a 
bright  field  micrograph  in  fig.l  with  the  Cu  buffer  layer  to  the  left.  The  inset  part  of  a 
diffraction  pattern  of  the  multilayer  demonstrates  that,  given  the  large  number  of  superlattice 
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Fig.l  Bright  field  image  of  multilayer. 
Growth  direction  is  [002]. 


Af 210nm 


Af  ~  0 


4  nm 


Fig.2  Bright  field  through  focal 
series  showing  change  in  layer 
contrast. 


reflections  that  can  be  seen,  the  quality  of  the  multilayer  is  good.  Interface  misfit  dislocations 
were  not  present  and  no  b.c.c.  reflections  were  in  evidence.  The  Fe  must  thus  be  coherently 
strained  and  in  the  f.c.c.  state.  There  are  however  changes  in  the  contrast  of  the  layering  both 
on  a  coarse  (200nm)  and  on  a  fine  (~2nm)  scale,  and  this  must  involve  both  stepping  of  the 
interfaces  and  a  degree  of  local  variability  of  the  orientation  and  spacing  of  the  layers.  The 
irregularities  are  however  at  close  to  the  monatomic  layer  level.  The  major  contribution  to  the 
contrast  in  this  image  derives  from  the  fact  that  it  was  taken  at  the  fairly  large  defocus  of  2 
Scherzer  units.  The  Fresnel  contrast  exhibited  has  its  origins  in  differences  between  the 
projected  forward  scattering  potential  of  the  Fe  and  Cu  layers,  this  leading  to  differences  in  the 
phase  of  the  emergent  wave  which  is  to  first  order  proportional  both  to  the  projected  thickness 
and  to  the  forward  scattering  potential.  Changing  the  focus  value  thus  allows  the  phase  change 
to  lead  to  the  formation  of  a  Fresnel  fringe  system,  the  contrast  of  which  for  a  thin  specimen  is 
proportional  to  the  phase  change.  The  form  of  the  Fresnel  contrast  can  also  be  analysed  for  a 
single  isolated  layer  to  determine  its  projected  abruptness,  and  simpiistically  the  more  abrupt  the 
interface  the  more  oscillations  in  the  contrast.  In  fact,  both  the  form  and  the  magnitude  of  the 
potential  difference  can  be  determined  uniquely  in  that  these  two  features  of  the  structure  affect 
the  contrast  in  different  if  not  completely  independent  ways.  Examples  of  the  quantitative 
application  of  the  approach  in  determining  compositional  profiles  include  [7],  but  the  method 
was  in  fact  first  used  quantitatively  on  the  Cu-NiPd  problem  [8].  While  some  problems  can 
arise  in  the  relationship  of  the  change  in  projected  potential  to  the  local  composition  and  density 
(and  thus  in  principle  strain)  because  of  dipole  effects  [9],  we  will  concentrate  here  on  the 
accuracy  to  which  the  profile  of  the  potential  can  be  obtained  when  the  layer  spacing  is  as  low 
(2.5nm)  as  is  the  case  for  the  layers  of  interest  to  us  here.  Beating  of  the  Fresnel  contrast  due  to 
the  individual  layers  precludes  some  of  the  approaches  which  can  be  used  in  the  analysis  but 
facilitates  others.  It  is  emphasised  that  the  abruptness  of  the  multilayer  interfaces  is  required  to 
atomic  accuracy  if  elastic  calculations  of  the  strains  in  relation  to  the  lattice  plane  spacings  are 
to  be  sufficiently  accurate  to  demonstrate  whether  or  not  there  is  an  anomaly  in  the  elastic 
behaviour  of  the  system. 
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The  three  200  systematic  row  images  shown  in  fig.2  are  part  of  a  through-focal  series  taken 
at  200kV  with  an  objective  aperture  radius  of  1 .4nm‘ 1 .  Examples  of  the  projected  profiles  of 
these  images  are  shown  in  fig.3.  After  averaging  these  over  areas  as  marked  in  fig.3,  and 
symmetrising  them  (the  lack  of  symmetry  is  caused  by  the  variable  small  local  tilts  from  the 
vertical)  a  set  of  profiles  was  obtained  as  exemplified  in  fig.4.  While  the  thickness  of  the 
specimen  was  not  determined  precisely  because  of  local  foil  bending,  this  is  not  critical  because 
it  is  the  profile  of  the  Fresnel  contrast  which  will  tell  us  about  the  degree  of  intermixing  at  the 
interaces.  A  good  profile  fit  for  these  data  was  obtained  (using  a  continuum  potential  approach), 
as  shown  in  fig. 5a,  for  the  model  shown  in  fig.5b  with  repeated  units  of  13  atomic  layers  in  the 
Cu:Fe  ratio  of  9:4  and  two  atomic  layer  intermixing  at  the  interfaces.  The  fit  is  somewhat 
artificial  since  the  expected  changes  in  form  as  a  function  of  the  degree  of  intermixing  were 
much  weaker  than  previous  studies  would  have  suggested  they  should  have  been.  The  reason 
for  this  is  that  the  small  size  of  the  aperture  used  cut  the  reciprocal  space  profile  too  near  to  the 
origin  in  reciprocal  space,  given  the  short  wavelength  and  small  size  of  the  multilayer 
components.  Better  data  will  be  obtainable  using  an  objective  aperture  about  a  factor  of  two 
larger  in  size.  For  the  more  roughness-sensitive  data  obtained  in  such  a  way  atomic  multislice 
simulations  will  be  required.  Nevertheless  the  form  of  both  the  fringe  width  change  (fig.6)  and 
contrast  (fig. 7)  are  again  very  much  as  would  be  expected.  Further  work  will  be  required  to 
substantiate  the  point  but  other  data  we  have  obtained  using  energy  filtered  Fresnel  imaging 
suggest  that  there  is  a  small  added  degree  of  (near  to)  monatomic  roughness.  Given  however  the 
very  low  mutual  solubility  of  Cu  and  Fe  the  layers  are  clearly  mixed  over  no  more  than  about  3 
monolayers.  Annoyingly  the  accuracy  of  the  result  we  have  obtained  is  slightly  worse  than  has 
been  previously  achieved  [1],  However  the  data  we  are  currently  obtaining  with  the  GAT  AN 
GIF  on  the  same  system  is  of  higher  accuracy  and  very  similar  roughnesses  have  been  measured 
to  higher  accuracy  still  [10]. 
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Fig.  3  Projected  profiles  of  fresnel  images  for  different  defoci.  The  regions  chosen  for 
averaging  are  marked. 
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Fig.6  Experimental  first  fringe  spacing, 
d,  as  a  function  of  defocus 
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Fig.7  Experimental  first  fringe  contrast  as 
a  fiinction  of  defocus. 


Fig.8.HREM  image  of  the  multilayer.  The  [002]  layer  normal  is  marked. 


Now  that  we  have  a  reasonable  model  for  the  profile  of  the  layers  we  can  turn  to  the 
measurement  of  the  lattice  spacings.  The  JEOL4000EX  high  resolution  image  shown  in  fig. 8 
was  part  of  a  of  a  through-focal  series  of  a  moderately  thick  area  chosen  so  as  to  minimise  the 
effects  of  stress  relaxation  at  the  foil  surfaces,  this  causing  surface  corrugated  distortions  [11]. 
Before  discussing  the  analysis  of  such  systems  we  should  briefly  assess  the  simulated  image 
formation  behaviour.  Image  simulations  were  obtained  by  standard  methods  for  the  fully 
relaxed  structure  with  compositionaliy  abrupt  interfaces.  The  assumption  of  minimisation  of 
the  strain  energy  is  probably  appropriate  for  the  thin  foil  situation  with  a  lattice  spacing  across 
the  layering  of  0.3604nm  and  spacings  in  the  layer-plane  normal  direction  of  0.363 lnm  in  the 
Cu  and  0.3563nm  in  the  Fe.  These  values  were  obtained  using  the  accepted  anisotropic  elastic 
constants  for  Cu  and  approximate  values  for  f.c.c.  Fe.  The  stress-free  bulk  lattice  parameter  for 
Cu  was  taken  to  be  0.36 1 5nm  while  the  value  chosen  for  Fe  of  0.3585  was  extrapolated  from 
high  temperature  data  [5].  For  this  model  the  average  lattice  spacing  in  the  layer  plane  normal 
direction  is  about  0.2%  greater  than  perpendicular  to  this.  The  two  simulations  shown  in  fig.  9a 
and  b  at  Gaussian  and  Scherzer  defocus  together  with  their  respective  fringe  profiles  in  figs.  10a 
and  b  were  obtained  for  a  thickness  of  10.8nm  using  the  appropriate  imaging  parameters  for  the 
microscope.  The  dramatic  change  in  form  that  can  occur,  here  as  a  function  of  focus,  but  also  as 
a  function  of  thickness  are  clear  and  are  caused,  in  the  main,  (and  as  was  demonstrated  by 
artificially  changing  the  value  of  Cs)  by  the  sensitivity  of  such  images  to  the  degree  of  transfer 
near  to  the  limits  of  its  resolution  where  the  amplitude  is  spread  in  the  layer  normal  direction 
both  by  the  extremely  small  scale  of  the  layering  and  its  roughness.  As  is  well  known,  the  real 
danger  in  attempting  to  obtain  accurate  average  and  local  fringe  spacings  from  a  system  such  as 
that  examined  here,  and  relating  these  to  models,  lies  in  the  way  fringes  can  be  missing  or 
doubled.  This  is  why  non  axial  methods  can  be  an  advantage  when  only  spacings  are  required 
[12]. 

With  these  concerns  in  mind  many  different  areas  of  the  experimental  images  were  digitised 
and  the  fringe  profiles  thus  obtained  were  assessed  by  fitting  procedures  for  each  individual 
fringe.  Examples  of  the  fringe  profiles  for  two  individual  areas  so  obtained,  lying  across  the 
layering  are  shown  in  figs.  1  la  and  b  and  d  and  e  for  two  different  defoci.  The  changes  in  the 
form  of  the  fringe  profiles  along  the  layering  as  a  function  of  defocus  are  much  smaller,  as  is 
demonstrated  by  the  profiles  for  a  single  area  in  fig.  11c  and  f.  While  the  number  of 
pixels/fringe  at  4  was  a  little  too  low  for  this  to  be  done  well,  local  variations  in  the  fringe 
spacing  could  not  be  analysed  sufficiently  accurately  to  allow  a  systematic  trend  to  be  revealed. 
Nevertheless  it  appears  that  the  average  spacing  in  the  layer  plane  normal  direction  is  some  4% 
larger  than  that  at  right  angles  to  this.  If  this  were  true  then  there  is  indeed  a  large  anomaly  in 
the  elastic  behaviour  of  this  multilayer  system.  The  fringe  spacing  increase  can  be  measured 
accurately  but  this  is  to  a  degree  subjective  in  that  profiles  which  clearly  exhibited  anomalous 
numbers  of  lattice  fringes  were  not  included.  The  difficulty  here  is  that  the  increase  in  spacing 
is  about  half  a  fringe  spacing!  Further  data  will  clearly  be  required  to  confirm  our  result  and  we 
are  clear  that  greater  accuracies  can  be  achieved  by  using  slightly  larger  apertures  in  the  Fresnel 
technique  to  evaluate  the  roughness  better  and  non  axial  imaging  to  get  improved  lattice  fringe 
images. 
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Fig.9  Simulated  HREM  images  showing  two  Fig.  10  Projections  corresponding  to 
multilayer  repeats  for  a  foil  thickness  of  10.8nm  the  images  in  fig.9. 
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Fig.  11  Experimental  intensity  profile  across  an  HREM  image,  a,  b,  d  and  e  are  profiles 
across  the  layering,  c  and  f  are  profiles  along  the  layering,  d-f  are  from  the  same  regions  as 
a-c  but  about  70nm  more  underfocus. 

CONCLUSION 

Our  preliminary  assessment  of  the  structure  and  elastic  properties  of  the  coherently  strained 
Fe-Cu  multilayer  structure  examined  suggest  strongly  that  it  has  strongly  anomalous  elastic 
properties.  Our  evaluation  has  also  highlighted  several  ways  in  which  the  measurements,  both 
of  the  compositional  abruptness  of  the  interfaces  and  of  the  strains,  could  be  improved. 

We  are  grateful  to  the  EPSRC  for  financial  support. 
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ABSTRACT 

Surface  morphology  evolution  of  epitaxially  grown  CeO2(110)  layers  on  Si(100)  substrates  is 
studied  using  atomic  force  microscopy  (AFM)  and  reflection  high  energy  electron  diffraction 
The  surface  has  a  faceted  structure;  a  stripe-appearance  and  triangular-shape  in 
plan-  and  cross-sectional  views,  respectively.  AFM  measurements  clarify  that  as  the  layer 
thickness  increases,  the  cross-sectional  shape  changes  from  a  gable  roof  shape  toward 
trapezoidal,  which  is  consistent  with  RHEED  analyses.  The  width  of  the  facet  monotonically 
increases  with  the  layer  thickness,  while  its  height  saturates  at  ~5  nm  above  600  nm  in 
thickness,  which  means  that  the  surface  approaches  smooth  morphology.  Ion  channeling 
analyses  indicate  that  the  thicker  the  layer,  the  better  the  crystalline  quality  at  the  surface. 


INTRODUCTION 

Epitaxial  cerium  dioxide  (Ce02)  layers  on  silicon  substrates  are  of  great  interest  for 
applications  to  silicon  on  insulator  devices,  miniaturized  stable  capacitors  for  ultra-large 
scale  integration  and  buffer  layers  between  silicon  and  high  temperature  superconducting 
materials. [1-13]  We  have  been  investigating  the  Ce02  epitaxial  growth  using  electron 
beam  evaporation  in  an  ultra-high  vacuum. [1, 3, 5-11]  Although  Si(100)  substrates  are 
essential  for  applications  to  microelectronics,  Ce02  layers  grown  on  Si(100)  have  several 
problems,  i.  e.  growth  with  (110)  orientation  and  low  crystalline  quality.  We  have 
already  reported  that  the  epitaxial  growth  of  CeO2(110)  on  Si(100)  is  featured  as  the 
competitive  growth  of  CeO2(110)  under  two  possible  configurations  for  long  range  lattice 
matching  along  (110)  direction  in  Si(100)  plane,  resulting  in  a  double  domain  structure 
or  a  mixture  of  CeO2[100]||Si[110]  and  CeO2[lT0]||Si[110].[5] 

Recently,  it  has  been  recognized  that  the  step  structure  on  Si(100)  substrates  cut 
with  more  than  2.5°-off-orientation  toward  (110)  direction  leads  to  single  crystal 
CeO2(110)  layer  formation  and  significant  crystalline  quality  improvement. [11,  13]  The 
layer  surface  has  a  nanometer-scale-periodically  corrugated  structure,  which  consists  of 
(lll)-facets  elongated  toward  (110).  This  corrugated  surface  itself  has  possibilities  for 
certain  applications,  for  example  grapho-epitaxy.[14]  On  the  other  hand,  a  flat  surface  is 
preferable  for  planar  technology.  In  either  way,  it  is  important  to  understand  parameters 
which  rule  the  surface  structure.  This  paper  describes  surface  morphological  evolution  of 
the  CeO2(110)  layer  surface  with  the  layer  thickness  and  the  substrate  off-orientation. 

EXPERIMENTS 

Silicon  substrates  with  off-orientation  ranging  0°  to  15.8°  toward  (110)  direction  were 
prepared  and  chemically  cleaned  by  four  times  applying  immersion  in  HCI,  H202  mixture 
and  dilute  hydrofluoric  acid,  each  for  10  minutes.  Ce02  layers  of  100~720  nm  in 
thickness  were  epitaxially  grown  by  electron  beam  evaporation  on  the  Si  substrates 
heated  at  820°C.[1]  In  order  to  maintain  stoichiometry  of  the  grown  layer,  an  oxygen 
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gas  was  introduced  into  the  chamber  at  the  pressure  of  8  x  10-6  Torr.  Growth  rate  was 
0.2~0.5  nm/s. 

The  epitaxially  grown  layers  were  characterized  using  high  energy  electron  diffraction 
(RHEED),  atomic  force  microscopy  (AFM,  Digital  Instruments  NanoScope  III),  high 
resolution  transmission  electron  microscopy  (HRTEM,  JEOL  JEM-4000EX)  and  1.5  MeV 
4He+  ion  Rutherford  backscattering  (RBS). 


RESULTS  AND  DISCUSSION 

Surface  Morphology  Evolution  with  Layer  Thickness 


Firstly,  we  found  that  a  (110)  incidence  RFIEED  pattern  of  Ce0-2(110)/Si(100) 
changes  with  the  layer  thickness,  which  should  result  from  surface  morphology  evolution. 
Figures  1  A,  B  and  C  show  RHEED  patterns  taken  from  samples  A,  B  and  C  listed  in 
Table  I,  respectively.  Corresponding  illustrations  of  RHEED  pattern  and  cross-sectional 
shape  are  shown  in  Figs.  1  (a),  (b)  and  (c),  and  (d),  (e)  and  (f).  The  diamond-shaped 
network  RHEED  pattern  shown  in  Fig.  1  A  comes  from  two  streaks  at  each  diffraction 
spot,  whose  crossing  angle  is  about  71°  which  is  a  supplementary  angle  of  the 
facets.  [11] 

In  Fig.  1  B,  not  only  the  two  streaks 
but  a  vertical  streak  appear,  resulting 
in  a  bird's  footprint-like  feature,  which 
is  the  first  finding  as  far  as  the 
authors  know.  This  is  explained 
by  the  facet  morphology  change  as 
shown  in  Fig.  1  (e).  This  shape 


Table  I  Samples  appearing  in  Figs.  1  and  2. 


sample 

layer 

thickness  (nm) 

substrate 
off-angle  (deg.) 

A 

110 

5.0 

B 

460 

2.75 

C 

720 

3.0 

A  A 
AAA 
AAA  A 


Fig.  1  (110)  incidence  RHEED  patterns,  where  A,  B  and  C  are  taken  from  samples  A,  B 
and  C,  respectively.  Respective  illustrations  (a),  (b)  and  (c)  and  predicted  cross-sectional 
shapes  (d),  (e)  and  (f)  are  also  shown. 
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causes  three  streaks  due  to  both  (lll)-facets  and  a  (llO)-flat-top  surface.  The  RHEED 
pattern  entirely  changes  in  the  thicker  sample  (Fig.  1  C),  wherein  vertical  streaks  are 
dominant.  This  indicates' that  the  surface  is  mainly  consisted  of  flat  (110)  planes. 

Secondly,  we  studied  surface  morphology  of  the  CeO-2(110)  layers  using  AFM. 
Figures  2  A,  B  and  C  show  AFM  images  of  sample  A,  B  and  C,  respectively,  below 
which  corresponding  cross-section  data  are  shown  as  Figs.  2  (a),  (b)  and  (c).  The 
surface  of  thin  sample  A  reveals  facets  with  a  quite  sharp  triangular  shape,  whereas  that 
of  thicker  sample  B  changes  to  be  triangle  like  but  with  somewhat  flattened  top.  In 
Figs.  2  C  and  (c),  the  surface  of  thickest  sample  C  shows  rather  trapezoidal  shape. 
These  results  agree  well  with  the  RFIEED  analyses  shown  in  Fig.  1. 
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Fig.  2  AFM  images  of  samples  A,  B  and  C,  below  which  are  respective  cross-sectional 
profiles,  (a),  (b)  and  (c). 


The  averaged  dimension  of  the  facets  in  sample  A  is  100~200nm  in  length,  ~20nm  in 
width  and  ~3nm  in  depth.  Comparing  carefully  Figs.  2  (d),  (e)  and  (f),  it  is 
understood  that  the  cross-section  of  the  facet  increases  with  the  layer  thickness. 
Figures  3  (a)  and  (b)  show  facet  height  and  width  variations  with  the  layer  thickness, 
respectively.  Each  value  was  obtained  from  averaging  more  than  50  data.  The  facet 
width  increases  monotonically  with  layer  thickness  in  the  experimental  range,  whereas  the 
facet  height  seems  to  saturate  at  ~5  nm  above  600  nm.  This  indicates  that  the  surface 
approaches  smooth  morphology  as  the  layer  become  thicker.  It  is  thought  that  adjacent 
facets  will  coalesce,  so  their  width  becomes  larger  as  the  layer  growth  proceeds,  but 
their  height  does  not  increase  because  CeO-2  is  deposited  uniformly  on  not  only  a 
flattened  top  surface  but  faceted  surfaces.  Considerations  from  thermodynamical  and/or 
crystallographic  viewpoints  will  be  needed  for  further  understanding  on  this  phenomenon. 

Morphology  Change  with  Substrate  Off-angle 

Comparing  Figs.  2  (a),  (b)  and  (c),  it  is  also  recognized  that  the  facet  length  is 
significantly  dependent  on  the  substrate  off-angle.  The  facet  length  of  the  Ce02  layer 
on  a  2.75°-off  substrate  (Fig.  2  (b))  is  obviously  longer  than  that  on  5°-off  substrate 
(Fig.  2  (a)).  As  the  off-angle  increased,  the  facet  length  decreases  and  accordingly  the 
facet  density  increases  as  shown  quantitatively  in  Figs.  4  (a)  and  (b). 

This  is  explained  as  follows:  The  facet  elongates  in  parallel  with  steps,  which  stretch 
toward  CeO2(110).  As  reported  previously,  single  crystal  layer  grows  on  the  substrates 
with  off-angle  >  2.5°,  at  which  the  mean  terrace  width  corresponds  to  7  times  Si 
lattice  diagonal,  which  is  the  optimum  condition  forming  single  crystal  layers. [13]  The 
relation  between  the  theoretical  mean  terrace  width  (IF)  and  the  off-angle  (0)  is  easily 
obtained  as  W  =  2\/2taii0-1,  considering  a  bi-layer  step  structure. [15]  It  is  expected 
that  the  terrace  density  increases  as  its  width  decreases  according  to  above  equation. 
The  curve  in  Fig.  4  (a)  looks  like  that  of  2\/2tan 0-1.  This  suggests  that  the  facet 
length  decrease  is  due  to  the  increase  in  the  terrace  density  and  hence  nucleus  density. 

In  order  to  obtain  high  quality  Ce02  layers  with  smooth  surface,  smaller  off-angle  is 
preferred  as  far  as  a  single  crystal  layer  grows.  It  is  concluded  that  the  optimum 
off-angle  is  2.5°,  which  is  the  same  conclusion  from  the  crystallinity  characterization. [13] 


Fig.  4  Facet  length  (a)  and  facet  density  (b)  as  a  function  of  substrate  off-angle  derived 
from  AFM  measurements. 
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Inclination  of  facets 

Figure  5  shows  a  typical  cross-sectional 
HRTEM  lattice  image  of  the  facet  at  the 
surface  of  a  CeO2(110)  layer  grown  on 
a  3°-off  Si(100)  substrate.  The  vertical 
angle  at  the  summit  of  the  triangle  is 
109°,  which  corresponds  exactly  with  the 
(lll)-facet  structure  mentioned  above.  It  is 
clearly  recognized  that  the  [110]  axis  of  the 
Ce02  layer  is  inclined  toward  the  substrate 
offset-direction  (indicated  by  an  arrow  in 
Fig.  5)  by  the  same  angle  as  the  substrate 
off-angle.  This  is  also  confirmed  by  systematic 
RHEED  measurements  for  various  off-angles. 


Fig.  5  A  cross-sectional  HRTEM  image 
of  the  same  sample  as  Fig.  4,  showing 
the  inclination  of  the  facet.  The  arrow 
indicates  the  substrate-off-direction. 


Crystallinity  change  with  layer  thickness 


Figure  6  shows  RBS  spectra  taken  from  (a)  86-nm-thick-,  (b)  170-nm-thick-  and  (c) 
450-nm-thick-single  crystal  Ce02(110)/Si(100)  samples.  From  this  figure,  it  is  clearly 
understood  that  the  defect  density  decreases  as  the  Ce02  layer  growth  proceeds,  i.  e.  a 
normalized  minimum  yield  at  the  surface  decreases  with  the  layer  thickness. 

Xmin  values  of  sample  (a),  (b)  and  (c)  at  the  surface  are  9.4,  4.7  and  1.8  %, 
respectively.  The  last  one  indicates  very  good  crystallinity  of  sample  (c).  This  significant 


Xmin  lowering  at  the  surface  is 
considered  to  be  mainly  due  to 
defect  reduction  as  the  Ce02 
layer  growth  proceeds,  which  is 
usual  in  hetero-epitaxy,  e.  g.  a 
silicon  layer  on  sapphire. 

The  crystalline  quality  in 
the  vicinity  of  the  interface, 
however,  is  not  so  satisfactory 
as  that  at  the  surface, 
where  Xmin  exceeds  20  %. 
This  is  due  that  there  are 
considerably  many  defects  such 
as  dislocations,  stacking  faults, 
micro-twins  and  small  angle 
grain  boundaries  in  the  vicinity 
of  the  Ce02/Si  interface, 
which  may  correlate  with  the 
small  angle  misalignment  of 
CeO2[011]  to  Si [001]. [16] 


(c) 


Fig.  6  RBS  spectra  taken  from  (a)  86  nm  thick,  (b) 
170  nm  thick  and  (c)  450  nm  thick  Ce02(110)/Si(100) 
samples.  The  arrow  indicates  the  surface  of  Ce 
spectrum. 


CONCLUSION 

Surface  morphology  evolution  of  CeO2(U0)  layers  grown  on  Si(100)  substrates  with 
off-orientation  was  studied  using  RHEED,  AFM,  HRTEM  and  RBS.  RHEED  pattern 
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changed  significantly  with  the  Ce02  layer  thickness,  which  is  explained  by  the 
morphology  change  of  facets.  AFM  observation  agreed  well  with  the  cross-sectional 
shape  vriation  of  the  facet  predicted  from  RHEED  results.  From  quantitative  AFM  data 
processing,  it  is  clearly  found  that  the  width  of  the  facet  increases  monotonically  with 
the  layer  thickness,  whereas  its  height  saturates  at  ~5nm  above  600nm.  Accordingly, 
morphology  changes  from  a  gable  roof  shape  to  trapezoidal  as  the  layer  thickness 
increases.  It  means  that  the  surface  approaches  smooth  morphology. 

It  was  also  found  that  the  facet  length  decreases  as  the  substrate  ofF-angle 

increases,  resulting  in  a  increase  in  facet  density.  This  result  indicated  that  2.5°  is 
optimum  substrate  off-angle,  which  has  been  already  recognized  by  the  crystallinity 
characterization.  RHEED  and  cross-sectional  HRTEM  measurements  verified  that 

CeO2[011]  axis  is  inclined  toward  the  substrate  offset-direction  by  the  same  angle  as  the 

off-angle.  RBS  analyses  indicated  that  the  thicker  the  layer  thickness,  the  better  the 

crystalline  quality  at  the  surface.  For  further  improvement,  more  precise  control  of 

nucleation  at  the  early  stage  of  the  growth  process  will  be  needed. 

The  authors  wish  to  thank  Mr.  S.  IMakayama  and  Ms.  C.  Gotoh  of  TOYO  Corp.  for 
their  aids  in  AFM  measurements. 

REFERENCES 

[1]  T.  Inoue,  Y.  Yamamoto,  S.  Koyama,  S.  Suzuki  and  Y.  Ueda,  Appl.  Phys.  Lett.  56,  1332 
(1990). 

[2]  M.  Yoshimoto,  H.  Nagata,  T.  Tsukahara,  and  H.  Koinuma,  Jpn.  J.  Appl.  Phys.  29, 
L1199  (1990). 

[3]  T.  Inoue,  M.  Osonoe,  H.  Tohda,  M.  Hiramatsu,  Y.  Yamamoto,  A.  Yamanaka,  and  T. 
IMakayama,  J.  Appl.  Phys.  69,  8313  (1991). 

[4]  H.  Nagata,  T.  Tsukahara,  S.  Gonda,  M.  Yoshimoto  and  H.  Koinuma,  Jpn.  J.  Appl, 
Phys.  30,  L1136  (1991). 

[5]  T.  Inoue,  T.  Ohsuna,  L.  Luo,  X.  D.  Wu,  C.  J.  Maggiore,  Y.  Yamamoto,  Y.  Sakurai  and 
J.  H.  Chang,  Appl.  Phys.  Lett.  59,  3604  (1991). 

[6]  T.  Inoue,  T.  Ohsuna,  Y.  Yamamoto,  Y.  Sakurai,  L.  Luo,  X.  D.  Wu,  C.  J.  Maggiore, 

Mater.  Res.  Soc.  Symp.  Proc.  237,  589  (1992). 

[7]  L.  Luo,  X.  D.  Wu,  R.  C.  Dye,  R.  E.  Muenchausen,  S.  R.  Folton,  Y.  Coulter, 
C.  J.  Maggiore  and  T.  Inoue,  Appl.  Phys.  Lett.  59,  2043  (1991). 

[8]  T.  Inoue,  T.  Ohusuna,  Y.  Yamada,  K.  Wakamatsu,  Y.  Itoh,  T.  Nozawa,  E.  Sasaki, 

Y.  Yamamoto  and  Y.  Sakurai,  Jpn.  J.  Appl.  Phys.  31,  L1736  (1992). 

[9]  Y.  Yamamoto,  M.  Satoh,  Y.  Sakurai,  T.  Inoue  and  T.  Ohsuna:  Jpn.  J.  Appl.  Phys.  32, 
L620  (1993). 

[10]  T.  Inoue,  Y.  Obara,  Y.  Yamamoto,  M,  Satoh  and  Y.  Sakurai:  Jpn.  J.  Appl.  Phys.  32, 
L1765  (1993). 

[11]  T.  Inoue,  T.  Ohsuna,  Y.  Obara,  Y.  Yamamoto,  M.  Satoh  and  Y.  Sakurai:  J.  Cryst. 

Growth  131,  347  (1993). 

[12]  S.  Yaegashi,  T.  Kurihara,  H.  Hoshi  and  H.  Segawa,  Jpn.  J.  Appl.  Phys.  33,  270  (1994). 

[13]  T.  Inoue,  Y.  Yamamoto,  M.  Satoh,  T.  Ohsuna,  H.  Myoren  and  T.  Yamashita,  Proc. 

Mater.  Res.  Soc.  341,  101  (1994). 

[14]  M.  W.  Geis,  D.  C.  Flanders  and  H.  I.  Smith,  Appl.  Phys.  Lett.  35,  71  (1979). 

[15]  D.  J.  Chadi,  Phys.  Rev.  Lett.  59,  1691  (1987). 

[16]  M.  Satoh,  Y.  Yamamoto,  S.  Nakajima,  Y.  Sakurai,  T.  Inoue  and  T.  Ohsuna,  Mater. 
Res.  Soc.  Symp.  Proc.  312,  309  (1993). 


328 


SCALING  ANALYSIS  OF  a-  AND  poly- Si  SURFACE  ROUGHNESS 
BY  ATOMIC  FORCE  MICROSCOPY 


T.  YOSHINOBU,  A.  IWAMOTO,  K.  SUDOH  AND  H.  IWASAKI 

The  Institute  of  Scientific  and  Industrial  Research,  Osaka  University, 

8-1  Mihogaoka,  Ibaraki  City,  Osaka  567,  Japan. 


ABSTRACT 

The  scaling  behavior  of  the  surface  roughness  of  a -  and  poly-Si  deposited 
on  Si  was  investigated  by  atomic  force  microscopy  (AFM).  The  interface  width 
W(L),  defined  as  the  rms  roughness  as  a  function  of  the  linear  size  of  the 
surface  area,  was  calculated  from  various  sizes  of  AFM  images.  W(L)  increased 
as  a  power  of  L  with  the  roughness  exponent  a  on  shorter  length  scales,  and 
saturated  at  a  constant  value  of  a  on  a  macroscopic  scale.  The  value  of 
roughness  exponent  a  was  0.48  and  0.90  for  a-  and  poly-Si ,  respectively,  and 
cr  was  1.5  and  13.6  run  for  350nm-thick  a-Si  and  500nm-thick  poly-Si, 
respectively.  The  AFM  images  were  compared  with  the  surfaces  generated  by 
simulation. 


INTRODUCTION 

The  roughness  of  a  growing  surface  is  known  to  exhibit  spatial  and 
temporal  scaling  behaviors.  The  interface  width  of  a  growing  surface  W(L,  t), 
defined  as  the  roughness  observed  on  scale  L  after  time  t  of  growth,  can  be 
written  as 


w(l,  t) = 


La  for  L<LC 
for  L>LC 


(1) 


where  a  is  the  roughness  exponent,  p  is  the  growth  exponent,  and  Lc  is  the 
correlation  length  [1-4].  On  scales  shorter  than  Lc ,  the  surface  is  characterized 
as  a  self-affine  fractal  [5,6]  with  the  local  fractal  dimension  D  =  3 -a,  whereas 
on  scales  longer  than  Lc,  W(L,  t)  saturates  at  o  -  tp,  which  corresponds  to  the 
rms  roughness  in  the  conventional  sense.  Both  o  and  Lc  ,  which  are  the 
characteristic  lengths  in  vertical  and  horizontal  directions,  respectively,  also 
grow  with  time. 

In  fact,  the  scaling  behavior  (1),  or  self- affine  growth  is  generally  observed 
for  real  growing  surfaces  of  various  materials  [3,4, 7,8].  As  for  the  value  of  the 
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roughness  exponent  a,  however,  the  experimental  values  tend  to  be  large 
compared  to  those  given  by  theory  and  simulation.  For  example,  a  =  0.79  and 
0.84  are  obtained  for  Fe/Fe(001)  [7]  and  CuCl/CaF2(l  1 1)  [8],  respectively, 
whereas  numerical  solution  of  the  KPZ  growth  model  [9]  gives  a  ~  0.4  [10]. 

Obviously,  some  significant  features  of  growth  in  real  systems,  such  as 
formation  of  domains  [11-131,  boundaries,  and  anisotropic  growth  rate  etc., 
are  not  taken  into  account  in  simplified  models.  From  a  material  engineering 
point  of  view,  le .,  to  predict  and  control  the  roughness  evolution  in  real 
growth  systems,  it  is  necessary  to  investigate  those  specific  features  of  growth 
and  their  dependence  on  the  growth  conditions.  In  our  recent  papers  [14,15], 
we  studied  the  roughness  exponent  in  electrochemical  deposition  of  copper, 
and  its  dependence  on  the  growth  conditions,  especially  on  the  concentration 
of  the  organic  additives  in  the  electrolyte . 

In  this  paper,  we  report  on  the  comparison  between  the  surface  roughness 
of  a-  and  poly-Si  films  deposited  on  Si  substrates.  The  essential  difference 
between  these  two  materials  is  that  poly- Si  consists  of  grains  of  small  crystals, 
whereas  a-Si  has  no  ciystal  structure  at  all. 


EXPERIMENT 

Samples  of  a-  and  poly- Si  films  were  deposited  on  Si  substrates  by 
low-pressure  CVD  method.  The  film  thickness  was  350nm  for  a-Si  and  500nm 
for  poly- Si.  The  surface  roughness  of  these  films  were  measured  by  atomic 
force  microscopy  (AFM).  AFM  is  suitable  for  scaling  analysis  of  surface  roughness, 
not  only  due  to  its  high  resolution,  but  also  due  to  its  wide  range  of  measurement 
scales,  which  makes  it  possible  to  determine  the  roughness  exponent  accurately. 

AFM  measurements  were  carried  out  in  air  with  SPI-3700/SPA300  from 
Seiko  Instruments  Inc.  The  image  was  acquired  as  numerical  data  of  height  at 
256  x  256  points  on  the  surface.  The  area  of  measurement  was  varied  from 
100  x  100  nm2  to  20000  x  20000  nm2  so  that  the  interface  width  W(L)  can  be 
calculated  for  a  wide  range  of  L.  Following  correction  was  applied  to  the  data 
array  [16].  Firstly,  for  all  xand  y,  hxy  was  replaced  with 

,  256 

256  ^  hx,y  ,  (2) 

y=  i 

and  subsequently,  f\y  was  replaced  again  with 

256 

h^y -  250  ^  hx.y  •  (3) 

X  =  1 

These  procedures  are  to  remove  the  tilt  toward  the  X-direction  (scan  direction), 
and  to  remove  the  tilt  and  the  fluctuation  along  the  V-direction. 
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Fig.  1  AFM  images  (1000  x  1000  rtm2)  of  (a )a-  and 
(b)poly-  Si  surfaces.  The  film  thickness  was  350nm 
for  a-Si  and  500  nm  for  poly- Si,  respectively. 

Figure  1(a)  and  (b)  show  the  typical  AFM  images  of  a-  and  poly- Si 
surfaces,  respectively.  Figure  1(b)  shows  the  typical  morphology  of  a 
polycrystalline  film,  which  consists  of  grains.  In  terms  of  the  self-affine  fractal 
geometry,  such  a  surface  has  a  lower  fractal  dimension  D  since  the  amplitude 
of  short-wavelength  roughness  within  a  grain  is  much  smaller  than  the  typical 
height  of  a  grain  itself.  Moreover,  any  large  structure  or  long-wavelength 
fluctuation  was  not  observed  in  a  wide- scan  (20000  x  20000  nm2)  image  (not 
shown).  Therefore,  the  mean  grain  size,  which  is  roughly  of  the  order  of  the 
film  thickness,  is  the  only  characteristic  length  in  the  horizontal  direction. 
This  suggests  that  there  was  no  external  mechanism  or  fluctuation  in  the 
growth  of  poly- Si  to  form  large  structures,  except  for  the  horizontal  spreading 
of  grains  described  as  Ljt)  ~  lp/a.  On  the  other  hand,  grains  are  not  well-developed 
in  Fig.  1(a),  which  implies  a  higher  fractal  dimension  D  ofa-Si  surface  roughness. 


INTERFACE  WIDTH 

The  interface  width  W(L)  was  calculated  by  the  following  procedure.  For 
each  of  the  AFM  images,  the  area  was  divided  into  smaller  segments.  The  size 
of  each  segment  was  chosen  to  be  2"  x  2n  (n=  1-5)  pixels,  and  thus,  the 
number  of  segments  in  a  256  x  256  image  was  (256/2"  )2.  The  rms  roughness 
was  calculated  in  each  segment,  and  then,  was  averaged  over  the  whole  area. 
In  this  way,  a  series  of  W(L)  was  obtained  from  a  single  AFM  image,  and  those 
obtained  from  several  AFM  images  were  combined  together  to  cover  a  wide 


Scale  [nm] 

Fig.  2  Interface  width  W(L)  of  the  surface  roughness 
of  a-  and  poly-  Si  films  deposited  on  Si  substrate. 

range  of  length  scales. 

Figure  2  shows  the  interface  width  W(L)  calculated  from  AFM  images  of 
a-  and  poly-Si  surfaces.  For  comparison,  W(L)  of  the  Si  substrate  is  also 
shown.  Each  curve  of  W(L)  is  separated  into  two  regions  by  the  correlation 
length  Lc.  The  roughness  exponent  a  calculated  from  the  slope  below  Lc  is 
0.30,  0.48  and  0.90  for  Si  substrate,  a-  Si  and  poly-Si  surfaces,  respectively. 

COMPARISON  WITH  SIMULATION  RESULTS 

To  study  the  dynamic  scaling  in  the  growth  of  grain  structures,  we 
carried  out  simulations.  Figure  3(a)  shows  the  surface  obtained  by  simulation 
for  the  standard  KPZ  equation. 

=  W2h  +  |(Vhf  +  n(r,  t)  .  (4) 
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Fig.  3  Topographs  generated  by  simulation  of  (a)KPZ 
growth  and  (b)grain  growth. 


The  method  of  simulation  is  the  same  as  that  described  in  [10],  and  the 
parameters  are  L  =  256,  e  =  25  and  At  =  0.00025  in  their  notation.  Grains  are 
not  observed  in  Fig.3(a),  and  the  roughness  exponent  a  of  this  surface  is 
0.40. 

As  a  simple  model  of  grain  growth,  a  modified  system  was  considered. 
In  this  system,  a  term  proportional  to  h  -  Tl  was  added  to  the  right-hand  side 
of  eq.  (4).  This  term  represents  the  effect  of  preferential  growth  on  grains  that 
already  exist.  Such  a  growth  is  unstable  in  the  sense  that  <j(t)  diverges  faster 
than  t  (or  equivalently,  the  film  thickness)  after  a  finite  time.  Since  the  magnitude 
of  the  h  -  7i  term  is  initially  small  and  then  increases  with  time,  the  variance 
from  the  KPZ  surface  becomes  larger  and  larger,  and  finally  the  growth  becomes 
unstable.  Figure  3(b)  shows  a  snapshot  of  the  simulated  surface.  The  surface 
has  a  grain  structure,  and  the  roughness  exponent  a  is  calculated  to  be  0.90, 
which  is  equal  to  the  value  for  poly- Si. 

Considering  that  a  grain  structure  is  frequently  seen  in  deposited  or 
evaporated  materials,  many  of  the  film  growth  in  reality  seem  to  exhibit 
scaling  behaviors  different  from  that  of  the  KPZ  growth.  More  detailed  study, 
especially  on  the  relation  between  the  growth  conditions  and  the  scaling 
behavior,  would  clarify  what  factor  is  dominant  in  a  certain  class  of  film 
growth  other  than  KPZ  growth. 


SUMMARY 

The  scaling  behavior  of  the  surface  roughness  of  a-  and  poly-Si  deposited 
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on  Si  was  investigated  by  AFM.  The  interface  width  W(L)  increased  as  a  power 
of  L  with  the  roughness  exponent  a  on  shorter  length  scales,  and  saturated  at 
a  constant  value  on  a  macroscopic  scale.  The  value  of  roughness  exponent  a 
was  0.48  and  0.90  for  a-  and  poly- Si,  respectively.  The  AFM  images  were 
compared  with  the  surfaces  generated  by  simulation  for  KPZ  growth  and  its 
variation  which  results  in  a  grain  structure. 
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ABSTRACT 

Generalized  susceptibility  for  the  binary  soft-sphere  mixtures  is  computed  for  the  fre¬ 
quency  range  including  both  the  a  and  /3  peaks  in  a  supercooled  fluid  phase  with  a  super- 
long-time  molecular  dynamics  simulation.  It  is  shown  that  the  a  peak  has  a  non-Debye 
type  frequency  dependence  and  the  /3  peak  is  essentially  of  a  Debye-type.  The  slow  dy¬ 
namics  is  analyzed  on  the  basis  of  the  trapping  diffusion  model  which  takes  account  of 
two  types  of  diffusive  dynamics.  With  the  use  of  the  coherent  medium  approximation,  the 
frequency  dependence  of  dynamical  quantities  are  shown  to  agree  with  the  observation. 
The  primary  relaxation  time  is  shown  to  exponentially  diverge  at  a  certain  temperature 
below  the  glass  transition  point,  in  line  with  the  Vogel-Fulcher  equation.  A  unified  view  for 
the  Vogel-Fulcher  temperature,  the  glass  transition  temperature  and  the  kinetic  transition 
temperature  is  give  on  the  basis  of  the  trapping  diffusion  model. 

INTRODUCTION 

Glass  forming  materials  have  been  known  for  more  than  3500  years  since  the  early  stage 
of  civilization  and  it  is  70  years  since  the  glass  transition  in  supercooled  fluids  was  first 
observed  by  a  thermodynamic  measurement  [1].  However,  little  has  been  known  about 
the  mechanism  and  characterization  of  the  glass  transition.  In  particular,  there  are  several 
characteristic  temperatures  below  and  above  the  glass  transition  temperature  Tg  which 
have  been  identified  through  experimental  observations:  The  Vogel-Fulcher  temperature 
[2]  is  defined  as  T0  when  the  viscosity  or  the  primary  relaxation  time  measured  near  the 
glass  transition  temperature  is  well  fit  by  exp[D/(T  —  To)].  The  Kauzmann  temperature 
(Tk)  [3],  which  is  supposed  to  be  close  to  To,  is  defined  as  the  temperature  at  which 
the  excess  entropy  in  the  supercooled  state  is  extrapolated  to  vanish.  There  are  some 
evidences  that  there  exists  a  characteristic  temperature  between  the  glass  transition  and 
melting  temperatures  where  the  dynamical  trait  begins  to  change  [4]. 

The  glass  transition  is  now  considered  to  be  a  change  in  dynamical  properties  of  super¬ 
cooled  liquids.  In  fact,  many  experiments  have  been  reported  for  Cao,4Ko.6(N03)i.4  [5-6] 
and  other  materials  [7-10]  which  indicate  that  the  dynamical  structure  factor  S(q,io)  and 
the  generalized  susceptibility  =  w7tS(^,uj)  deviate  from  the  Debye  form  in  the  su¬ 

percooled  liquid  state  in  two  frequency  regions,  which  are  attributed  to  a-  and  /3-dynamics 
in  supercooled  liquids. 

The  slow  dynamics  and  glass  transition  have  also  been  investigated  by  molecular  dynam¬ 
ics  (MD)  simulations  for  soft-core  systems,  [11-13]  Lenard-Jones  systems  [14-15]  and  ionic 
melts  [16]  in  recent  years.  The  MD  simulations  have  revealed:  (1)  There  is  a  time  region 
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in  which  the  intermediate  scattering  function  shows  a  stretched  exponential  decay.  (2)  The 
dynamical  trait  changes  at  some  temperature  Tx  above  the  glass  transition  temperature, 
which  can  be  considered  as  a  kinetic  transition.  (3)  Two  types  of  diffusive  motions  exist 
above  and  below  Tg  in  the  time  scale  much  slower  than  that  of  the  microscopic  motion. 

In  this  paper  we  present  the  dynamical  properties  of  supercooled  liquids  obtained  by 
super-long-time  MD  simulation  and  by  the  trapping  diffusion  model.  We  study  the  fre¬ 
quency  dependence  of  the  dynamical  structure  factor  and  the  generalized  susceptibility  for 
the  entire  frequency  region.  We  show  that  the  jump  motion  gives  rise  to  the  a-relaxation 
whose  characteristic  time  appears  to  diverge  at  some  point  below  the  glass  transition  point, 
and  the  oscillatory-diffusive  motion  produces  the  /^-relaxation.  With  the  use  of  the  trap¬ 
ping  diffusion  model,  we  provide  a  unified  understanding  of  the  characteristic  temperatures 
which  can  be  related  to  the  existence  of  various  moments  of  the  waiting  time  distribution 
(WTD).  In  particular  we  show  the  the  Vogel-Fulcher  temperature  is  related  to  the  normal- 
izability  of  WTD. 


MD  SIMULATION  FOR  BINARY  SOFT-SPHERE  MIXTURES 

Binary  soft-sphere  mixtures 

We  consider  binary  soft-sphere  mixtures  composed  of  N\  atoms  of  mass  mi  and  diameter 
oq  and  JV2  atoms  of  mass  m2  and  diameter  cr2  in  a  volume  V ,  which  interact  through  the 
purely  repulsive  soft-sphere  potentials  [17]: 

vap{r)  =  e  ,  (1) 

where  a,  f3  =  1  or  2  denotes  species  indices,  e  is  the  energy  unit,  and  we  assume  that 
aap  =  +  ap)/2.  We  introduce  the  effective  coupling  constant  reff: 

rclr  =  n*(r*)',/4(^)3.  (2) 

<4r  =  (3) 

a  0 

where  n*  =  Naf/V  denotes  the  reduced  number  density  with  the  total  number  of  atoms 
N(=  N\  +  N2).  The  reduced  temperature  T*  equals  kgT/e,  a:1(=  Ni/N)  and  x2(=  1  —  #i) 
are  concentrations.  Note  that  F*ff  is  inversely  proportional  to  21*,  and  thus  larger  Feff’s 
correspond  to  lower  temperatures. 

MD  simulation 


In  the  present  study,  we  set  cr2/a i  =  1.2,  m2/mi=2.0,  and  X\  =  x2  =  0.5.  Using  the 
constant-temperature  MD  techniques  and  the  seventh-order  Gear  algorithm  together  with 
periodic  boundary  conditions,  we  have  carried  out  MD  simulations  with  iV=500  particles 
in  a  cubic  cell.  Some  runs  for  a  larger  system  size  with  N  =  4000  were  also  carried  out, 
but  no  significant  difference  between  both  system  sizes  was  found.  In  the  MD  simulation, 
we  truncated  the  pair  potential  (1)  at  the  distance  r/aap=3.5.  The  microscopic  time  scale 


is  chosen  to  be 


(4) 
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which  is  of  the  order  of  10-13  sec,  if  we  use  the  parameters  suitable  for  Ar  in  Eq.  (4).  The 
equation  of  motions  were  solved  numerically  with  a  time  mesh  of  the  order  of  O.Olr. 

We  quenched  the  system  from  an  equilibrium  state  at  Teff  =  0.8  to  reff=1.50  and 
carried  out  MD  simulation  at  reff  =  1.50,  starting  with  the  final  configuration  obtained  by 
the  quenching  MD  simulation.  Note  that  reff  =  1.50  corresponds  to  a  supercooled  fluid 
state,  namely  the  coupling  constant  (temperature)  lower  (larger)  than  Teff  =  1.58  (glass 
transition  point),  and  larger  (lower)  than  Teff  =  1.45  (kinetic  transition  point)  which  is 
between  the  melting  point  Teff  =  1.15  and  the  glass  transition  point. 

The  Laplace  transform,  G(q,u>),  of  the  intermediate  scattering  function  F(q,t)  is  de¬ 
fined  by 

ro o 

G(  q,u>)=/  F(q,  ()«■'"'<*<,  (5) 

Jo 

where 

F(<h *)  =  (]C  exP  ici  ■  tr*(*  +  M _  r;(*o)]\  *  (6) 

'  J  '  i, to 

The  averages  are  taken  over  the  configuration  of  atoms  {r;}  and  the  initial  time  to.  It  is 
known  that  the  generalized  susceptibility  x(q?w)  is  related  to  G(q,u>)  through 

X'(q,w)  ~  l  +  «G"(q,w),  (7) 

X"(q,w)  =  «G'(q,w),  (8) 

where  x(q>^)  =  x^cb^)  +  *X,,(tLa;)>  G(q»w)  =  ^'(q,w)  -f  iG"{ q,u>),  and  the  dynamical 
structure  factor  is  given  by  S(q,u;)  =  G'(q,u>)/7r.  We  computed  G(q,  w)  from  the  formula 


G(q,w)  =  y~(t,  jf“  J‘°  ,  (9) 

where  <  . . .  >  means  an  average  over  the  configuration  of  atoms  {r;}  and  fmax  is  the  total 
time  step  of  the  simulation  [18].  The  self  part  G,(q,w)  of  G(q,w)  is  obtained  by  setting 
i  =  j  in  Eq.  (9). 

We  show  in  Fig.  1  (open  and  closed  circles)  the  frequency  dependence  of  the  imaginary 
part  of  the  self  part  of  G(q,w),  i.e.  G'(q,cj)  =  7r5(q,w).  The  imaginary  part  of  the  self 
part  of  the  generalized  susceptibility  Xs(q,w)  is  shown  in  Fig.  2  (open  and  closed  circles). 
In  Figs.  1  and  2,  the  results  are  shown  for  frequencies  where  the  data  are  not  affected  by 
the  time  mesh  or  the  length  of  simulation. 

In  order  to  see  a  frequency  dependence  of  Ss(q,a>)  in  terms  of  a  power-law  formula,  we 
computed  the  logarithmic  derivative  a 

<91nSs(q,o>)  (  . 


which  is  shown  in  Fig.  3.  The  effective  exponent  a  takes  a  plateau  value  about  a  ~  1.5  in 
the  high  frequency  side  of  the  a  peak.  This  value  of  cr  gives  the  approximate  value  of  the 
stretched  exponential  (KWW)  exponent  (3  ~  0.5,  which  differs  from  a  usual  Debye  value 
(3  =  1.  The  exponent  cr  becomes  a  plateau  between  the  /9-minimum  and  the  /9-peak,  which 
indicates  that  a  power  law  decay  of  5s(q,u;)  exists  beyond  the  a-decay  region. 
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log10[nSs(q\<D)] 


Fig.  1.  G'(q,u>)  vs.  uj  in  log-log  scales. 
The  reduced  wavenumber  q*(=  qL/2Tr),  L 
being  the  side  length  of  the  cubic  simula¬ 
tion  cell,  is  equal  to  8.0.  Circles  (open  cir¬ 
cles:  species  1  and  closed  circles:  species  2) 
are  the  results  of  the  numerical  simulation. 
The  broken  curve  is  the  result  obtained  by 
the  trapping  diffusion  model. 


Fig.  2.  The  imaginary  part  of  the  gen¬ 
eralized  susceptibility  (self  part)  x?(q,w) 
vs.  uj  in  log-log  scales.  The  symbols  are 
the  same  as  in  Fig.  1. 


Figure  4  shows  the  Cole-Cole  plot  of  the  generalized  susceptibility.  The  /?-peak  appears 
as  a  semi-circle  with  the  center  on  the  real  axis,  indicating  the  /^-process  is  the  Debye 
relaxation. 


TRAPPING  DIFFUSION  MODEL 

Model 


According  to  MD  simulation  [11,13],  an  atom  appears  to  perform  two  kinds  of  diffusive 
motions  if  the  rapid  oscillatory  motion  is  averaged  out:  one  is  a  motion  bound  within  a 
local  area  with  deviation  about  10-20%  of  the  mean  interatomic  distance  (we  call  it  the 
stray  motion )  and  the  other  is  a  jump  motion  with  jump  distance  in  the  order  of  the  mean 
interatomic  distance.  From  the  observation  we  can  assume  that  the  jump  rate  distribution 
is  sharply  peaked  for  the  faster  motion  and  is  a  power-law  function  for  the  slower  motion. 
Noting  that  the  distribution  of  the  number  of  neighboring  atoms  is  also  sharply  peaked, 
we  arrive  at  the  following  mesoscopic  phenomenological  model:  An  atom  at  a  given  site  s 
performs  a  stray  motion  between  s  and  neighboring  positions  {us}  (|us|  is  of  the  order  of 
10-20%  of  the  average  interatomic  distance)  with  a  constant  jump  rate  w Occasionally,  it 
makes  a  long  jump  motion  to  site  s’  with  jump  rate  ws.  The  jump  rate  for  this  motion  is 
assumed  to  depend  only  on  the  origin  of  the  jump  and  not  on  the  destination  of  the  jump, 
because  a  structural  relaxation  following  the  jump  will  eliminate  the  correlation  between 
forward  and  backward  jumps.  We  further  assume  that  the  distribution  of  site  {s}  will  not 
be  important  and  sites  {s}  form  a  regular  lattice,  which  can  be  conveniently  assumed  to 
be  a  simple  cubic  lattice.  Consequently,  we  describe  the  motion  of  a  tagged  atom  by  the 
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Fig.  3.  The  effective  exponent  a  is  plot¬ 
ted  against  log  u>.  5s(q,w)  obeys  a  power- 
law  decay  when  a  is  approximately  con¬ 
stant.  The  symbols  are  the  same  as  in  Fig. 
1. 


Fig.  4.  Cole-Cole  plots  of  *-e- 

X"(q,w)  vs.  ^(q.u;).  The  symbols  are 
the  same  as  in  Fig.  1.  At  least  two  re¬ 
laxation  modes  are  seen;  a  semi-circle  near 
the  origin  represents  the  /?  relaxation,  and 
the  other  in  the  right  side,  representing  the 
O'  relaxation,  appears  to  differ  from  a  semi¬ 
circle.  The  broken  curve  is  the  result  ob¬ 
tained  from  the  trapping  diffusion  model. 


following  trapping  master  equation  [19]. 

P(s,f|so,0)  =  ^2ws>P(s',t\so,0)  +  ^2wbP(s  +  us,£|s0,0) 
s'  us 

-  {E-s  +  E^WMlso,°)>  (n) 

S'  Us 

jP(s  T  us, i|s0, 0)  =  to6P(s,t|so,0)  -  wbP(s  +  us,f|so,0),  (12) 

where  P(x,  t|so,0)  denotes  the  probability  that  the  tagged  atom  is  at  x  at  time  t  when  it 
was  at  s0  at  time  t  =  0,  the  summation  for  s'  is  taken  over  nearest  neighbors  of  site  s. 
Introducing  the  Laplace  transformation  P(x,u\s0)  =  /0°°  e~utP(x,t\so,0)dt  and  decimating 
P(s  +  us,u|s0)  from  the  Laplace  transform  of  Eqs.  (11)  and  (12),  we  find 

[u  +  EW - — }  +  E  ™s]-P(s>  «|so)  “  E  W*’P( s'i  =  (13) 

U3  U  "I  Wb  s'  S' 

We  denote  by  z'  the  number  of  sites  to  which  the  tagged  atom  can  stray  and  set  u'  = 
u  +  z'w\>ul(u  +  uj6).  Then  Eq.(13)  reduces  to 

K  +  E  W*)P(S,  -  E  ^(s'>  UM  =  ^,30 ,  (14) 

s'  s' 

which  is  nothing  but  the  master  equation  for  the  trapping  diffusion  process.  As  we  discussed 
above,  jump  rate  {ius}  can  be  assumed  to  obey  the  power-law  distribution 


$(t%)  = 


{0<ws<wo) 

0 

0  (otherwise) 


(15) 
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where  p  is  a  parameter  of  the  model  which  represents  the  thermodynamic  state  of  the 
system.  In  fact,  from  a  comparison  of  the  waiting  time  distribution  we  found  [20] 

p  =  398[r,  -  reff]3,  (reff  <  r,).  (ie) 

Equation  (14)  can  not  be  solved  analytically  since  {u;s}  are  random.  We  employ  the  co¬ 
herent  medium  approximation  for  the  master  equation  [19].  Namely,  we  find  a  u-dependent 
coherent  jump  rate  wc(u)  by  the  condition 


wc  +  (ws  -wc)(l  -  u'Pm 


-$(ws)dws  =  0. 


Here,  Pnn  =  Pc(s0,u|s0),  and  the  coherent  Green  function  Pc( s,  u|s0)  satisfies  Eq.(14)  where 
all  ws  are  replaced  by  wc(u).  When  we  need  numerical  calculation  we  approximate  Pnn 
by  2 {u'  +  zwc  +  K(u'  -1-  2zwc)]lt2}~1 .  As  we  have  shown  already  [21],  there  exists  a  glass 
transition  at  p  —  0,  where  the  diffusion  constant  vanishes  below  p  =  0.  We  have  also  shown 
that  the  transition  at  p  =  0  can  be  understood  as  a  change  of  dynamics  from  Gaussian  to 
non-Gaussian  [21]. 

Dynamical  structure  factor  and  generalized  susceptibility 

The  self-part  of  the  dynamical  structure  factor  5s(q,w)  and  the  generalized  suscepti¬ 
bility  are  given  by 


;IRe[1  +  ^M]£c' 

7T  Wb  +  UU  g 


:iq(s-s0)  <  p^s  i 


Xs(q,w)  =  1  +  iw\\  +  —  q  ]  Yj  el9(s_So)  <  P( s,  -*w|s0)  >  ■  (19) 

wb  +  iu>  g 

Here  the  angular  brackets  <  •  •  •  >  denotes  an  ensemble  average  and  /?(q)  =  e*qUs 
is  assumed  to  be  real  and  independent  of  s.  In  the  coherent  medium  approximation  we 
approximate  the  ensemble  average  by 

<  P(s,it|s0)  >=  Pc(s,u|s0).  (20) 

In  order  to  obtain  the  frequency  dependence  of  Ss(q,u;)  and  hence  Xs(q,a;)  we  solved 
the  self-consistent  non-linear  equation  (17)  numerically.  The  broken  lines  in  Figs.  1-3 
show  the  frequency  dependence  of  Ss(q,u;),  x,(<l»w)  and  cr,  respectively.  The  Cole-Cole 
plot  for  the  present  model  is  shown  by  the  broken  curve  in  Fig.  4.  In  these  plot,  we  set 
p  —  0.2038,  which  corresponds  to  T  =  1.50  via  Eq.  (16),  b/a  =  0.14,  qaf 2x  =  5.88  and 
Wb/w0  =  20  to  get  the  best  fit.  The  agreement  is  excellent,  which  indicates  strongly  the 
validity  of  the  trapping  diffusion  model. 

Relaxation  time  for  the  a-process 

We  define  the  relaxation  time  tq  by 
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Fig.  5.  The  a-relaxation  time  ra  is  shown  as  a  function 
of  p.  The  solid  circles  are  obtained  from  the  trapping 
diffusion  model.  The  solid  curve  is  a  fit  to  the  data  by 
Eq.  (22)  and  the  dashed  curve  is  a  fit  for  p  >  1  by  a 
curve  in  proportion  to  D _1. 


where  a?max  is  the  frequency  at  which  x*(q,  <^)  takes  its  maximum.  We  show  by  the  solid 
circles  in  Fig.  5  the  p-dependence  of  ra  obtained  by  the  present  model.  It  is  interesting  to 
note  that  for  p  >  1  ra  is  closely  related  to  the  inverse  of  the  diffusion  constant  D  =  p/(p+l). 
In  fact  the  dashed  curve  in  Fig.  4  showing  374 (p  +  1  )/p  is  an  excellent  fit  of  ra  for  p  >  1. 
The  observed  relaxation  time  deviates  from  this  behavior  when  p  <  1.  We  can  fit  the  entire 
dependence  of  ra  on  p  by 


=  99  exp  [1.15 


p  +  2 

7T I 


(22) 


which  is  shown  by  the  solid  curve  in  Fig.  4.  Equation  (22)  indicates  that  p  =  —  1  appears 
as  the  Vogel-Fulcher  point  where  ra  diverges.  In  fact,  we  can  make  a  detailed  analysis  of 
the  self-consistent  equation  (17)  in  the  low  frequency  limit  and  it  is  straightforward  to  show 
that  for  -1  <  p  <  0  the  low  frequency  behavior  of  x"(<bw)  is  essentially  determined  by 
[1  -1-  (-zo;Ta)1+p]_1  which  is  identical  to  the  Cole-Cole  susceptibility.  The  relaxation  time 
ra  is  given  by 


TgW  Q 
27T 


=  (1  +  z) 


Cp  sin[7r(l  +  p)] 


1  i/(i+p) 


W q)  *(i  +  /0 


(23) 


where  C  is  a  constant  of  the  order  of  10  1  and 


<*(q)  =  z  -  J2  exp[iq(s  -  s0)].  (24) 

eN.NSof  so 

Since  the  quantity  in  [■  •  •]  in  Eq.  (23)  takes  a  finite  value  larger  than  unity  for  the  wave 
vectors  we  are  concerned  with,  the  relaxation  time  Ta  diverges  exponentially  at  p—  —1. 
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CONCLUSIONS 


In  this  paper,  we  first  showed  by  MD  simulation  for  the  binary  soft-sphere  mixtures 
that  (1)  the  a  peak  as  well  as  the  /?  peak  exists  in  the  generalized  susceptibility  x"(q,u>), 
(2)  the  a  relaxation  exists  for  temperatures  significantly  lower  than  the  kinetic  transition 
temperature  (lot  =  1.45)  and  the  mode  coupling  glass  transition  temperature  (Fc  =  1.32) 
[22],  and  (3)  the  ^-relaxation  is  essentially  a  Debye- type  relaxation. 

We  have  also  presented  the  trapping  diffusion  model  for  the  glass  transition  constructed 
on  the  basis  of  the  observation  for  the  mesoscopic  dynamics  in  supercooled  fluids.  We 
showed  that  ^-relaxation  observed  in  a  certain  time  window  is  due  to  the  jump  motion  and 
/^-relaxation  is  due  to  the  stray  motion.  We  also  showed  that  the  relaxation  time  for  the 
a-process  diverges  at  p  =  —  1  not  at  p  =  0  where  the  glass  transition  takes  place  in  line 
with  the  Vogel-Fulcher  behavior. 

We  can  understand  these  characteristic  temperatures  from  the  waiting  time  distribution 
(WTD)  of  the  jump  motion.  For  p  <  —1,  WTD  is  not  be  normalizable,  which  means  that 
atoms  cannot  make  any  jump  forever.  For  —  1  <  p  <  0,  the  mean  waiting  time  diverges  and 
the  system  is  in  an  anomalous  diffusion  regime,  where  the  dynamics  becomes  non-Gaussian 
and  the  Kohlrausch-William- Watts  (KWW)  relaxation  is  expected  in  the  long  time  limit. 
When  0  <  p  <  1,  the  fluctuation  of  waiting  time  diverges  and  the  dynamics  is  in  a  sub- 
anomalous  regime,  where  the  KWW  relaxation  is  expected  in  the  finite  time  domain  though 
the  dynamics  is  Gaussian.  As  we  have  already  shown  elsewhere  [19],  we  expect  to  see  the 
glass  transition  at  p  =  0  and  a  kinetic  transition  at  p  =  1.  We  can  also  give  a  heuristic 
model  which  shows  that  p  =  —  1  corresponds  to  the  Kauzmann  temperature  [23].  The 
trapping  diffusion  model  thus  provides  an  excellent  phenomenological  description  of  slow 
dynamics  and  gives  a  unified  understanding  of  the  singularities  observed  in  supercooled 
fluids  around  the  glass  transition  point. 

Finally,  we  would  like  to  mention  to  the  mode  coupling  model  of  the  glass  transition. 
According  to  the  mode  coupling  theory(MCT)  [24],  a  supercooled  liquid  undergoes  struc¬ 
tural  arrest  at  a  certain  temperature  above  the  observed  glass  transition  point.  In  this 
approach,  this  structural  arrest  or  an  ergodic-nonergodic  transition  is  considered  as  the 
ideal  glass  transition,  and  the  Vogel-Fulcher  and  glass  transition  points  are  considered  to 
be  artifacts  of  the  data  analysis.  Although  some  experiments  [6,10]  seem  to  be  well  ex¬ 
plained  by  MCT,  some  predictions  of  MCT  have  been  shown  to  contradict  to  experiments 
or  MD  simulations.  For  example,  the  KWW  exponent  /3  is  shown  not  to  be  constant  as 
a  function  of  temperature  [25],  in  contrast  to  the  prediction  of  the  mode  coupling  theory. 
Furthermore,  recent  extensive  analysis  of  experiments  revealed  that  the  hopping  motion 
plays  a  significant  role  in  determining  the  relaxations  [26].  Therefore  the  description  of 
atomic  dynamics  based  on  the  localized  picture  seems  to  be  important  to  understand  the 
slow  dynamics  and  the  glass  transition,  which  is  effectively  provided  by  TDM. 
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ABSTRACT 

We  discuss  some  recent  experimental  results  on  the  non-stationary  dynamics  of  spin- 
glasses,  which  serves  as  an  excellent  laboratory  for  other  complex  systems.  Inspired  from 
Parisi’s  mean-field  solution,  we  propose  that  the  dynamics  of  these  systems  can  be  though  of 
as  a  random  walk  in  phase  space,  between  traps  characterized  by  trapping  time  distribution 
decaying  as  a  power  law.  The  average  exploration  time  diverges  in  the  spin-glass  phase, 
naturally  leading  to  time-dependent  dynamics  with  a  charateristic  time  scale  fixed  by  the 
observation  time  tw  itself  (aging).  By  the  same  token,  we  find  that  the  correlation  function 
(or  the  magnetization)  decays  as  a  stretched  exponential  at  small  times  t  <  tw  crossing 
over  to  power-law  decay  at  large  times  t  >  tw.  Finally,  we  discuss  recent  speculations  on 
the  relevance  of  these  concepts  to  real  glasses,  where  quenched  disorder  is  a  prion  absent. 

Keywords:  Aging,  slow  dynamics,  spin-glasses,  glasses. 

One  of  the  most  striking  features  of  glassy  dynamics  is  the  aging  phenomenon  [1,2],  that 

is,  the  fact  that  most  physical  properties  strongly  depend  on  the  history  of  the  sample, 

in  particular  the  time  tw  elapsed  since  the  quench  from  high  temperature  into  the  glass 

phase.  For  example,  the  a.c.  susceptibility  of  a  spin-glass  at  a  frequency  u  decays  towards 

its  equilibrium  value  as  where  x  is  an  exponent  less  than  1.  In  fact,  the  full  the 

response  function  R(M')  does  not  depend  on  the  difference  t  -  t',  as  in  usual  equilibrium 

dynamics,  but  rather  on  the  ratio  £.  Since  the  equilibration  time  is  infinite,  the  only 

relevant  time  scale  can  only  be  the  experimental  time  itself.  In  this  sense,  time  translation 
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invariance  is  broken.  Similar  effects  were  observed  in  other  contexts,  such  as  the  mechanical 
or  dielectric  properties  of  various  glasses  [2]. 

The  theoretical  investigation  of  this  peculiar  type  of  dynamics  is  only  quite  recent, 
but  extremely  active  [3].  An  immediate  formal  difficulty  is  that  the  usual  time  Fourier 
transform  is  useless  and  one  must  keep  two-time  functions  all  along.  Furthermore,  the 
fluctuation-dissipation  theorem  is  no  longer  valid,  and  some  interesting  suggestions  for  a 
generalised  form  of  this  theorem  have  been  discussed  [3].  Several  phenomenological  descrip¬ 
tion  have  been  suggested,  based  in  particular  on  the  idea  of  ‘coarsening’  of  domains  [4,5]. 
A  simple  picture,  based  on  mean-field  solutions  of  the  spin-glass  problem,  was  proposed  in 
[6].  A  remarkable  result  found  within  these  mean-field  theories  [7]  is  that  the  (free-)energy 
distribution  of  the  low-lying  states  is  exponential: 

P{*)  =  j;  exp[-^r],  e  <  0  (1) 

with  a  certain  number  x  which  happens  to  be  <  1  in  the  whole  spin-glass  phase.  For  ex¬ 
ample,  x  =  f-  in  the  Random  Energy  Model,  where  Tg  is  the  glass  transition  temperature. 

Now  it  is  reasonable  to  assume  that  the  energy  barrier  A  that  the  system  will  have  to 
cross  in  order  to  leave  a  particular  metastable  state  is  related  to  e;  the  simplest  possibility 
is  that  A  =  —  e.  The  time  spent  in  a  certain  metastable  state  is  thus  given  by  r  = 
t0  exp[^].  An  ‘exponential  conspiracy’  then  comes  into  play  and  transforms  the  exponential 
distribution  (1)  into  a  power-law  distribution  P(t)  oc  for  these  ‘trapping’  times,  where 
the  traps  should  be  thought  of  as  deep  valleys  in  phase  space. 

The  key  point  to  notice  is  that  the  probability  to  observe  the  system  in  a  given  trap  is 
not  simply  P(t)  since  it  is  a  priori  more  probable  to  find  the  system  in  a  state  in  which  it 
remains  for  a  long  time.  The  naive  guess  is  that  the  probability  to  observe  the  system  in 
a  given  trap  is  V{r,tw)  oc  7\P(t).  However,  when  the  index  x  is  less  than  1,  the  integral 
f™  dr  tP(t)  diverges,  and  V  would  not  be  normalizable  ! 

The  regularization  comes  from  the  experimental  time  scale  tw  itself  :  as  usual  for 
broadly  distributed  events  [8],  the  sum  of  the  N  successive  trapping  times  is  of  the  order 
of  the  largest  (rarest)  one  encountered,  itself  being  of  order  tw.  More  precisely,  one  can 
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show  that: 


P(r,t„)  =  ^Vs(f)  for  x>l  (2-«) 

T  Itv 

V(T,tw)=t-^-g(^-)  for  x<  1  (2-6) 

T  lu> 

where  g(u)  is  a  certain  cut-off  function.  Note  that  for  x  <  1,  the  microscopic  time  t0  totally 
disappears  from  V(r,K)  :  <„  is  the  only  relevant  timescale  for  the  dynamics,  as  observed 
experimentally.  Furthermore,  the  relaxation  function  is  expected  (from  Eq.  (2-b))  to  decay 
as  1  _  (J-)i-*  for  t  <  tm  corresponding  to  the  relaxation  of  ‘fast’  traps  r  <t,  and  as  (-f ) 
for  t  >  tw,  corresponding  to  the  fraction  of  very  ‘deep’  traps  still  surviving  after  time  t. 
Such  a  behaviour  is  indeed  observed  in  many  glassy  systems:  the  initial  decay  1  —  (7^) 
is  better  known  as  a  stretched  exponential  exp-^)1-*. 

A  somewhat  more  refined  version  of  this  simple  picture,  inspired  by  Parisi’s  hierarchical 
‘replica  symmetry  broken’  solution  of  the  SI<  model  [7],  is  needed  to  account  for  the  data  in 
a  quantitative  manner  [9].  In  particular,  the  (wt*,)*-'  behaviour  of  the  a.c.  susceptibility 
mentioned  above  is  obtained.  More  subtle  aspects,  such  as  temperature  cycling  experi¬ 
ments,  revealing  spectacular  memory  effects  (10),  or  the  ‘second  noise  spectrum’  measured 
by  Weissmann  et  al.  [11]  can  also  be  accounted  for  very  naturally  within  this  framework 

[»]■ 

The  basic  remark  of  Fisher,  Huse,  Koper  and  Hilhorst  [4]  that  the  flipping  spins  are 
clustered  somewhere  in  space  and  that  the  time  scales  should  grow  with  the  size  of  these 
clusters  seems  however  unavoidable.  How  can  this  be  reconciled  with  the  above  picture  and 
‘replica  symmetry  breaking’  ?  Of  course,  a  proper  replica  (or  dynamical)  theory  in  finite 
dimension  is  needed  to  answer  completely  this  question.  Such  a  theory  is  not  yet  available 
for  spin  glasses,  but  has  been  worked  out  for  the  simpler  problems  of  manifolds  in  random 
media  [12]  (i.e.  polymers,  surfaces,  vortex  lattices,  etc..).  One  basically  finds  that  the  order 
parameter  function  q(x)  becomes  L  (scale)  dependent,  with  a  characteristic  value  of  x(L) 
varying  as  XT*:  small  scales  correspond  to  large  x.  From  Eq.  (1)  and  the  interpretation 
of  x(L),  one  thus  sees  that  the  energy  distribution  for  the  excitations  (‘droplets’)  of  scale 
L  has  the  form: 

(3) 
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showing,  as  postulated  by  Fisher  and  Huse,  that  the  energy  scale  grows  as  Le.  At  this 
stage,  an  important  difference  with  Fisher  and  Huse  is  the  exponential  form  of  the  distri¬ 
bution.  Interestingly,  Eq.  (3)  means,  within  our  interpretation,  that  there  is  a  spin-glass 
transition  temperature  Tg(L)  associated  with  each  scale,  defined  through  x{L,Tg{L))  —  1. 
The  infinite  sequence  of  micro-phase  transitions  suggested  in  [1,10]  thus  corresponds  to  a 
progressive  ‘weak  ergodicity  breaking’  (in  the  sense  that  x(L)  crosses  1)  of  smaller  and 
smaller  length  scales  (faster  and  faster  degrees  of  freedom). 

The  idea  has  recently  emerged  [14,13]  that  a  ‘true’  glass  is  a  system  in  which  disorder 
in  ‘self-induced’  -  and  is  thus  is  some  sense  rather  close  to  other  ‘quenched’  disordered 
systems,  such  as  spin  glasses.  A  natural  idea  is  that  the  glass  transition  is  defined  by 
the  temperature  at  which  the  relaxation  time  spectrum  loses  its  first  moment,  and  is 
thus  essentially  dynamical.  Exactly  this  scenario  seems  to  underlie  the  glass  transition  in 
hard  sphere  systems  [15]:  the  trapping  time  distribution  for  a  ‘tagged’  particle  within  the 
cage  formed  by  its  neighbours  decays  as  r-1_a?  with  x  crossing  1  at  the  glass  transition* 

.  This  suggests,  as  noticed  in  [15],  that  the  motion  of  a  tagged  particle  is  subdiffusive 
[8]  ( R2(t )  oc  tx )  in  the  glass  phase,  but  more  importantly  that  aging  effects  should  be 
present,  in  particular  in  the  dynamical  structure  factor.  To  the  best  of  our  knowledge  this 
has  not  been  reported;  the  experimental  procedure  is  however  not  straightforward  since 
one  cannot  average  over  sequences  corresponding  to  different  waiting  times,  as  is  usually 
done  since  one  implicitely  assumes  time  translation  invariance.  Furthermore,  the  long  time 
‘interrupted  aging’  regime  [6]  should  be  avoided. 


‘Note  that  the  persistence  of  a  power-law  distribution  of  relaxation  times  above  the  glass  tem¬ 
perature  and  thus  with  x  >  1  has  also  been  reported  in  dipolar  glasses  (see  [16]) 
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In  summary,  we  have  proposed  a  simple  model  in  which  aging  occurs  because  of  the  very 
broad  nature  of  the  relaxation  time  distribution.  Correspondingly,  the  ‘equilibrium’  state 
is  non-normalizable  and  thus  equilibrium  is  never  fully  achieved  :  only  a  time  dependent, 
partial  equilibrium  is  reached.  f  This  is  what  we  have  called  ‘weak  ergodicity  breaking’  [6]. 
It  would  be  interesting  to  perform  careful  experiments  to  detect  these  aging  effects  in  the 
dynamical  structure  factor  of  glass  forming  liquids.  It  also  suggests  that  the  mode  coupling 
theory  developed  to  describe  the  glass  transition  should  not  be  formulated  a  priori  in  a 
time  translational  invariant  way. 

Acknowledgments  I  wish  to  thank  many  people  for  sharing  with  me  their  insights  on 
the  aging  problem,  in  particular  L.  Cugliandolo,  D.  S.  Dean,  S.  Franz,  J.  Hammann,  J. 
Kurchan,  M.  Mezard,  H.  Rieger,  M.  Ocio  and  E.  Vincent. 


REFERENCES 

[1]  for  a  review,  see:  E.  Vincent,  J.  Hammann,  M.  Ocio,  p.  207  in  ” Recent  Progress  in 
Random  Magnets”,  D.H.  Ryan  Editor,  (World  Scientific  Pub.  Co.  Pte.  Ltd,  Singapore 
1992) 

[2]  L.C.E.  Struick,  “Physical  Aging  in  Amorphous  Polymers  and  Other  Materials”  (Else¬ 
vier,  Houston,  1978) 

[3]  L.  Cugliandolo,  J.  Kurchan,  Phys.  Rev.  Lett.  71  173  (1993),  S.  Franz,  M.  Mezard, 
Europhys.  Lett.  26  209  (1994),  Physica  A209  1  (1994),  L.  Cugliandolo,  J.  Kurchan, 
J.  Phys.  A  27  5749  (1994),  H.  Rieger,  preprint  (cond-mat,  October  94) 

[4]  D.S  Fisher,  D.A.  Huse  ,  Phys.  Rev.  Lett  56, 1601  (1986),  Phys.  Rev.  B  38,  373  (1988), 
G.J.  Koper,  H.J.  Hilhorst,  J.  Physique  (France)  49  429  (1988) 


Another  interesting  example  where  this  mechanism  operates  is  in  a  particular  ‘subrecoil  laser 
cooling’  scheme  [17] 


351 


[5]  A.  J.  Bray,  Theory  of  phase  ordering  kinetics ,  to  appear  in  Adv.  Physics  (1994) 

[6]  a-  J.P.  Bouchaud,  J.  Physique  I  (France)  2, 1705  (1992)  ,  b-  J.P.  Bouchaud,  E.  Vincent, 
J.  Hammann,  J.  Physique  I  (France)  4,  139  (1994) 

[7]  M.  Mezard,  G.  Parisi,  M.A.  Virasoro,  “Spin  Glass  Theory  and  Beyond”,  (World  Sci¬ 
entific,  Singapore  1987),  B.  Derrida,  Phys.  Rev.  B  24,  2613  (1981),  D.J.  Gross,  M. 
Mezard,  Nucl.  Phys.  B240  431  (1984). 

[8]  J.P.  Bouchaud,  A.  Georges,  Phys.  Rep.  195  127  (1990) 

[9]  J.P.  Bouchaud,  D.S.  Dean,  ‘Aging  on  Parisi’s  tree’,  submitted  to  J.  Physique  I 

[10]  J.  Hammann,  M.  Lederman,  M.  Ocio,  R.  Orbach,  E.  Vincent,  Physica  A  185,  278 
(1992),  F.  Lefloch,  J.  Hammann,  M.  Ocio,  E.  Vincent,  Europhys.  Lett  18,  647  (1992) 

[11]  G.  B.  Alers,  M.  B.  Weissmann,  N.E.  Isrealoff,  Phys.  Rev.  B  46,  507  (1992),  M.  B. 
Weissmann,  N.E.  Isrealoff,  G.  B.  Alers,  Journal  of  Magn.  Magn.  Mat.  114,  87  (1992), 
and  M.  B.  Weissmann,  Rev.  Mod.  Phys.,  July  1993. 

[12]  M.  Mezard,  G.  Parisi,  J.  Physique  I  1  809  (1991),  J.P.  Bouchaud,  M.  Mezard,  J. 
Yedidia,  Phys.  Rev  B  46  14  686  (1992) 

[13]  J.P.  Bouchaud,  M.  Mezard  J.  Phys.  I  France  4  1109  (1994),  E.  Marinari,  G.Parisi, 

F. Ritort,  Replica  Field  Theory  for  Deterministic  Models:  Binary  Sequences  with  Low 
Autocorrelation  I  and  II  preprint  cond-mat/9406074,  L.  F.  Cugliandolo,  J.  Kurchan, 

G. Parisi,  F.Ritort,  Matrix  Models  as  solvable  Glass  Models  to  appear  in  Phys.  Rev. 
Lett.,  S.  Franz,  J.  Hertz,  Glassy  transition  and  aging  in  a  model  without  disorder 
preprint  cond-mat/9408075,  T.  Blum,  J.  Doherty,  M.A.  Moore,  J.P.  Bouchaud,  P. 
Claudin,  Glassy  solutions  of  the  I(PZ  equation,  submitted  to  Phys.  Rev.  Lett. 

[14]  T.  Kirkpatrick,  D.  Thirumalai,  J.  Phys.  A  22  L149  (1989) 

[15]  T.  Odagaki,  J.  Matsui,  Y.  Hiwatari,  Physica  A  204  464  (1994). 


352 


[16]  P.  Doussineau,  Y.  Farssi,  C.  Frenois,  A.  Levelut,  J.  Toulouse,  S.  Ziolkiewicz,  J.  Phys. 
I  (France)  4  1217  (1994).  The  dielectric  properties  of  Ki-yLiyTaOs  in  the  high  tem¬ 
perature  phase  are  well  described  by  an  power  law  distribution  of  relaxation  time  with 
x  ~  X-  >  1. 

i9 

[17]  F.  Bardou,  J.P.  Bouchaud,  0.  Emile,  A.  Aspect,  C.  Cohen-Tannouji,  Phys.  Rev.  Lett 
72  203  (1994) 


353 


SLOW  RELAXATION  IN  POLYMERIC  GLASSES  BY  TWO-DIMENSIONAL  NMR 


ALAN  A.  JONES,  P.  T.  INGLEFIELD,  Y.  H.  CHIN  AND  C.  ZHANG 

Carlson  School  of  Chemistry,  Clark  University,  Worcester,  Ma.  01610 


Introduction 


A  variety  of  relaxation  and  recovery  experiments  on  polymeric  glasses 
indicate  a  complex  response  in  either  the  time  or  frequency  domaini.  The 
behavior  is  far  from  that  seen  in  simple  liquids  where  relaxation  can  be 
characterized  in  terms  of  exponential  decay  and  a  single  time  constant  or 
rate.  A  variety  of  more  complicated  mathematical  functions  have  been 
employed  in  an  attempt  to  match  the  observed  relaxation  behavior  of 
polymeric  glasses'!.  One  of  the  more  successful  mathematical  forms  is  the 
stretched  exponential  correlations  function  which  can  be  used  to 
characterize  experimental  observations  obtained  from  mechanical, 
dielectric,  thermodynamic  and  spectroscopic  investigations3. 

The  experimental  results  can  be  thought  of  in  terms  of  a  distribution 
of  exponential  correlation  times  and  indeed  a  mathematical  form  can  be 
given  for  the  distribution  of  exponential  correlation  times  corresponding 
to  the  stretched  exponential  function  or  other  functions  which  are  used  to 
interpret  experimental  results.  If  one  thinks  in 

terms  of  such  a  distribution,  the  time  scales  can  be  divided  into  faster 
and  slower  components4.  This  can  be  done  if  there  is  a  characteristic  time 
scale  of  the  experiment  which  allows  for  a  discussion  of  “slow 
relaxation”  though  slow  relaxation  can  also  be  viewed  in  another  context, 
aging.  If  a  glass  near  the  apparent  glass  transition  is  shifted  to  a  new 
temperature  system,  volume  changes.  There  may  be  very  rapid  volume 
fluctuations  but  there  will  also  be  a  slow  evolution  of  volume  towards  a 
final  state  which  is  often  discussed  as  the  process  of  aging. 

NMR  spectroscopy  has  contributed  significantly  to  the  development  of 
an  understanding  of  relaxation  in  glasses  over  the  past  decade.  NMR  is 
most  sensitive  to  local  magnetic  interactions  over  a  distance  scale  of 
Angstroms  or  nanometers  and  is  particularly  useful  in  monitoring 
reorientation  in  glasses  over  this  distance  scale.  The  NMR  experiment  is 
usually  performed  under  a  steady  state  condition  where  the  dynamics  of 
the  glass  is  not  expected  to  be  evolving  though  it  is  always  questionable 
whether  this  is  actually  achieved.  In  addition,  there  is  no  perturbation  of 
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the  glass  from  a  steady  state  in  an  NMR  experiment.  The  nuclear  spin 
system  is  only  weakly  coupled  to  the  glass  and  can  serve  as  a  probe  which 
does  not  perturb  the  system.  In  the  case  of  a  typical  mechanical  or 
thermodynamic  experiment,  the  macroscopic  system  may  be  perturbed. 
Thus  in  the  NMR  experiment  the  molecular  reorientation  can  be  studied 
which  takes  place  in  the  glass  at  a  given  temperature  as  a  result  of 
thermal  energy  associated  with  that  temperature. 


Heterogeneous  Relaxation 


One  key  result  of  carbon-13  and  deuterium  NMR  experiments  on 
glasses  in  the  last  fifteen  years  is  to  clearly  demonstrate  that  the 
complex  time  response  of  a  glass  is  heterogeneous5-7.  This  means  that 
over  the  time  scale  of  measurement,  say  one  second,  the  reorientational 
motion  which  might  have  an  average  time  scale  of  milliseconds  also  has  a 
distribution  of  time  scales  extending  over  a  few  decades.  The  distribution 
is  primarily  associated  with  different  spatial  locations  in  the  glassy 
sample  having  different  time  scales  of  relaxation.  The  different  time 
scales  at  the  various  locations  in  the  sample  are  not  interchanged  during 
the  overall  time  scale  of  the  experiment,  one  second  in  the  example 
chosen.  Thus  NMR  sees  different  reorientational  time  scales  in  different 
spatial  regions  of  the  glass  and  during  the  time  scale  of  the  experiment 
the  time  scale  of  motion  in  a  particular  region  doesn’t  change. 

In  carbon-13  NMR  heterogeneous  relaxation  manifests  itself  as  a  non¬ 
exponential  relaxation  time  in  a  Tip  experiments  and  as  a  superposition  of 
broad  and  narrow  lines  in  carbon-13  and  deuterium  line  shape 
experiments7.  If  molecular  reorientation  were  homogeneous,  that  is,  the 
same  at  all  spatial  locations  in  the  sample,  but  characterized  by  a 
nonexponential  correlation  function,  exponential  decay  would  be  seen  in 
the  spin  relaxation  experiments  and  the  line  shape  would  be  a  single  line 
shape  not  a  superposition  of  line  shapes. 

The  experimental  manifestation  of  heterogeneous  relaxation  can  be 
changed  by  a  shift  in  temperature  so  that  rapid  spatial  exchange  of  time 
constants  occurs  during  the  time  scale  of  the  experiment.  Thus  the  same 
measurement  of  a  carbon-13  Tip  at  a  higher  temperature  will  appear 
exponential.  There  will  also  be  an  intermediate  regime  where  the 
relaxation  is  only  partially  averaged  over  spatial  locations. 

The  interpretation  of  these  NMR  relaxation  experiments  in  terms  of 
the  stretched  exponential  is  complicated  by  the  degree  to  which  the 
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spatial  inhomogeneity  of  relaxation  affects  the  data.  In  one  of  the  more 
conceptually  useful  derivations  of  the  stretched  exponentially,  diffusing 
defects  are  imagined  to  pass  over  a  distribution  of  energy  barriers  leading 
to  relaxation  which  displays  stretched  exponential  behavior8-i°.  In  a 
polymeric  glass  the  defect  could  either  be  an  intramolecular  conformation 
in  the  chain  backbone  or  an  intermolecular  high  free  volume  region.  Either 
of  these  defects  could  be  imagined  to  diffuse  through  the  glass  leading  to 
relaxation.  If  the  time  scale  of  the  experiment  is  long  so  that  these 
defects  relax  all  regions,  then  the  connection  between  this  derivation  and 
the  observed  relaxation  would  seem  to  be  valid. 

In  an  NMR  experiment  where  inhomogeneous  relaxation  is  observed, 
local  regions  are  observed  to  relax  at  different  rates.  In  a  defect  region 
could  be  identified  with  fast  relaxation  and  a  non-defect  regions  with 
slow  relaxation.  However  during  the  course  of  the  NMR  experiment  there  is 
at  least  some  prospect  of  exchange  of  fast  relaxing  and  slow  relaxing 
regions.  This  has  been  clearly  identified  in  a  multidimensional  NMR 
experiment^  where  a  slowly  relaxing  region  eventually  evolved  into 
faster  relaxing  regions.  In  a  two-dimensional  NMR  experiment  there  are 
two  axes  labeled  by  frequency  which  corresponds  to  orientation.  One  axis 
is  the  orientation  at  an  arbitrary  time  zero  and  the  second  axis  is  the 
orientation  at  specific  time,t,  later.  In  this  experiment  a  wide  variety  of 
reorientational  correlation  times  are  required  to  simulate  the  observed 
pattern  including  fast  relaxing  and  slow  relaxing  components.  In  a  three 
dimensional  experiment,  the  slow  relaxing  components  were  monitored  to 
see  if  they  remained  slow.  On  a  time  scale  corresponding  to  the  longer 
correlation  times  of  the  distribution  of  correlation  times  some  of  the 
slowly  relaxing  components  became  fast  relaxing.  Conceptually  this  is 
consistent  with  the  idea  of  fast  relaxing  defects  moving  through  the  glass 
but  a  quantitative  interpretation  of  relaxation  in  a  particular  experiment 
will  be  some  mix  of  homogeneous  and  inhomogeneous  relaxation.  The  mix 
will  change  with  the  time  scale  of  the  experiment  and  with  temperature, 
but  whatever  the  mix  the  stretched  exponential  correlation  function  can 
be  used  to  fit  the  relaxation  data.  In  so  much  as  the  relaxation  is 
inhomogeneous  or  a  mix  between  inhomogeneous,  the  derivation  from  a 
picture  of  defect  diffusion  is  inappropriate  for  application  to  this 
experiment  and  this  system. 

The  exchange  of  fast  relaxing  and  slow  relaxing  regions  seems  to  take 
place  at  the  slow  end  of  the  general  distribution  of  relaxation  times.  Thus 
a  given  NMR  experiment  is  sensitive  to  both  fast  and  slow  processes  and 
the  processes  are  intertwined.  Trying  to  separate  slow  relaxation  from 
fast  relaxation  in  an  NMR  experiment  seems  likely  to  be  arbitrary  and 
artificial.  However,  various  aspects  of  the  fast  and  slow  relaxation 
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regions  can  be  measured  and  changes  in  the  composition  of  the  glass  can 
be  used  to  introduce  either  fast  or  slowly  relaxing  regions. 


Size  of  Defects  or  Fast  Relaxing  Regions 


In  a  particular  glassy  polycarbonate  just  below  the  glass  transition 
temperature,  the  proton  line  shape  is  simple  and  consists  of  a  broadened 
Pake  doublet^.  As  the  glass  transition  region  is  traversed,  the  line  shape 
changes  to  a  composite  line  consisting  of  the  broadened  Pake  plus  a 
narrow  Lorentzian  line  shape.  The  narrow  line  shape  is  associated  with 
high  mobility  and  the  fraction  of  polymer  with  high  mobility  represented 
by  the  narrow  component  follows  the  Vogel-Tamman-Fulcher  relationship 
as  temperature  is  raised. 

The  size  of  the  high  mobility  regions  can  be  measured  using  the  proton 
line  shape  and  monitoring  proton  spin  diffusion  from  the  mobile  region  to 
the  less  mobile  region^.  At  30  degrees  above  the  glass  transition 
temperature,  the  mobile  region  has  a  radius  of  30  Angstroms  and 
comprises  about  12  per  cent  of  the  glass.  As  temperature  is  increased,  the 
size  of  the  mobile  region  grows.  If  one  extrapolates  to  the  glass 
transition  temperature,  the  radius  of  the  high  mobility  region  is 
approximately  10  Angstroms  and  comprises  only  about  1  percent  of  the 
glass.  A  region  of  this  size  contains  only  a  small  fraction  of  the  polymer 
chain  and  indeed  is  close  to  the  dimensions  of  the  repeat  unit.  Thus  it 
would  seem  that  the  mobile  regions  could  be  considered  defects  at 
temperatures  near  the  glass  transition  and  the  defect  corresponds  to  a 
few  mobile  repeat  units.  The  question  of  whether  these  repeat  units 
belong  to  one  chain  or  involve  several  chains  remains  open;  or  stated  in 
another  fashion,  whether  these  defects  are  intramolecular  or 
intermolecular  in  nature. 


Multicomponent  Glasses 


One  approach  available  to  study  localized  mobile  regions  in  a  glass  is 
to  modify  the  chemical  constituents  of  the  glass.  The  systems  discussed 
thus  far  have  been  polymeric  glasses  consisting  of  high  molecular  weight 
polymers  composed  of  identical  repeat  units.  NMR  has  been  used  to  study 
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two  types  of  chemical  modifications  of  this  basic  system:  first  mixed 
glasses  of  a  high  molecular  weight  polymer  plus  a  low  molecular  weight 
diluent  and  secondly  mixed  glasses  consisting  of  two  miscible  high 
molecular  weight  polymers. 

The  addition  of  a  low  molecular  weight  compound  with  an  intrinsically 
low  glass  transition  temperature  to  a  polymeric  glass  of  higher  glass 
transition  temperature  might  viewed  as  a  method  for  increasing  the 
number  of  mobile  defects  in  a  polymer  glass.  Such  systems  are  of 
significant  practical  interest  since  many  technological  applications  of 
polymeric  glasses  involve  the  addition  of  low  molecular  weight 
compounds  and  these  are  also  ideal  systems  for  study  by  NMR  since  the 
diluent  and  the  polymer  can  frequently  be  distinguished  spectroscopically 
allowing  for  independent  monitoring  of  the  mobility  of  each  component. 

Typical  bulk  properties  of  polymer/diluent  systems  can  be  briefly 
summarized  by  introducing  some  polymer  science  nomenclature  for  these 
systems.  The  glass  transition  of  such  mixed  glasses  is  lowered  relative  to 
the  pure  polymer  but  the  modulus  of  the  system  can  either  be  lower  or 
higher  which  is  referred  to  as  plasticized  or  antiplasticized 
respectivelyi4-is.  The  lowering  of  the  glass  transition  by  the  addition  of  a 
low  molecular  weight,  low  glass  transition  temperature  compound  seems 
intuitively  reasonable.  However,  the  possibility  of  either  increasing  or 
decreasing  the  modulus  is  more  difficult  to  rationalize.  A  higher  modulus 
or  antiplasticized  system  would  generally  be  associated  with  a  more 
rigid,  less  mobile  system  which  is  difficult  to  mesh  with  the  addition  of  a 
low  glass  transition  temperature  component.  However  the  increase  in 
modulus  in  an  antiplasticized  system  is  associated  with  a  reduction  of 
sub-glass  transition  motions  not  a  reduction  in  glass  transition  motions. 
Thus  in  an  antiplasticized  glass,  glass  transition  motions  are  enhanced 
and  sub-glass  transition  motions  are  suppressed.  In  a  plasticized  glass 
both  types  of  motions  are  enhanced.  As  we  shall  see  these  generalizations 
are  not  so  easily  applied  as  concentrations,  temperatures  and  frequencies 
of  observation  are  varied. 

The  dynamics  and  structure  of  one  type  of  polymer  diluent  systems 
has  been  studied  in  detail  by  NMR  with  considerable  mechanical  and 
thermal  characterization  information  available  as  wellis-is.  The  system 
consists  of  polycarbonate  (BPA-PC)  as  the  polymeric  host  and  trioctyl 
phosphate  (TOP)  as  the  diluent.  The  systems  are  optically  clear  and 
homogeneous  down  to  the  level  of  molecular  dimensions.  The  thermal 
glass  transition  temperature  of  the  polymeric  host  is  160°C  while  that  of 
the  diluent  is  -134oC.  As  the  content  of  the  TOP  in  the  mixed  glass  is 
raised  the  thermal  glass  transition  temperature  is  lowered  so  that  by  the 
time  a  concentration  of  15  weight  percent  TOP  is  reached  the  transition 
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temperature  is  74°C.  The  glass  transition  in  the  polymer  or  in  the  pure 
diluent  is  associated  with  the  onset  of  rotational  mobility.  In  the  mixed 
glasses,  the  rotational  dynamics  of  the  TOP  was  determined  from  the 
solid  state  phosphorous-31  line  shape.  At  temperatures  as  low  as  50o 
below  the  thermal  glass  transition  temperature,  the  presence  of  rapidly 
rotating  TOP  was  observedi6-i7.  However  the  rotational  mobility  of  the 
diluent  was  bimodal  with  both  rapidly  rotating  and  rotationally  restricted 
molecules  present.  The  rotationally  restricted  molecules  were  actually 
only  observed  to  execute  rotation  over  a  limited  solid  angle.  The  ratio  of 
rapidly  rotating  to  restricted  molecules  was  both  temperature  and 
concentration  dependent  with  the  presence  of  molecules  with  restricted 
rotational  character  persisting  until  the  thermal  glass  transition 
temperature  is  reached. 

The  concentration  dependence  of  the  ratio  of  mobile  to  less  mobile 
molecules  was  explained  by  a  lattice  model  and  nearest  neighbor 
contactsis-17.  Diluent  molecules  in  contact  with  other  diluent  molecules 
had  considerable  rotational  freedom  below  the  glass  transition  while 
those  surrounded  by  polymer  did  not  achieve  rotational  mobility  until  the 
thermal  glass  transition  temperature.  The  size  of  the  mobile  diluent 
regionsis  was  measured  by  a  proton  spin  diffusion  experiment  which 
confirmed  that  rotational  freedom  existed  over  a  domain  of  about  10  to  15 
Angstroms  and  contained  only  a  couple  of  diluent  molecules  in  agreement 
with  the  lattice  explanation. 

It  would  appear  that  in  one  sense,  the  introduction  of  mobile  diluent 
molecules  distributes  mobile  defects  throughout  the  glass.  These  defects 
do  introduce  mobility  into  the  immediately  adjacent  polymer  units'! 7-18 
but  these  defects  do  not  diffuse  or  redistribute  themselves  on  the  time 
scale  of  the  distribution  of  reorientational  relaxation  times  as  was 
observed  at  the  glass  transition  in  pure  polymer'll.  Thus  these  defects 
appear  to  have  there  own  glass  transition  which  is  defined  as  the  onset  of 
rotational  mobility  for  the  purposes  of  this  discussion.  The  rotational 
mobility  of  the  defects  is  not  fully  coupled  to  the  remaining  polymeric 
glass  so  that  the  rotational  mobility  of  the  latter  component  occurs  at  a 
significantly  higher  temperature.  The  remaining  polymeric  glass  does 
contain  isolated  diluent  molecules  and  does  have  a  lower  glass  transition 
than  pure  polymer.  Thus  the  isolated  diluent  molecules  change  the  nature 
of  the  dynamics  of  the  glass  transition  but  do  not  exist  as  highly  mobile 
defects  with  a  well  separated  rate  of  rotational  motion.  The  diluent 
molecules  in  contact  with  other  diluent  molecules  do  behave  as  mobile 
defects  with  a  rotational  mobility  a  least  partially  independent  of  the 
surrounding  glass.  The  behavior  of  the  bulk  mixed  glass  material  shows 
only  one  thermal  glass  transition  temperature  in  a  conventional 
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differential  scanning  calorimetry  experiment  but  two  mechanical  loss 
peaks  can  be  observed  for  these  systems^.  A  lower  temperature  loss 
associated  with  mobility  of  the  diluent-diluent  contacts  is  quite  distinct 
from  the  loss  associated  with  the  onset  of  rotational  mobility  of  the 
polymer. 

The  glass  transition  has  been  studied  in  a  second  class  of  mixed 
polymeric  glasses,  polymer  blends.  The  same  polycarbonate  originally 
employed  in  the  proton  line  shape  study  which  indicated  the  presence  of 
heterogeneous  relaxation  through  composite  line  shape  consisting  of  broad 
and  narrow  components  can  be  blended  with  poly(methyl  methacrylate) 
(PMMA)i9.  The  PMMA  has  a  glass  transition  temperature  which  is  about 
fifty  degrees  lower  than  the  polycarbonate  and  the  blend  shows  only  a 
single  thermal  and  mechanical  transition.  The  mobility  of  the 
polycarbonate  in  the  blend  can  be  monitored  independently  from  the  PMMA 
if  deuterated  PMMA  is  blended  with  the  polycarbonate.  In  that  case,  the 
proton  line  shape  originates  almost  entirely  from  the  polycarbonate 
component  of  the  mixed  glass. 

As  discussed  above,  pure  polycarbonate  has  a  proton  line  shape 
consisting  of  a  broad  Pake  component  plus  a  narrow  Lorentzian  component 
in  the  vicinity  of  the  thermal  glass  transition.  In  the  blend  with 
deuterated  PMMA,  the  proton  line  shape  of  the  polycarbonate  consists  of 
the  same  two  components.  The  aspect  that  changes  is  that  the 
temperature  at  which  the  narrow  Lorentzian  component  appears.  This 
temperature  is  lowered  as  the  content  of  PMMA  is  raised  in  the  blend.  Thus 
the  PMMA  with  the  intrinsically  lower  glass  transition  temperature  has 
modified  the  onset  of  rotational  mobility  and  thus  the  glass  transition  of 
the  higher  glass  transition  component.  The  initial  growth  of  the  mobile 
fraction  of  the  polycarbonate,  6,  continues  to  follow  the  Vogel-Tamman- 
Fulcher  equation 


5  =  50  exp(-B  /  (T-T0)) 


(1) 


with  the  parameters  B  and  To  decreasing  as  the  PMMA  content  is  raised. 

To  establish  the  time  scale  of  motion  specific  to  each  of  the  two 
components  of  a  polymer  blend,  a  series  of  two-dimensional  NMR 
experiments20-2i  were  performed  on  isotopically  labeled  blends  of  a 
different  system:  poly(styrene)  (PS)  and  poly(2,6-dimethyl-1 ,4-phenylene 
oxide)  )  (PXE).  The  proton  NMR  measurement  just  discussed  indicates  that 
the  mobility  of  the  lower  glass  transition  temperature  component  of  the 
polymer  blend  induces  the  onset  of  rotational  mobility  in  the  higher  glass 
transition  component  at  lower  temperatures.  One  assumes  complimentary 
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changes  by  the  high  glass  transition  component  on  the  low  glass  transition 
component  and  the  two-dimensional  NMR  experiments  allows  for  the 
establishment  of  the  time  scale  of  rotational  motion  for  each  of  the  two 
components.  The  bimodal  motion  of  the  diluent  in  a  polymer  represents  an 
extreme  case  where  a  fraction  of  the  low  glass  transition  component 
undergoes  rotation  one  hundred  degrees  below  the  onset  of  comparable 
mobility  in  the  high  glass  transition  component. 

In  the  polymer  blend  studied,  PXE  has  a  glass  transition  as  a  pure 
polymer  which  is  over  100  degrees  higher  than  PS.  The  thermal  and 
mechanical  data  on  the  bulk  blend  show  only  a  single  intermediate  glass 
transition  which  is  slightly  broader  than  the  pure  materials.  The  two- 
dimensional  NMR  study  indicates  a  bimodal  distribution  of  relaxation 
times  for  both  the  PXE  and  the  PS  components  in  a  75  wt  %  PS/  25  wt  % 
PXE  blend.  The  actual  distribution  of  correlation  times  is  shown  in  Figure 
1  at  a  temperature  near  the  glass  transition.  What  is  particularly  striking 
about  the  distributions  in  Figure  1  is  that  the  bimodal  distribution  for 
each  component  is  very  nearly  the  same.  The  relative  weighting  of  the  two 
modes  in  the  distribution  was  related  to  the  nearest  neighbor  environment 
of  the  repeat  unit  being  observed.  Thus  for  instance  it  was  found  that  the 
rate  of  rotational  motion  of  a  PXE  unit  surrounded  by  PS  units  was 
essentially  the  same  as  PS  unit  surrounded  by  PS  units. 


Fig  1.  Population  of  exponential  correlation  times  versus  the  logarithum 
of  the  correlation  time.  The  distribution  of  correlation  times  for  PS 
(dashed  line)  and  PXE  (solid  line)  in  the  75/25  blend  is  shown  near  the 
glass  transition. 
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The  local  intermolecular  environment  was  the  determining  factor  in  the 
modal  character  of  the  distribution  of  correlation  times  with  only  a  small 
residual  contribution  from  the  intrinsic  glass  transition  temperature  of 
the  pure  polymer  for  the  type  or  repeat  unit  being  observed.  Furthermore, 
the  glass  transitions  of  the  two  components  as  indicated  by  rotational 
mobility  is  very  nearly  merged  in  time  and  temperature  in  spite  of  the 
fact  that  they  are  initially  separated  by  over  one  hundred  degrees.  The 
merging  of  the  rotational  dynamics  in  this  mixed  glass  composed  of 
polymers  is  quite  different  from  the  well  separated  time  scales  for 
rotational  mobility  in  the  mixed  glass  composed  of  a  low  molecular 
weight  compound  and  a  polymer.  The  more  nearly  merged  dynamics  of  this 
polymer  blend  is  attributed  to  the  cooperative  nature  of  the  rotational 
motion  in  this  system  as  opposed  to  a  lesser  degree  of  cooperativity 
observed  in  the  diluent-polymer  system.  In  the  polymer-polymer  system 
the  lower  glass  transition  material,  PS,  does  not  introduce  mobile  defects 
into  the  higher  glass  transition  material  when  they  are  blended.  Rather 
there  is  a  shift  in  the  cooperative  dynamics  of  both  materials  in  the  blend 
to  an  intermediate  situation. 

Proton  spin  diffusion  studies  have  also  been  performed  on  the  PS/PXE 
blend  to  determined  structure  in  this  system22.  The  structural 
interpretation  from  spin  diffusion  matches  the  local  view  of  structure 
developed  to  interpret  the  glass  transition  dynamics.  From  the  view  of 
both  dynamic  and  structure  determinations,  the  blend  is  very  homogeneous 
down  to  near  repeat  unit  scale;  and  at  that  scale  structure  and  dynamics 
can  be  understood  on  the  basis  of  simplistic  nearest  neighbor 
considerations.  The  heterogeneity  of  the  glass  transition  is  increased 
modestly  by  the  presence  of  quite  localized  concentration  variations  of 
materials  with  very  different  intrinsic  rotational  dynamics  but  the 
cooperativity  in  the  system  very  nearly  merges  the  dynamic  behavior  of 
the  two  components.  Not  all  polymer  blends  appear  to  have  this  level  of 
merging  of  dynamics  and  it  remains  to  establish  the  factors  which 
determine  the  level  of  cooperativity. 


Summary 


NMR  has  provided  detailed  information  of  the  structure  and  dynamics 
of  polymeric  glasses  in  the  vicinity  of  the  glass  transition.  The 
heterogeneity  of  the  dynamics  is  a  key  feature  with  slow  and  fast  relaxing 
spatial  regions  clearly  defined.  The  evolution  or  interchange  of  these 
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regions  occurs  on  a  slower  time  scale  than  the  average  relaxation  time. 
The  size  and  quantity  of  the  fast  relaxing  regions  allows  them  to  be 
viewed  as  defects  at  the  onset  of  the  glass  transition.  The  stretched 
exponential  correlation  function  can  describe  the  distribution  of 
relaxation  times  but  the  heterogeneous  character  of  the  relaxation  is  not 
easily  meshed  with  derivations  of  this  correlation  function  based  on 
defects.  Modifications  of  the  composition  of  the  glass  can  produce 
additional  spatial  heterogeneity  or  defects  but  it  is  not  fully  comparable 
to  the  heterogeneity  seen  in  a  simple,  pure  polymeric  glass. 
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ABSTRACT 

We  present  a  novel  correlation  scheme  to  characterize  the  morphology  of  fractal  and 
hierarchical  patterns  beyond  traditional  scaling.  The  method  consists  of  analysing  correla¬ 
tions  between  more  than  two-points  in  logarithmic  coordinates.  This  technique  has  several 
advantages:  i)  It  can  be  used  to  quantify  the  currently  vague  concept  of  morphology;  ii) 
It  allows  to  distinguish  between  different  signatures  of  structures  with  similar  fractal  di¬ 
mension  but  different  morphologies  already  for  relatively  small  systems;  iii)  The  method 
is  sensitive  to  oscillations  in  logarithmic  coordinates,  which  are  both  admissible  solutions 
for  renormalization  equations  and  which  appear  in  many  branching  patterns  (e.g.,  noise- 
reduced  diffusion-limited- aggregation  and  bronchial  structures);  iv)  The  methods  yields 
information  on  corrections  to  scaling  from  the  asymptotic  behavior ,  which  is  very  useful  in 
finite  size  analysis.  Markovian  processes  are  calculated  exactly  and  several  structures  are 
analyzed  by  this  method  to  demonstrate  its  advantages. 

Introduction 

The  last  two  decades  have  seen  a  growing  realization  that  hierarchical  and  fractal 
structures  are  all  too  common  in  nature.  This  begs  the  question  what  is  it  that  makes 
these  structures  optimal  for  so  many  applications.  The  first  step  towrds  understanding 
this  question  is  through  an  intelligent  characterization.  At  present,  the  main  tool  used  for 
this  purpose  is  the  measure  of  the  fractal  dimension  or  the  scaling  of  various  properties  of 
media  with  such  constructions.  We  claim  that  this  characterization  provides  insufficient 
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information  about  the  system  and  propose  a  better  suited  correlation  scheme  thatcan 
distinguish  between  structures  via  signaturesthat  go  beyond  simple  scaling. 

A  massive  system  is  said  to  be  fractal,  or  scale-invariant,  if  under  the  transformation 
r  -4  r'  =  Ar(A  >  1)  the  structure  maps  onto  itself  in  the  form  m  — >  m'  =  A Dm,  where 
m  is  the  mass.  The  power  D  is  the  fractal  dimension,  or  scaling  exponent,  whenever 
it  does  not  coincide  with  the  (integral)  Euclidean  dimension,  d ,  in  which  the  structure  is 
embedded.  In  finite  systems,  with  upper  and  lower  cutoff  scales  on  the  fractal  behavior,  the 
transformation  has  to  be  acompanied  by  an  appropriate  coarse-graining  of  the  fine  details 
and  the  mapping  is  onto  a  subset  of  the  original  system.  The  transformed  structure  can 
be  either  an  exact,  or  a  statistically  similar,  replica  of  the  pre-transformed  system.  The 
latter  is  usually  the  case  in  nature. 

To  understand  why  scaling  is  the  roughest  possible  description,  consider  the  n-point 
correlation  functions  (CFs)  of  a  fractal  construction  consisting  of  isotropically-distributed 
mass,  $(r).  The  one-point  CF  is 


($(r))  =  Const.  =  ,  (1) 

which  is  simply  the  average  density.  The  two-point  CF  is 

(S(r)*(r'))  =  *2(r  -  r')  =  $1C2(|r  -  r'|)  ,  (2) 

where  C2  =  Ajr  —  r'\d~D.  This  immediately  shows  that  the  two-point  CF  can  yield  no 
detailed  information  on  the  system  because  it  reduces  to  just  two  constants,  the  coef¬ 
ficient  A  and  the  codimension  d  —  D.  The  culprit  that  robbs  this  CF  of  its  structural 
information  is  the  additional  symmetry  of  dilational  invariance.  In  general,  every  added 
symmetry  inevitably  reduces  the  number  of  variables  that  describe  a  system  and  therefore 
the  codimension  and  the  fractal  dimension  constitute  level  of  decription  that  is  equivalent 
to  the  avergae  density  in  the  traditional  translational  invariant  structures.  Since  all  the 
spectral  analyses  relate  to  the  two-point  CF  in  some  way  or  another  it  follows  that  the 
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scaling  exponents  found  in  measurements  are  at  the  same  level  of  characterization.  Thus 
the  natural  way  to  refine  the  description  is  by  climbing  to  higher  CFs.  In  particular,  let 
us  consider  the  three-point  CT\ 

$3(r,r',r')  =  <nC3(r-r',r-r')  =  $1C3^|^|)  .  (3) 

The  r.h.s.  of  expression  (2)  is  reached  by  successive  applications  of  translational  invariance, 
isotropy  and  dilational  invariance.  We  find  it  convenient  to  represent  C3  in  the  form 

C,3  =  C'2(|r-r'|)C'2(|r-r'|)£^log|^|j  .  (4) 

As  will  become  apparent  below,  the  use  of  logaritmic  coordinates  allows  to  use  insight 
from  two-point  CFs  in  traditional  systems.  Other  than  quantifying  the  morphology  of  such 
structures,  the  method  that  we  propose  enjoys  several  advantages:  1)  It  can  distinguish 
between  structures  that  have  a  very  similar  fractal  dimension  already  from  relatively  small 
sizes.  This  alleviates  the  need  to  analyze  large  systems  in  order  to  discriminate  between  the 
fractal  dimensions  to  a  sufficient  accuracy.  An  demonstration  of  this  is  given  below.  2)  The 
scheme  is  sensitive  to  scale-invariant  side-branching,  which  appear  in  many  aggregation, 
and  stochastic  interface  growth,  processes. 

The  method 

Given  a  set  of  unit  mass  points  in  d-dimensions 

=  jjY,6(T-  r") 1 

n=l 

choose  an  arbitrary  point,  j  as  an  origin  and  construct  shells  around  it  that  are  of  equal 
width  in  the  logarithm  of  the  distance  from  this  point,  p  =  log  |r  —  ryj.  Each  shell  is 
now  indexed  by  its  logarithmic  distance  from  the  origin,  p.  Summing  over  all  the  mass 
within  a  particular  shell  one  obtains  the  shell’s  mass,  SS(p).  Averaging  over  all  possible 
origins  (denoted  by  (}j)  and  normalizing  by  the  volume  of  the  shell,  8V{p),  one  obtains 
the  two-point  CF, 

c ~  *  (5) 
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which  scales  as  discussed  above.  The  three-point  CF  corresponds  in  these  variables  to 
an  avergae  over  all  origins  of  the  mass  in  the  p-th  shell  times  that  in  the  p'-th  shell, 
(, 6S(p)6S(p'))j .  Normalized  correctly  this  defines  a  new  correlation  matrix 


M(p,p') 


(6S(p)6S(p'))j 
(^S(p))j(SS(p,))j  • 


(6) 


It  is  straightforward  to  see  that  for  scale-invariant  structures  (whether  fractal  or  hierarchi¬ 
cal)  the  matrix  M  depends  only  on  the  absolute  ‘distance’  in  the  logarithmic  coordinates 


M(p,p')  =  M(\p  —  p'|)  . 


The  matrix  M  defines  a  surface  in  the  p— p'  plane  which  can  be  contour-plotted.  For  fractal 
systems  the  dependence  on  |p  —  p'\  means  that  in  such  a  contour  plot  the  contours  must 
consist  of  lines  that  lie  in  paralel  to  the  diagonal,  p  =  p1 .  An  average  over  all  occurrences 
of  a  given  value  A  =  |p  —  p'\  gives  the  function  C  =  C{\p  —  p'|)  defined  above 

A  A)  =  J  dpdplM(p,p')S(\p  —  p'|)  . 


This  function  we  term  a  lacunarity  function  because  for  A  =  0  it  coincides  with  the  lacu- 
narity  parameter  defined  by  Mandelbrot  and  coworkers  on  frcatals/1)^2) 

Applications  and  advantages 

I.  Unrestricted  branched  polymers:  These  structures  can  be  analyzed  exactly  because 
they  can  be  modelled  by  a  Markovian  brownian  walk.  Although  detailed,  the  algebra  is 
straightforward  and  one  can  calculate  the  lacunarity  function  explicitly^3) 


£  = 


-  +  cosh  g)A  [2  sinh(A)](D-l!'/2 
z  z 


P^(coth  A) 

PH^cothX)  ’ 


where  p  =  1  -  d/2,  u  —  D/2  -  1  and  P%{x)  is  the  associated  Legendre  polynomial.  The 
resulting  plot  of  £  against  A  is  smooth  and  shows  no  interesting  features,  as  can  be  expected 
from  a  Markovian  process. 
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II.  SAW,  DLA  and  CCA:  We  have  constructed  numerically  cluster-cluster- aggregates 
(CCA)  and  self-avoiding-walks  (SAW)  in  two  dimensions.  The  two  processes  are  known  to 
lead  to  structures  that  have  a  very  similar  fractal  dimension:  Dsaw  =  1.35  and  Dec  A  = 
1.42.  But  despite  the  similar  scaling  the  morphologies  are  completely  different.  By  first 
measuring  the  fractal  dimensions  for  structures  of  4096  particles  we  made  sure  that  this 
quantity  cannot  distinguish  between  the  systems.  Our  measurements  gave:  1.1  <  Dsaw  < 
1.5  and  1.3  <  Dec  A  <  1.6.  Then  we  applied  our  scheme  for  these  very  structures  and 
measured  the  lacunarity  function.  We  found  that  there  are  distinguishable  differences 
between  the  two  functions.  Specifically,  for  CCA  C  shows  a  signature  that  could  be  traced 
to  the  process  of  doubling  the  cluster  mass  in  stages,  this  signature  was  absent  in  the  SAW 
and  demonstrates  that  the  structure  could  be  separated  already  on  this  scale. 

We  have  also  applied  this  scheme  to  analyze  diffusion-limited-aggregates  (DLA)  that 
were  constructed  by  P.  Meakin.  We  find  that  the  lacunarity  function  decays  in  this  system 
much  slower  than  in  both  SAW  and  CCA.  This  may  bear  on  recent  observations  that 
correlations  die  slowly  in  DLA.^4^ 

III.  Disordered  Cantor  sets:  our  scheme  is  very  sensitive  to  periodic  oscillations  on 
logarithmic  scales.  Examples  of  such  oscillations  occur  in  branching  structures,  such  as, 
noise-reduced  DLA ,(5)  cracking  patterns, ^bronchial  trees^and  tree-structures  in  general. 
To  demonstrate  the  sensitivity  of  this  technique  to  such  oscillations  we  constructed  disor¬ 
dered  Cantor  sets  and  measured  their  lacunarity  functions.  For  example,  the  exact  triadic 
Cantor  set  would  give  rise  to  sharp  peaks  at  a  periodicity  that  corresponds  to  integral  mul¬ 
tiples  of  A  A  =  log  3.  By  introducing  disorder  we  ascertained  that  the  original  structure 
could  not  be  discerned  by  the  eye.  Yet,  the  lacunarity  function  picked  easily  the  original 
periodicity,  although  the  peaks  were  damped  by  the  disorder. 

Conclusion 

To  conclude,  we  propose  this  new  technique  as  a  tool  to  distinguish  between  fractal 
and  scale-invariant  structures  with  different  morphologies,  regardless  of  whether  the  fractal 
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dimensions  are  similar  or  not.  The  use  of  logarithmic  variables  allows  to  employ  insight 
gained  from  traditional  pair  correlations  statistics.  This  insight  can  be  used  once  tradi¬ 
tional  distances  are  replaced  by  ratios  of  scales  and  the  usual  two-point  CF  is  replaced  by 
the  three-point  CF  in  logarithmic  coordinates.  We  demonstrated  that  the  method  is  sen¬ 
sitive  to  structural  signatures  already  for  small  systems  and  to  periodicity  on  logarithmic 
scales.  An  advantage  that  we  have  not  elaborated  on  here  is  that  the  method  has  also 
been  found  to  yield  the  corrections  to  scaling  from  the  asymptotic  behavior. ^Traditional 
measurements  of  such  corrections  are  carried  out  for  small  size  system,  where  the  error 
bars  are  usually  large,  therefore  this  feature  of  C  is  significant  in  that  the  error  bars  are 
far  smaller  in  the  asymptotic  large-scale  regime.  This  scheme  have  been  recently  applied 
to  analysis  of  the  roughness  of  fracture  surfaces, (8)and  structure  of  porous  media.^ 
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ABSTRACT 

Diffusion-limited  cluster  aggregation  has  been  simulated  on  a  square  two  dimensional 
lattice.  In  order  to  simulate  the  brownian  motion,  we  used  both  the  algorithm  proposed 
initially  by  Kolb  et  all.  and  a  new  algorithm  intermediary  between  a  simple  random 
walk  and  the  ballistic  model. 

The  simulation  was  performed  for  many  values  of  the  concentration,  from  1  to  50%. 
By  using  a  box-counting  algorithm  one  has  calculated  the  fractal  dimensions  of  the 
obtained  clusters.  Its  increasing  vs.  concentration  has  been  pointed  out.  The  results 
were  compared  with  those  of  the  classical  diffusion-limited  aggregation  (DLA). 

INTRODUCTION 

Since  Witten  and  Sander  proposed  DLA  as  a  model  which  describes  a  large  number 
of  fractal  patterns  [1],  considerable  studies  concerning  this  subject  have  been  done. 
The  classical  DLA  model  [1,2]  supposes  that  the  growth  of  the  aggregate  starts  from 
an  incipient  center.  The  center  could  be  either  a  unique  point,  as  initially  proposed 
by  Witten  and  Sander,  or  a  whole  surface,  as  in  surface  deposition  models.  Further, 
succesive  random  walk  particles  stick  themselves  to  the  center,  causing  the  growth. 

Nevertheless,  there  are  many  aggregation  phenomena  in  which  such  a  starting  center 
does  not  exist.  An  example  is  the  colloidal  aggregation,  phenomenon  occured  in  a  cooled 
solution  of  colloids.  The  start  configuration  is,  then,  the  one  of  a  homogeneous  solution, 
where  no  aggregation  center  exists.  In  this  case  the  aggregation  centers  are  not  apriori 
determined,  but  formed  by  the  sticking  of  the  elementary  particles  and  could  eventually 
move.  Such  simulations  were  performed  initially  by  Meakin  [6]  and  Kolb  et  all.  [7],  in 
the  limit  of  zero  concentration,  and  were  followed  by  a  large  number  of  studies  (see  [8] 
for  further  references). 

Our  work  consists  mainly  in  implementing  two  algorithms  that  simulate  such  an 
aggregation  in  solution,  at  different  concentrations  between  0  and  50%.  The  obtained 
structures  were  then  investigated  as  fractals.  We  limited  ourselves  to  the  calculus  of  the 
fractal  dimension,  using  a  box-counting  algorithm. 
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AGGREGATION  ALGORITHMS 


In  all  cases,  the  start  distribution  was  generated  by  randomly  choosing  the  positions 
of  the  elementary  particles  on  the  lattice,  according  to  the  given  concentration  of  the 
aggregating  particles.  Afterwards  one  identified  the  clusters  as  free  particles  or  groups 
of  nearest-neighbor  connected  particles.  The  start  configuration  was  then  succesively 
modified  by  simulating  the  brownian  motion  of  the  rigid  and  non-rotating  clusters. 
When  two  (or  more)  clusters  meet  each  other,  they  stick  together  and  form  a  greater 
one.  We  were  not  concern  about  the  sticking  mechanism,  and  considered  the  sticking 
probability  equal  to  1. 

Attempting  to  give  a  realistic  description,  one  could  generate  the  brownian  motion 
in  several  ways  described  below. 

The  simplest  manner  is  to  move  at  each  step  a  randomly  selected  cluster  to  a  ran¬ 
domly  chosen  nearest-neighbor  position.  We  have  used  it  only  in  few  cases,  and  we 
mention  it  only  because  it  is  very  similar  to  the  ’’random  walk”  of  the  elementary  parti¬ 
cle  in  classical  DLA:  neither  the  temperature  [3],  nor  the  cluster  masses  does  influence 
the  aggregation  process. 

Instead,  following  the  algorithm  proposed  initially  by  Kolb  et  all.,  we  considered  an 
improved  set  of  rules:  the  selected  cluster  has  been  moved  only  if  a  random  variable, 
whose  spectrum  is  the  interval  [0,1],  is  lower  than  1/y/N,  where  N  is  the  number  of 
elementary  particles  that  build  the  cluster.  This  approach  correctly  describes  the  mean 
displacement  of  the  cluster  as  being  proportional  to  the  inverse  of  the  mass’  square 
root,  but  also  does  not  take  into  account  the  temperature.  In  fact,  it  corresponds  to  that 
temperature  T0  at  which  the  mean  desplacement  of  a  uniparticle  cluster  equals  the  lattice 
unity.  We  restricted  ourselves  to  this  case,  despite  the  fact  that  one  could  introduce 
a  temperature  dependence,  for  instance  by  using  a  treshold  of  the  form  yJ{T/T0)IN 
instead  of  the  previous  one.  Further  in  this  paper  we  will  denote  this  algorithm  as 
nearest-neighbor  algorithm  (NNA). 

We  proposed  another  method  to  obtain  the  new  position  of  the  cluster  by  generating 
a  displacement  vector.  The  components  of  the  displacement  vector  were  calculated  using 
the  formula: 

ARXtV  =  a  •  Erf-1(2rmf  -  1)  (1) 

where  rnd  is  a  randomly  chosen  variable  between  0  and  1,  Erf-1  represents  the  inverse 
of  the  error  function 

Erf(x)  =  "~=  f  exp (-y2)  -  dy  (2) 

y/7T  Jo 

and 

a  ,  ft kT  ,  . 

cl  =  At  -\  — —  (3) 

V  M 

In  Eq.  (3)  M  is  the  mass  of  the  cluster,  T  -  the  temperature,  and  k  -  the  Boltzman 
constant.  If  on  his  linear  trajectory  the  moved  cluster  meets  another  one,  it  stops  and 
sticks  to  this. 

Our  algorithm  is  noticeable  because  one  can  adjust  the  motion  of  the  cluster  from 
repaus  (corresponding  to  a  =  0)  to  the  ballistic  motion  (a  —*  oo).  It  will  be  called  the 
long-displacement  algorithm  (LDA). 
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Fig.  1  presents  some  results  of  a  simulation  which  uses  LDA  at  a  concentration  of 
10%.  The  aggregation  started  from  a  randomly  chosen  configuration  (Fig.  l.a).  Figs,  l.b 
and  l.c  represent  succesive  images  of  the  bidimensional  solution  during  the  aggregation 
process,  until  the  unicluster  configuration  is  reached  (Fig.  l.d). 


c)  d) 


Figure  1 .  Successive  stages  of  a  simulated  aggregation  process.  This  simulation  was  performed  on 
a  300x300  lattice  using  the  LDA.  a)  Start  configuration,  b)  Incipient  aggregation,  c)  Advanced 
aggregation,  d)  Final  cluster. 
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RESULTS 

One  has  performed  many  simulations  using  both  algorithms  described  above.  The 
concentration  of  the  aggregating  phase  took  different  values  from  1  to  50%.  The  speed 
of  the  simulated  aggregation  process  depends  on  both  concentration  and  algorithm.  At 
low  concentrations,  the  nearest-neighbor  algorithm  generated  only  configurations  with 
small  clusters  (built  from  only  a  few  particles).  This  is  due  to  the  small  probability 
that  a  cluster  meets  another  one  in  his  very  neighborhood.  In  order  to  obtain  greater 
aggregates  one  should  either  increase  dramatically  the  computation  time  or  use  LDA.  In 
the  last  case,  one  has  to  choose  a  parameter  a  large  enough  that  the  displacement  vector 
has  usually  a  magnitude  of  several  lattice  steps.  Such  a  displacement  corresponds  to  a 
greater  probability  that  the  moved  cluster  meets  another  one,  and  the  aggregation  ve¬ 
locity  increases  significantly.  At  higher  concentrations,  the  meeting  probability  becomes 
significant  even  for  one-step  movements,  so  that  NNA,  which  is  simpler  than  LDA,  is 
also  faster. 

Figs.  2  and  3  represent  several  final  configurations  obtained  for  different  values  of 
the  concentration,  using  LDA  and  NNA,  respectively. 


Figure  2.  Configurations  resulted  for  different  values  of  the  concentration  using  the  LDA. 
Concentrations  and  lattice  dimensions  are,  respectively:  a)  1%,  400;  b)  2%,  400,  c)  4%,  400,  d) 
8%,  400,  e)  16%,  200,  f)  32%,  200. 
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Figure  3.  Configurations  resulted  for  different  values  of  the  concentration  using  the  NNA.  In  all 
cases  the  lattice  dimension  is  200.  Concentrations  are:  a)  10%,  b)  16%;  c)  32%. 

Further  we  used  a  classical  box-counting  algorithm  to  investigate  the  fractal  dimen¬ 
sion  of  the  clusters  we  had  obtained.  Fig.  4  shows  the  concentration  depenednce  of  the 
fractal  dimensions  calculated  for  several  clusters,  including  those  presented  in  Figs,  l.d, 

2  and  3. 


0  20  40  60 

Concentration 

Figure  4.  Concentration  dependence  of  fractal  dimensions,  for  clusters  generated  by  using  both 
LDA  and  NNA. 

CONCLUSIONS 

The  differences  between  the  fractal  dimensions  of  the  clusters  obtained  by  NNA 
and  LDA,  respectively,  are  smaller  than  experimental  errors  (about  5%).  So,  we  could 
preliminary  conclude  that  the  aggregation  alghorithm  does  not  affect  significantly  the 


scale-invariant  properties  of  the  clusters,  despite  the  fact  that  the  motion  of  the  clusters 
is  strongly  determined  by  the  aighoritm.  Even  simulations  performed  by  using  random 
movements  to  a  nearest-neighbor  position  present  results  similar  to  those  shown  in  Fig.  4. 

In  Fig.  4  one  could  also  observe  that  the  fractal  dimension  increases  with  concen¬ 
tration,  as  before  expected.  At  low  concentrations,  because  the  diffusing  clusters  are 
greater  than  a  single  particle,  the  branches  of  the  cluster  screen  stronger  the  center, 
producing  a  fractal  dimension  smaller  than  those  of  DLA  clusters  [2,6]. 

Under  the  percolation  treshold  [9]  we  observed  that  the  fractal  dimension  did  hardly 
if  ever  depend  on  concentration. 

At  higher  concentrations,  the  growth  of  some  clusters  occurs  quickly  enough  that 
other  smaller  clusters  are  captured  by  the  grown  branches  and  they  will  stick  to  the 
inner  part  of  the  greater  clusters.  Then  a  higher  fractal  dimension  will  result. 

If  we  consider  in  Fig.  4  a  logarithmic  scale  for  the  concentration,  we  could  point  out 
a  change  in  slope  at  a  concentration  of  about  16%.  We  notify  that  this  concentration 
corresponds  to  a  fractal  dimension  similar  to  that  of  classical  DLA  [2].  Moreover,  at  this 
concentration  the  final  cluster  reaches  the  margins  of  the  lattice  and  a  ’’bicontinuous” 
phase  appears.  This  hypothesis  is  very  attractive;  however,  it  should  be  considered  very 
cautiously. 
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ABSTRACT 

In  an  effort  to  numerically  describe  a  snow  pack  as  a  disordered  aggregate  of  irregularly 
shaped  particles,  a  new  optical  analysis  system  was  conceived.  The  system  measures  light  trans¬ 
mission  through  snow  samples  impregnated  with  an  opaque  fluid.  The  analysis  of  the  results  is 
presented. 


INTRODUCTION 

The  physical  properties  of  snow  are  a  complex  function  of  various  parameters,  such  as 
density,  particle  size,  age  and  moisture  content.  The  global  structure  and  local  texture  are  impor¬ 
tant  factors,  affecting  mechanical,  electrical  and  optical  properties.  Quantitatively  characterizing 
snow  would  benefit  many  research  areas. 

Bonds  between  snow  particles  are  one  of  the  basic  factors  controlling  the  properties  of  a  snow 
pack.  Thin  sectioning  has  been  used  to  gain  two-dimensional  information1’2  and  has  been  applied 
to  the  study  of  many  snow  properties.3,4,5  However,  this  method  does  not  provide  the  three- 
dimensional  information  that  is  needed  to  completely  understand  snow  properties.  To  gain  three- 
dimensional  information,  researchers  have  attempted  to  make  a  series  of  cross  sections  and  then 
reconstruct  them.6  This  method  is  very  time-consuming  and,  even  so,  did  not  yield  numerical 
information.  Automation  of  the  method  may  be  difficult  and  expensive. 


SCANNING  SYSTEM  AND  SAMPLE 

We  conceived  and  tested  a  novel  optical  method  using  natural  snow  and  an  artificial  model 
snow  pack.7  Since  snow  particles  are  transparent,  light  can  be  transmitted  through  the  particles 
and  the  bonds  between  them.  When  the  snow  is  immersed  in  an  opaque  fluid,  light  can  only  be 
transmitted  between  connected  grains  through  their  bonds.  If  there  is  no  bond  between  grains, 
light  will  not  be  transmitted  to  the  next  grain.  Scanning  through  the  snow  immersed  in  the  opaque 
fluid  and  recording  the  emergence  and  deflection  of  light,  we  should  be  able  to  obtain  certain 
information  on  the  structure,  such  as  the  number  of  bonds  and  the  extent  of  connected  grains. 

A  combination  of  off-the-shelf  items— He-Ne  laser,  video  camera,  video  recorder  and  X-Y 
positioner— constitute  the  scan  system  (Fig.  1).  Although  this  simple  system  seems  to  have  great 
potential  for  examining  snow  structure  and  texture,  several  areas  still  need  improvement  and 
development. 
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A  natural  snow  pack  was  sampled 
on  1  February  1994;  it  was  granular,  un¬ 
disturbed  snow  near  the  USA  CRREL 
building  at  Hanover,  New  Hampshire. 
A  cube  of  snow,  about  30  cm  above 
the  first  sample,  was  brought  into  a 
CRREL  coldroom  and  three  samples 
were  made  from  it  after  aging.  The  ar¬ 
tificial  snow  was  produced  by  sifting 
old,  crushed  snow  through  a  no.  16 
sieve  (1.190  mm)  into  four  7-  x  7-  x 
5-cm  cardboard  boxes.  These  snow 
samples  were  stored  in  a  coldroom  in 
a  larger  Styrofoam  box  that  was  filled 
with  snow  under  isothermal  condi¬ 
tions  to  prevent  sublimation.  The  sam¬ 
ples  were  immersed  in  an  opaque  fluid 
(dimethyl  phthalate  solution  of  me¬ 
thylene  blue)  at  dates  selected  ear¬ 
lier.  Each  sample  was  then  mounted 
on  a  glass  plate  and  thinned  down  by 
a  microtome  to  the  desired  thickness 
Figure  1.  Schematic  diagram  of  the  snow  scan  system.  (6  mm  or  less)  and  scanned  by  well- 

collimated  laser  beam.  Since  the  po¬ 
sitions  of  the  laser  and  the  video  camera  are  fixed,  point  of  beam  entry  relative  to  the  camera  is 
fixed.  Deviation  of  the  beam,  readily  measured  on  the  video  screen,  could  provide  more  infor¬ 
mation  but  we  left  that  for  future  studies. 

RESULTS 

The  intensity  of  the  transmission  of  the  laser  beam  through  the  impregnated  snow  pack 
provides  information  on  connecting  snow  particles.  Both  natural  and  artificial  impregnated  snow 
packs  of  various  ages  were  scanned,  and  the  intensity  of  the  emerging  light  spots  was  recorded  by 
the  video  camera  and  VCR.  After  each  scan  was  completed,  the  sample  was  thinned  by  micro¬ 
tome.  Very  few  light  spots  emerged  from  the  thicker  fine-grained  snow  samples,  so  we  had  to 
remove  a  layer  from  such  samples  before  useful  data  could  be  obtained. 

Since  the  emerging  light  intensity  (I)  indicates  the  tortuosity  of  the  light  path,  we  measured 
light  intensity  straight  above  its  entrance,  assuming  that  the  entering  light  intensity  remains 
constant.  Direct  measurement  of  light  intensity  in  real  time  may  be  preferable  because  of  the 
nonlinearity  of  video  recording.  However,  much  other  information  can  be  stored  on  the  video  tape 
before  the  sample  is  thinned  down  for  the  next  scan.  Later,  the  video  tape  was  played  and  the  light 
intensity  of  the  video  images  was  measured. 

The  field  size  of  the  image  displayed  on  the  video  screen  was  8x6  mm,  with  1  mm  between 
scan  lines.  The  He-Ne  laser  beam  width  at  the  entrance  was  0.5  mm.  The  transmitted  light 
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Log  count  (arbitrary  units) 


Figure  3.  Box  count  curve  with  various  threshold  values. 


surement  was  made  only  directly  above  the  light  entrance,  there 
boring  pass.  Therefore,  we  did  one-dimensional  box  counting 
function  of  the  threshold  intensity  and  the  thickness. 


intensity  within  a  1-mm  circle 
just  above  the  light  beam’s 
entrance  point  was  measured 
by  a  photo-multiplier  tube. 
Then,  the  photo-multiplier  out¬ 
put  current  was  measured  by 
an  HP3457A  digital  multi¬ 
meter  and  the  data  were  re¬ 
corded  on  a  floppy  disk  of  the 
HP  9020  desktop  computer. 
An  example  of  emerging  light 
intensity  plotted  with  time  is 
shown  in  Figure  2.  Later,  box 
counting  was  done  on  the  sig¬ 
nal  intensity  above  the  thres¬ 
hold.  For  the  current  method 
of  analysis,  light  intensity  was 
measured  directly  above  the 
beam’s  entrance.  Since  mea- 
is  no  interference  from  a  neigh- 
along  the  line  of  the  scan  as  a 


ANALYSIS 

The  slopes  of  the  box  counts  are  generally  composed  of  two  regions.  With  the  larger  box 
sizes,  we  would  always  find  emergence  of  light  within  the  box,  so  the  slope  of  log(box  size) 
vs.  log(number  of  boxes)  would  be  -1  until  the  box  size  became  small  enough  to  find  sufficient 
empty  boxes  to  change  the  slope.  With  a  finite  number  of  data  points  and  limited  time  resolution 
(0.2  s),  such  behavior  can  be  expected.  In  the  smaller  box  sizes,  the  slope  systematically  become 
lower  with  the  increase  in  threshold  (Fig.  3). 
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Figure  4.  Curves  of  log(TTime)  vs. 
slope  of  box  count  for  various  sam¬ 
ple  thicknesses  show  a  linear  rela¬ 
tionship  and  are  close  to  each  other. 


Figure  5.  Sometimes  log(TTime)  vs. 
slope  of  box  count  is  composed  of 
two  linear  parts.  Note  that  all  curves 
have  a  common  slope  at  their  low 
ends. 


The  total  time  (the  cumulative  time  above  a  threshold,  TTime),  which  is  also  a  function  of  the 
threshold  and  the  sample  thickness,  is  an  indicator  of  the  number  of  light  paths.  Interestingly, 
log(TTime)  vs.  slope  tended  to  be  linear.  As  shown  in  Figure  4,  there  was  little  deviation  from  a 
common  trend  for  a  particular  sample  thinned  down  to  various  thicknesses.  Under  a  condition 
that  is  unclear  to  us  at  this  time,  the  log(TTime)  vs.  slope  relation  exhibited  two  distinct  linear 
components  (Fig.  5).  Notice  that  most  curves  indicated  two  linear  parts,  particularly  the  4.25- 
mm-thick  sample,  which  showed  two  pronounced  straight  lines.  Since  this  particular  sample  was 
well  aged  and  had  a  large  grain  size,  two  such  linear  components  may  indicate  the  texture  of  the 
aged  snow. 
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The  log(TTime)  vs.  slope  relationship  seems  to  be  related  to  the  age  and  morphology  of  the 
samples.  As  the  sample  is  aged,  the  slope  of  log(TTime)  vs.  slope  for  artificially  made  snow 
tended  to  decrease.  We  noted  a  slight  thickness  dependency  of  the  slope  as  the  samples  were 
thinned  down;  this  may  indicate  deviation  from  homogeneity  in  the  sample. 


DISCUSSION 

There  are  many  possible  ways  to  analyze  the  video  images  to  gain  information  on  the  struc¬ 
ture  of  natural  and  artificially  grown  snow  packs  and  on  the  effect  of  metamorphosis.  Deflection 
of  light  emergence  relative  to  its  entrance  point,  as  well  as  the  overall  light  emergence  distribu¬ 
tion,  can  be  examples. 

To  use  our  results  for  the  analysis  of  snow  strength  and  other  properties,  we  need  a  funda¬ 
mental  understanding  of  how  to  quantify  snow  characterization.  Snow  density  and  strength  are 
related  to  connectivity  and  coordination  number.  The  laser  scan  method  described  above,  as  well 
as  the  other  techniques,  could  yield  information  on  connectivity  and  coordination  number. 

Other  types  of  radiation,  such  as  ultrasonic  techniques  and  X-ray  scattering  and  absorption 
methods,  have  been  used  to  characterize  colloids.  The  same  techniques  may  be  applicable  to 
snow.  These  approaches  would  not  need  much  development,  but  just  adjusting  the  frequency  and 
selecting  the  proper  media. 

The  ultrasonic  technique  also  allows  us  to  use  either  longitudinal  or  transversal  waves.  Since 
transversal  waves  cannot  transmit  in  a  fluid,  the  connectivity  of  solid  particles,  such  as  found  in 
snow,  could  be  better  studied  using  transversal  waves.  However,  ultrasonic  scanning  needs  a 
coupling  fluid.  Scanning  with  a  thin  layer  of  fluid  between  the  ultrasonic  transducer  and  the 
delicate  structure  of  snow  may  be  a  difficult  problem. 

The  propagation  of  light  in  our  technique  can  be  regarded  as  a  special  case  of  the  percolation 
process.  All  of  the  particles  are  connected  to  the  others  so  that  the  structure  can  be  called  “Com¬ 
plete,”  otherwise  the  particles  are  still  falling  because  there  are  no  connections.  The  output  light 
intensity  depends  on  the  tortuosity  and  the  length  of  light  paths.  As  the  snow  samples  were 
thinned  down,  the  light  paths  became  straighter  and  their  number  increased.  However,  the  effect 
of  thickness  seems  minor  on  the  logTTime  vs.  slope  of  box  count  curve  for  one  particular  set  of 
samples. 


CONCLUSION 

A  simple  optical  system  built  using  off-the-shelf  components — a  He-Ne  laser,  a  video  cam¬ 
era-recorder  combination  and  an  X— Y  scanning  device — seems  to  have  considerable  potential  for 
snow  structure  studies.  In  the  course  of  the  data  analysis,  we  found  the  interesting  relationship  of 
log(TTime)  vs.  slope  of  box  count  to  be  nearly  linear,  though  the  reason  why  this  is  so  is  unclear 
at  this  time.  However,  the  observations  indicated  that  the  slope  and  location  of  the  log(TTime)  vs. 
slope  of  box  count  curves  are  closely  tied  to  the  snow  pack  texture.  With  the  proper  theoretical 
development,  this  could  be  one  of  the  parameters  used  in  a  numerical  description  of  snow  pack 
texture  and  structure. 
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ABSTRACT 

Higher  order  elastic  constants  and  phonon  dispersion  relation  have  been  calculated  by 
using  the  n-body  potential  based  on  the  embedded  atom  method.  Results  of  second-  and 
third-order  elastic  constants  for  Cu,  Ag,  and  Au  crystal  were  compared  with  the  exper¬ 
imental  data  and  the  Cauchy  discrepancy  was  discussed.  A  result  of  phonon  dispersion 
relation  for  Cu  crystal  was  also  shown. 


INTRODUCTION 

The  atomic  interaction  in  metals  has  non-central  characters  due  to  the  existence  of  con¬ 
duction  electrons,  and  can  be  expressed  by  a  n-body  potential.  Recently,  the  embedded 
atom  method  (EAM)  potentials  have  been  developed  by  many  authors  [1-5]  and  extensively 
been  applied  on  the  molecular  dynamics  simulations.  The  choice  of  the  potential  function  is 
very  important  because  it  influences  on  the  final  results.  We  are  now  developing  a  method  to 
characterize  the  potential  function  by  calculating  various  properties  of  materials.  By  using 
the  EAM  potential  the  third-order  elastic  constants  and  the  phonon  dispersion  relation  of 
the  noble  metals  have  been  calculated  in  this  paper.  The  third  order  elastic  constants  rep¬ 
resent  a  measure  of  crystal  anharmonicity,  which  is  related  to  the  thermal  expansion,  high 
temperature  thermal  conductivity,  defect-phonon  interaction,  and  many  other  mechanical 
and  thermal  properties  in  the  crystals.  The  third-order  elastic  constants  in  many  kinds 
of  materials  have  been  measured  by  the  ultrasonic  methods  under  stress  conditions[6-8]. 
We  have  applied  the  results  on  the  calculations  of  the  defect-phonon  scattering  [9]  and  the 
thermal  conductivity  [10].  It  is  interesting  to  see  how  the  EAM  potential  reproduces  the 
third-order  elastic  constants.  It  could  be  a  way  to  characterize  the  potential. 


CALCULATION  OF  HIGHER  ORDER  ELASTIC  CONSTANTS 

The  total  internal  energy  E{  for  an  atom  i  in  metals  consists  of  two  terms  due  to  the 
EAM. 


*-*(«)  + 5  (!) 

The  first  term  F(p)  in  RHS  is  the  energy  to  embed  atom  i  to  the  electron  density  p  and  p 
is  expressed  as  a  sum  of  the  electron  density  of  the  other  atom  j. 
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(2) 


Pi  =  E  /(»* ) 

j* 

The  second  term  <^(rjj)  in  RHS  of  eq.  (1)  corresponds  to  the  two  body  interaction,  which 
mainly  contributes  to  the  repulsive  force  between  the  two  ions.  A  variety  of  functional  forms 
for  F(p),  /(r),  <f>(r)  have  been  proposed,  and  here  we  adopt  the  potential  function  developed 
by  Oh  and  Johnson  [4],  because  it  is  rather  simple  and  is  easily  applicable  to  molecular 
dynamics  simulations[ll].  Following  to  the  Oh- Johnson’s  potential  the  functions  f(r)  and 
<f>(r)  are  expressed  by  combinations  of  exponential  functions  and  F(p)  is  a  power  functional 
form.  The  potential  function  contains  seven  parameters  (except  the  cut  off  distance  rc), 
and  these  can  be  determined  from  the  experimental  values  of  the  cohesive  energy,  the  bulk 
modulus,  the  lattice  parameter  (through  the  mechanical  equilibrium  condition),  the  shear 
modulus,  and  the  unrelaxed  vacancy  formation  energy. 


Second-order  elastic  constants 

The  second-order  elastic  constants  is  obtained  as  the  second-order  derivative  of  the  total 
internal  energy  E  by  the  elastic  strain  77^-,  which  can  be  written  in  the  tensor  expression 


here  Q  is  the  atomic  volume,  c%qrs  and  cfqra  are  the  contribution  from  the  electron  density 
and  the  two-body  interaction,  respectively.  Each  term  is  expressed  as, 


and 


(d^F \  xrxs  df  \  %pXg  df  \ 
\  dp 2  '  r  dr  '  'jf  r  dr' 


(dF\  T—y 

+  ^ xpxqxrxs 


(L?LjlL?±\ 

\r3  Qr  r2  Qr2  /’ 


(4) 


c4>  -  iVa;  x  x  x  f— —  +  — — )  (5) 

cpqrs  -  2  2-~,XPX<lXTXi\r3  Qr  ^  r2  Qr2  )  K  ' 

Here,  xp(p  =  1,2,3)  is  the  p-th  component  of  the  position  vector  r.  There  are  three 
independent  elastic  constants;  cn,ci2,c44,  for  the  cubic  crystals,  and  the  Cauchy  relation 
is  expressed  as, 

C12  =  c44.  (6) 

The  temperature  effects  are  not  included  in  above  expressions,  but  the  effects  are  more  or 
less  a  few  percents  and  are  not  important  for  the  present  purpose. 


Third-order  elastic  constants 

The  expressions  for  the  third-order  elastic  constants  can  be  derived  by  a  similar  maner 
by  taking  the  third  order  derivative. 
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c  -  1  _  CF  ,c* 

° pqrstu~  ilr,pqr,TSr)tu  +  p<^u‘ 


Where,  the  two  components,  C* '  tu  and  are  as  follows. 


r<F  —  (\^  xtxu  of  \  /-r-A  Xrxs  VJ  \  xpxq  &J  \ 

t'prstu-  Vq^)\2^  r  dr^y  r  dr'^y  r  dr' 

+  (^[Vj  3;  x  Xu(^?l  + 

'dp2'*-  ^  T  4  ^r3  dr  r2  dr2  '*  ''jf  r  d r 

+(0)[Ew.*.g^g)](i:^S 

+  ydp2'ty  p  q  r  s^r3  dr  r2  dr2 r  dr' 

+  (d-L)\yxxxx  XtX  (±.*1  +  + 1^)1 

+  \dp)[2^XPX1XTX‘X*X*\r6  dr  +r4  9r2  '  p3  5r3jj> 


Q<t>  -  ifV'x  ®  a;  a  f— —  +  — —  +  ■— — )1 

-  9L^  p  9  r  3  *  “Vr5  dr  r4  dr2  r3  dr3'J’ 


There  are  six  independent  elastic  constants  for  cubic  crystals.  These  are  Cm,  Cn2,C123 
Cm,  C'iss,  and  CW  The  Cauchy  relations  are  expressed  as, 

Cn2  =  6*155)  C123  —  C144  =  6*456 .  (l^) 

The  second-  and  the  third-order  elastic  constants  for  Cu,  Ag,  and  Au  crystals  were 
calculated  and  the  results  were  summarized  in  Table  I,  where  the  contributions  fron  F(p ) 
and  (f)(r )  were  separately  shown.  The  experimental  values  cexp  and  6exp  by  Hiki  et  al.[7 ] 
were  also  shown  for  the  comparison. 

It  is  seen  that  the  contributions  from  two  body  interaction,  and  C*,  satisfy  the  Cauchy 
relations,  but  the  deviations  are  seen  in  the  contributions  from  the  embedded  function,  cF 
and  CF . 


PHONON  DISPERSION  RELATION 

When  the  interaction  potential  is  known  the  phonon  dispersion  relation  ( uj  -vs.-  q )  can 
be  calculated  by  the  D-matrix  method  of  the  lattice  dynamics.  As  the  number  of  atoms  in 
the  unit  cell  of  fee  crystal  is  one,  the  D-matrix  consists  of  3  x  3  matrix  elements  [12]. 

DaP(q)  = — Y,  $^(°>  0  exp(*y  •  r(0)>  (n) 

m  ^ 
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and 


*Mo,  0  - 


d2E 

dua{i)dp{iy 


(12) 


Where  E  is  the  total  internal  energy  given  by  eq.(l),  ua(l )  is  the  a  component  of  the 
displacement  of  the  atom  in  the  Z-th  unit  cell,  q  is  the  propagation  vector  of  a  phonon, 
and  m  is  the  atomic  mass.  The  dispersion  relation  can  be  determined  by  solving  the 
determinental  equation, 


j  D<*p{q)  —  v2f>ap  |  =  0  (13) 

A  result  of  calculation  of  the  phonon  dispersion  relation  for  copper  crystal  is  shown  in 
figure  1.  There  are  three  acoustic  (1  longitudinal  +  2  transverse)  and  no  optical  phonon 
modes  in  the  fee  crystal.  The  solid  circles  in  the  figure  shows  the  experimental  result 
by  the  neutron  inelastic  scattering  [13].  The  calculation  shows  some  deviation  from  the 
experimental  value  at  the  zone  boundary,  but  over  all  agreement  between  the  calculation 
and  the  experiment  is  satisfactry. 


Fig.  1.  Phonon  dispersion  relation  calculated  from  the  EAM 
potential.  The  solid  circles  show  the  experimental  data 
by  the  neutron  inelastic  scattering[l3]. 
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DISCUSSION 

Recently,  the  method  of  molecular  dynamics  simulation  have  widely  been  used  in  the 
field  of  the  solid  state  physics  and  the  material  science.  For  a  simulation  of  a  large  scale 
atomic  system,  a  simple  and  reliable  interatomic  potential  is  required  to  reduce  the  com¬ 
putational  time.  Usually  the  potential  parameters  are  determined  mostly  in  a  equilibrium 
state  of  a  perfect  crystal.  On  the  contrary  the  configulation  of  atoms  m  the  course  of  sim¬ 
ulation  may  be  heavily  disturbed  and  the  potential  must  work  at  such  a  condition.  The 
anharmonicity  is  a  deviation  from  the  linear  elasticity  and  the  effects  becomes  apprecia¬ 
ble  when  the  displacement  of  atoms  becoms  large.  The  phonon  dispersion  effects  becomes 
remarkable  at  high  frequency  (short  wave  length)  vibration  of  atoms.  Although  the  EAM 
potential  we  adopted  in  this  study  is  not  include  the  anharmonicity  and  dispersion  effects 
in  the  process  of  parameter  determination,  the  reproducibilities  of  the  experimental  data 
are  reasonable.  We  could  make  include  the  third  order  elastic  constant  and/or  zone  bound¬ 
ary  phonon  frequency  to  the  potential  parameters  ,  but  it  may  make  the  potential  more 
complicated.  We  are  also  studying  another  potential  functions.  After  the  examination  of 
variety  of  functions,  a  new  simple  and  reliable  potencial  function  may  be  realized. 
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ABSTRACT 

Extruded  eutectoid  Zn-Al  alloy  was  welded  by  a  melt  of  the  same  eutectoid  alloy.  Two 
different  microstructures  were  observed  in  the  joint  part  and  the  bulk  of  the  welded  alloy.  Typical 
dendritic  structure  of  as  cast  Zn-Al  alloy  was  observed  in  the  joint  part  of  the  welded  alloy.  The 
bulk  of  the  welded  Zn-Al  alloy  appeared  as  fine  grain  structure.  Two  different  metastable  phases 
r|'x  decomposed  from  rfs  of  chilled  as  cast  state  and  t]'e  of  extruded  state  were  found  to  be 
unstable  during  early  stage  of  ageing.  A  four  phase  transformation  occurred  after  the 
decompositions  of  these  two  metastable  phases  of  ti't-  Microstructures  of  both  joint  part  and  bulk 
of  the  welded  alloy  were  investigated  parallely  during  ageing  processes. 


INTRODUCTION 

Welding  processes  appear  as  an  important  method  in  metal  and  alloy  productions.  It  has  been 
interested  in  Zn-Al  alloy  production  especially.  Because  of  cast  defects,  such  as  underneath 
shrinkage  and  porous  holes,  the  alloy  products  need  to  be  repaired  and  welding  becomes  a  good 
way  for  the  repairing.  Also  for  the  large  products,  it  would  be  convenient  to  join  several  small  die 
castings  which  are  produced  in  high  volume  and  high  speed.  Unfortunately  very  little  has  been 
done  on  joining  of  zinc  and  zinc-aluminium  alloys.  The  present  study  will  discuss  microstructures 
and  ageing  characteristics  of  the  welded  eutectoid  Zn-Al  alloy,  based  on  the  systematic 
investigations  on  cast  and  extruded  Zn-Al  alloys(l-3). 


EXPERIMENTAL 

Two  extruded  Zn-Al  alloy  rods  of  25  mm  diameter  were  welded  using  alloy  wire  of  the  same 
eutectoid  composition(  Zn76A122Cu2  in  wt%  ),  as  shown  in  fig.  1.  The  tungsten  -  inert  gas  (TIG) 
process  was  used  for  welding.  Three  specimens  were  cut  from  separately  the  extruded  bulk  part, 


Fig.  1  Schematic  of  the  welded 
eutectoid  Zn-Al  alloy 

structure  transition  joint  part  bulk  part 

zone  extruded 

joint  part  and  the  structure  transitional  zone.  General  studies  of  the  metallurgical  structure  were 
made  on  conventionally  ground  and  polished  specimens  in  the  SEM  using  back  scattered  electron 
imaging  to  show  atomic  number  contrast.  For  comparison,  scanning  electron  microscopy 
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observations  were  respectively  carried  out  on  290°C  extruded  eutectoid  Zn-Al  alloy  and  chilled 
as  cast  eutectoid  Zn-Al  alloy. 

Phase  identification  and  transformation  studies  were  carried  out  on  flat  specimen  using  Philips 
X-ray  diffractometer.  Nickel  filter  and  Cu  radiation  was  applied  within  the  diffraction  angle 
range  from  35°  to  38°. 

Microstructural  changes  of  the  welded  alloy  specimens  both  from  bulk  part  and  the  joint  part 
were  studied  during  isothermal  holding  at  91°C  and  150°C  using  X-ray  diffraction  technique. 


RESULTS 


1,  Microstructure  of  welded  eutectoid  Zn-Al  alloy: 

a,  X-ray  diffraction  results: 

The  X-ray  diffraction  examinations  were  carried  out  on  specimens  of  both  the  joint  part  and 
bulk  part  of  the  welded  alloy.  As  shown  in  figs.2  and  3,  both  parts  of  the  alloy  consisted  of  three 
phases  of  t|'x  ,  a  and  e.  The  phases  of  rfx  and  e  were  of  hexagonal  close  packed  structure  and 
the  a  phase  was  of  face  center  cubic  structure.  The  diffraction  peaks  of  a  and  6  phases  appeared 
at  the  same  20  angles  in  both  parts  of  the  alloy.  The  diffraction  peaks  of  a  phase  from  crystal 
planes  of  (111)  and  (200)  were  respectively  at  20angles  38.5°  and  44.8°.  The  diffraction  peaks 
of  s  phase  from  planes  of  (1010),  (0002)  and  (1011)  were  respectively  at  20  angles  36.7°,  42.1° 


Fig.  2  X-ray  diffractograms  of  the 
joint  part  of  welded  eutectoid 
Zn-Al  alloy 


it  sue  for  165  I 
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Fig.  3  X-ray  diffractograms  of  the 
bulk  part  of  welded  eutectoid 
Zn-Al  alloy 


The  diffraction  peaks  of  tVx  and  e  phases  from  crystal  planes  (loll)  were  well  overlapped  at  20 
angle  43.3°.  Both  r|'x  phases  were  metastable  phases  derived  from  cast  state  of  r\'s  in  the  joint 
part  and  extruded  state  of  r\'z  in  the  bulk  part  of  the  welded  alloy  during  welding.  It  was  noticed 
that  the  diffraction  peak  of  rj'x  phase  in  the  joint  part  appeared  at  different  20  angles  compared 
with  that  in  the  bulk  part  of  the  alloy.  The  diffraction  peak  of  (0002)  planes  of  the  ti'x  phase  in  the 
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joint  part  of  the  alloy  was  at  20  angle  36.9°,  while  that  of  t|'t  phase  in  the  bulk  part  of  the  alloy 
was  at  36.8°. 


b,  SEM  observations: 

Based  on  the  X-ray  diffraction  identifications  of  the  phases,  the  SEM  observations  were 
carried  out  on  the  joint  part  and  the  bulk  part  of  the  welded  alloy  and  the  structure  transitional 
zone. 

In  the  joint  part  of  the  welded  alloy,  typical  dendritic  structure  of  as  cast  eutectoid  Zn-Al  alloy 
was  observed,  as  shown  in  fig.4a.  The  first  solidified  a  phase  appeared  as  the  core  of  the  dendrite 
and  surrounded  by  decomposed  p's  phase  region.  The  decomposed  (3  s  phase  region  consisted  of 
three  phases  ( a'j,  e  and  r\  phases),  and  therefore  the  X-ray  diffraction  peak  of  ps  phase  did  not 
appear  on  the  X-ray  diffractograms  in  fig.3.  The  interdendritic  region  consisted  of  e  and  rig 
phases. 


Fig.  4  Scanning  electron  micrographs  of  the  welded  eutectoid  Zn-Al  alloy: 
a)  joint  part  b)  transition  zone  c)  bulk  part 

It  was  also  found  that  the  dendritic  fragments  had  broken  away  from  the  growing  interface  or 
simply  from  melted-off  dendrite  arms  due  to  turbulence  in  the  weld  pool,  as  shown  in  fig.4a.  The 
dendritic  structure  in  the  joint  part  of  the  welded  alloy  tend  to  be  on  a  finer  scale  (  about  30-50 
mm )  than  in  cast  eutectoid  Zn-Al  alloy  ( about  150  mm ). 

The  bulk  part  of  the  welded  alloy  appeared  as  fine  grain  structure,  as  shown  in  fig.4c.  The 
diameter  of  the  grains  was  between  15-20  mm.  Inside  the  grain  lamellar  structure  consisted  of  a, 
e  and  r)  j.  The  white  inter-grain  region  was  the  r|  j  phase. 

In  the  transition  zone,  the  microstructure  changed  gradually  from  the  dendritic  structure  in  the 
joint  part  to  the  fine  grain  structure  in  the  bulk  part  of  the  welded  alloy,  as  shown  in  fig. 4b.  The 
lamellar  structure  in  the  decomposed  P  s  phase  region  gradually  invaded  into  a  phase  particle,  as 
shown  in  fig.  5.  The  welded  alloy  at  the  transition  zone  received  the  most  severe  thermal  cycle  and 
the  grain  in  this  zone  tended  to  grow  and  became  relatively  coarse.  The  weld  microstructure  was 
thus  inherently  coarse  grained. 

2,  Phase  transformation  during  isothermal  holding: 

Phase  transformations  of  both  the  bulk  part  and  the  joint  part  of  the  welded  alloy  were 
parallely  examined  after  ageing  at  91°C  for  7  h,  10  h,  27  h,  92.5  h,  164  h  by  using  the  X-ray 
diffraction  technique.  The  X-ray  diffractograms  are  shown  in  figs. 2  and  3.  It  was  found  that  the 
both  metastable  r['j  phases  decomposed  at  early  stage  of  ageing.  The  diffraction  peaks  of  crystal 
planes  (0002)  of  the  rj'j  phases  shifted  gradually  from  lower  20  angles  from  36.9°  and  36.8° 
respectively  for  the  joint  part  and  the  bulk  part  of  the  alloy.  The  diffraction  peaks  of  crystal  plane 
of  (lOll)  were  well  overlapped  and  did  not  change  their  20  angle  positions,  as  observed 
previously.  (2  and  3  ) 


After  7  h  ageing  at  91°C  T'  phase  occurred  in  both  parts  of  the  welded  alloy.  Furthering 
ageing,  the  a  and  e  phases  decreased  in  their  diffraction  peak  heights,  meanwhile  the  diffraction 
peaks  of  T'  and  ri  increased  in  heights.  The  four  phase  transformation,  a  +  e  -»  T'  +  r|  (1-9), 
occurred.  After  93  h  ageing  at  91°C,  the  e  phase  vanished  in  the  bulk  part  of  the  alloy  and 
disappeared  in  the  joint  part  of  the  alloy  after  165  h  ageing  at  91°C,  as  shown  in  the  the  X-ray 
diffractograms  figs.2  and  3.  No  more  phase  transformation  was  observed  afterwards. 


DISCUSSION 


1,  Microstructures  of  welded  eutectoid  Zn-Al  alloy; 

In  the  290°C  extruded  eutectoid  Zn-Al  alloy,  the  a  phase,  appeared  as  dark  particles,  were 
surrounded  by  the  decomposed  p's  phase  of  lamellar  structure,  and  the  t\'e  appeared  as  white 
particles,  as  shown  in  fig.  6.  According  to  the  phase  diagram  of  the  ternary  Zn-Al-Cu  alloy(10-12), 
a  phase  is  unstable  at  higher  temperature,  instead  3  phase  is  more  stable  and  vice  versa  the  3 
phase  is  unstable  at  lower  temperature  for  the  chemical  composition  of  the  eutectoid  Zn-Al  alloy 
being  tested.  During  welding,  the  bulk  part  of  alloy  was  heated  up  to  high  temperature  close  to 
the  melting  point,  therefore  the  particle  a  phase  disappeared.  Original  extruded  alloy  storaged 
high  energy  during  extrusion.  With  this  storage  energy,  it  was  facile  to  form  fine  grain  structure 
when  the  alloy  reached  high  temperature  during  welding.  The  zinc  rich  3  phase  formed  as  fine 
grain  structure.  The  tYE  phase  changed  to  the  metastable  r\'j  phase  appeared  as  the  inter-grain 
region. 

Fig.  5  Scanning  electron 
micrograph  of  the  transition 
zone,  showing  the  gradual 
structure  change  X1750 


Fig.  6  Scanning  electron  Fig.  7  Scanning  electron 

micrograph  of  the  290°C  micrograph  of  the  chilled 

ElitgSia  extruded  eutectoid  Zn-Al  as  cast  eutectoid  Zn-Al 

_ _  illillil  alloy  X500  alloy  X175 

Since  the  temperature  of  the  melt  pool  is  so  high  and  the  base  material  is  such  a  efficient  heat 
sink  there  is  initially  a  steep  temperature  gradient  in  the  liquid  and  consequently  the  degree  of 
constitutional  super  cooling  is  low.  During  air  cooling  after  welding,  this  3  phase  became 
supersaturated,  nominated  as  3's  phase  and  decomposed  (1,2,5  and  7).  The  fine  grains  got 
coarsened.  The  general  coarseness  of  the  microstructure  is  characteristic  of  the  coarsened  lamellar 
structure  of  the  alloy.  As  shown  in  fig.4c,  coarsened  lamellar  structure  formed  inside  the  fine  grain 
structure  in  the  bulk  of  the  welded  alloy. 

According  to  the  X-ray  diffraction  results,  the  3's  phase  had  completely  decomposed  and  both 
a  and  e  phases  appeared  at  the  same  diffraction  20  angles  in  both  the  extruded  and  welded 
eutectoid  alloys  (1-3).  Only  the  diffraction  peak  from  (1010)  planes  of  T)'E  phase  at  20  angle 
36.9°  shifted  to  the  diffraction  peak  from  (lOlO)  planes  of  the  metastable  r(j  phase  in  the  bulk 
part  of  the  welded  alloy  at  20  angle  36.8°. 

In  the  joint  part  of  the  welded  alloy,  the  t|'t  phase  was  derived  from  the  as  solidified  T|*s  phase 
in  the  chilled  as  cast  eutectoid  Zn-Al  alloy.  Compared  with  the  chilled  as  cast  eutectoid  Zn-Al 
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alloy,  the  p's  phase  had  completely  decomposed  into  three  phases,  aj,  e  and  r\  ,  and  the  ri's 
phase  decomposed  to  the  metastable  r\'j  phase  in  the  joint  part  of  the  welded  alloy.  The  X-ray 
diffraction  peak  from  (lolo)  planes  of  the  Tfs  phase  at  20  angle  37.1°  shifted  to  36.9°.  The 
decomposed  p's  phase  region  became  coarsened  lamellar  structure. 

Compared  with  the  typical  dendritic  structure  of  the  chilled  as  cast  eutectoid  Zn-Al  alloy,  as 
shown  in  fig.  7,  the  dendrites  in  joint  part  of  the  welded  alloy  became  smaller  because  of 
turbulence  in  the  weld  pool  during  welding  and  also  the  comparatively  high  solidification  rates  of 
weld  alloy  where  the  bulk  part  of  the  welded  alloy  became  a  sufficient  heat  sink. 

2,  Phase  transformation  during  isothermal  holding: 

The  metastable  phases  rfy  derived  from  r\'s  phase  of  the  chilled  as  cast  state,  during  air 
cooling,  and  decomposed  during  isothermal  holding.  A1  and  Cu  precipitated  from  the  ri'j  phase. 
The  X-ray  diffraction  results  showed  that  diffraction  peaks  of  a,  e  and  r|  phases  increased  in 
height  in  the  early  stage  of  isothermal  holding,  as  shown  in  figs.  2  and  3.  During  prolonged 
ageing,  a  and  e  phases  decreased,  meanwhile  T'  and  rj  phases  increased,  the  changes  of  X-ray 
diffraction  intensities  of  those  phases  are  shown  in  figs.  2  and  3.  As  discussed  in  the  systematic 
studies  (1-9),  A  four  phase  transformation,  a  +  e  ->■  T'  +  r\ ,  occurred  after  decomposition  of  r\'y 
phase.  The  X-ray  diffraction  intensities  of  a ,  8 ,  T'  and  r\  phases  are  plotted  against  In  t  ( t:  ageing 


Fig.  8  Relative  x-ray  diffraction  intensity  Fig.  9  Relative  x-ray  diffraction  intensity 

changes  of  ce,£,7j,T'  phases  in  the  joint  changes  of  or,E,ij,T  phases  in  the  bulk 

part  of  the  welded  alloy  during  ageing  part  of  the  welded  alloy  during  ageing 

at  91  °C  at  91  °C 

In  the  bulk  part  of  the  welded  eutectoid  Zn-Al  alloy,  the  tVe  phase  in  the  onginal  extruded 

alloy  transformed  to  the  metastable  phase  during  welding  at  higher  temperature. 
Microstructure  appeared  as  fine  grain  structure,  as  shown  in  fig.4c  .  During  isothermal  holding, 
the  iVx  phase  decomposed  into  a,  e  and  r|  phases,  similar  with  the  rj'j  phase  in  the  joint  part  of 
the  alloy.  The  X-ray  diffraction  of  a,  e  and  r)  phases  increased  in  intensity  as  shown  figs.  2  and  3. 
During  prolonged  ageing  both  of  diffraction  intensities  of  a  and  e  phases  decreased,  meanwhile 
diffraction  intensities  of  T'  and  r|  phases  increased.  The  four  phase  transformation  occurred.  The 
X-ray  diffraction  intensities  curves  of  a,  e,  T'  and  r\  phases  are  shown  in  fig.  9  .  The  phase 
transformation  of  a,  e,  T'  and  ti  phases  are  clearly  shown.  In  the  early  stage  of  ageing, 

'  decomposition  of  rj'y  phase  occurred  and  followed  by  the  four  phase  transformation,  a  +  g  — > 

1  T'+  tv 

The  shadow  regions  in  Figs.  8  and  9  implies  that  the  overlappings  of  the  decomposition  of  the 
t|'t  phases  and  the  four  phase  transformation  and  also  the  decomposition  of  the  r|'j  phases  and 
the  four  phase  transformation  occurred  in  the  bulk  part  of  the  welded  alloy  were  more  rapid  than 
that  in  the  joint  part  of  the  welded  alloy. 
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Though  the  phase  transformations  occurred  in  both  joint  part  and  bulk  part  of  the  welded  alloy 
were  similar  to  start  with  the  decomposition  of  the  metastable  ri'j  phases  ,  followed  by  a  four 
phase  transformation,  the  metallurgraphic  characteristics  were  different.  In  the  joint  part  of  the 
alloy,  those  two  stage  of  phase  transformation  occurred  based  on  the  typical  as  cast  dendritic 
structure,  while  the  similar  phase  transformations  in  the  bulk  part  were  carried  out  in  the  fine  grain 
structure  which  derived  from  a  thermal-mechanical  treatment,  i.e.  hot  extrusion. 


CONCLUSIONS 

1,  The  welded  eutectoid  Zn-Al  alloy  consisted  of  three  parts  metallugraphiclly,  i.e.  the  bulk  part 
of  the  alloy  (  i.e.  originally  hot  extruded  rod  ),  joint  part  of  the  alloy  and  the  structure  transition 
zone.  The  bulk  part  appeared  as  fine  grain  structure  of  15-20  pm  diameters.  The  joint  part  was 
characteristic  of  a  typical  dendritic  structure  of  30-50  pm  dendrites,  smaller  than  that  in  as  cast 
eutectoid  Zn-Al  alloy.  In  the  transition  zone,  the  structure  changes  from  the  dendritic  structure  to 
fine  grain  structure  were  clearly  observed. 

2,  Both  bulk  part  and  joint  part  of  the  welded  alloy  consisted  of  three  phases  t|'t,  a  and  e.  The 
ti't  phases  in  both  parts  were  metastable  phases. 

3,  During  isothermal  holding,  the  phase  transformations  occurred  in  both  bulk  part  and  joint  part 
of  the  wleded  alloy  were  similar  to  start  with  the  decomposition  of  the  metastable  ifT  phases, 
followed  by  a  four  phase  transformation,  a  +  e  -»  T'  +  rj. 

4,  The  metallurgraphic  characteristics  of  the  phase  transformation  were  different.  In  the  joint  part 
of  the  alloy,  those  two  stages  of  phase  transformations  occurred  based  on  the  typical  as  cast 
dendritic  structure,  while  the  similar  phase  transformations  in  the  bulk  part  of  the  alloy  were 
carried  out  in  the  fine  grain  structure,  which  derived  from  original  thermal-mechanical  treatment, 
i.e.  hot  extrusion. 
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ABSTRACT 

Original  model  of  bond  waves  is  applied  to  the  problem  of 
fracture  in  glasses  when  considering  it  from  the  fractal  point 
of  view.  Bona  waves  are  assumed  to  be  traveling  above  Tg,  the 
glass  transition  temperature,  and  frozen  in  solid  material 
(T<TgO,  and  just  alone  the  stopped  wavefronts  (WF)  populated 
with  weakened  bonds  the  fracture  occurs.  Crack,  initiating  at  a 
given  WF,  then  develops  along  WF's  belonging  to  this  system  Ca 
given  bond  wave)  and/or  another  set  (coexisting  bond  wave),  and 
may  oscillate  between  them.  The  arising  surface  represents  a 
natural  fractal  whose  fractal  dimension  depends  on  the  mode  of 
bond  waves'  interaction  and  their  arrangement  relatively  to  the 
crack  direction. 


INTRODUCTION 

Particular  fracture  (often  termed  conchoidal  fracture)  is 
an  inherent  atribute  of  amorphous  solids  including  glasses: 
prior  to  early  1900' s,  before  the  X-ray  analysis  advent,  a  solid 
was  characterized  as  amorphous  by  means  of  fractoaraphy.  Really, 
even  by  eye  or,  better,  by  microscope  one  may  differ  confidently 
enough  monocrystal  (usually  regular  steps  with  regular 
triangles,  etc.  on  them)  or  polycrystal  (grainy  surface)  from 
glass  (smooth  "mirror"  areas  together  with  wavy  steps  and 
equidistant  lines  on  their  surface).  Fractography  of  glass 
describes  a  number  of  features  which  display  in  a  more  or  less 
extent  depending  on  a  sample:  bulk  glass  (rib  marks,  Wallner 
lines,  etc.  [ID  or  fiber  (mirror,  mist,  hackle  [2])  and  its 
prehistory.  However,  the  question  of  whence  these  features  and 
why  they  are  sensitive  to  the  preparing  conditions  remains  open. 

On  the  other  hand,  one  may  observe  the  self-similarity  at 
different  scales  at  the  glass  fracture  surface,  e.g.  small 
conches  developing  on  the  large  ones.  In  addition,  some  of  the 
surfaces  are  suspiciously  similar  to  mathematical  fractal  sets 
(see  e.g.  photos  69-73  and  79-88  in  [3]).  Thus,  one  may  consider 
the  fracture  surface  of  glass  as  a  natural  fractal,  and  with  a 
better  reason  than  in  the  case  of  polycrystalline  metals  [4]  or 
rocks  [53. 

Usually,  there  are  two  approaches  to  investigate  fractals, 
first,  construction  of  artificial  fractal  sets  [3T  and,  second, 
description  of  natural  fractals  my  means  of  their  fractal 
dimension  [4,53.  Here  the  attempt  of  the  third  kind  is  made:  we 
will  try  to  understand  what  is  the  origin  of  "glassy"  fractals 
and  how  one  may  form  them  under  real  experimenral  conditions. 
The  central  idea  is  self -organization  of  chemical  bonds  that 
leads  to  dynamical  substructure  in  the  form  of  bond  wave. 
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BOND  WAVECS)  IN  AMORPHOUS  MEDIUM 


Amorphous  not  means  "formless"  just  because  one  may 
observe  the  well  defined  shapes  on  fracture  surfaces  [1,2]. 
Furthermore,  a  widespread  opinion  that  amorphous  solid 
is  characterized  only  by  short-range  order  CSRO)  in  contrast  to 
crystal  possessing  long-range  order  CLRO)  became  untiquated:  it 
is  evident  now  that  glasses  and  some  other  amorphous  solids  and 
liquids  possess  the  so  called  medium-range  order  CMRO).  The  most 
prominent  evidence  of  MRO  is  the  first  sharp  diffraction  peak 
CFSDP)  whose  nature  remains  unclear  up  to  now  Csee  [6]  as 
review).  The  author  opinion  about  the  origin  of  FSDP  was  stated 
in  frames  of  two  models  named  synergetic  model  [7J  and  modified 
layer  model  [8]  of  FSDP.  Their  general  points  are: 

Ci)  FSDP  is  a  true  Bragg  reflex  from  real  internal  layers  of 
the  c^jt/Qj  thickness  C where  is  the  FSDP  position),  the  Zn/Gt^ 

"oscillations"  of  FSDP  described  recently  [93  being  simply  the 
higher-order  reflections  from  the  layers; 

Cii)  The  layers  are  formed  by  means  of  special  bonds  named 
alternative  bonds  CAB)  in  contrast  to  min  bonds  CMB),  the 
latter  being  forming  both  crystalline  lattice  and  random 
amorphous  network  of  a  substance  but  not  the  structure  regions 
responsible  for  MRO; 

tiii)  A  possible  nature  of  AB  may  be  evaluated  by  means  of 
the  d  vs  r  relations  C where  r1  is  the  first  interatomic 

distance  or  the  SRO  dimension)  which  are  specific  for  every 
group  of  amorphous  substances  C glasses,  amorphous  metals,  KSn 
melt,  etc.)  [103.  For  glasses,  in  which  MB  are  ordinary 
two-centre  covalent  bonds,  the  three-centre  bonds  CTCB)  seems  to 
be  the  most  appropriate  candidate  for  AB.  Note  that  TCB  as 
characteristic  bonding  state  in  glasses  was  introduced  by 


Fig.l 

Amorphous  structure  with 
reflecting  layers  Cl)  and 
amorphous  tissue  C2) 
between  them. 

Solid  segments  represent 
MB  and  springs  -  Ad.  This 
is  a  minimal  fragment 
consisting  of  two 
wavefronts/layers  which 
belong  to  the  plane  bond 
wave  of  A  wavelength.  V 
is  the  wave  velocity  Cat 
T>TJ.  In  solid  C T<TJ  V 

should  be  replaced  by  the 
unit  vector  n,  the  n 
direction  being  the  same 
as  the  V  direction  before 
freezing. 


Dembovsky  as  long  ago  as  1981  [113; 
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Fig.  2 

Elementary  step  on 
fracture  surface  of  glass 
whose  substructure 
represents  two  frozen 
bond  waves,  each  of  the  A 
wavelength. 


Civ)  The  origin  of  reflecting  layers  is  not  only  bond 
instability  or  bond  opt ion"  after  Ovsninsky  [12]  but  also  the 
spatiotemporal  correlation  of  elementary  acts  MB«-»AB  which  gives 
rise  to  bond  wave  shown  conditionally  in  fig. 1; 

Cv)  Characteristic  Cbut  not  compulsory!)  isotropy  of 
amorphous  solids  observed  at  macroscopic  scale  points  to  several 
bond  waves  coexisting  before  freezing. 

Thus,  we  obtain  not  only  MRO  that  exists  in  the  limits  of 
reflecting  layers  "1"  in  f ig. 1  but  also  particular  LRO  with  the 
period  A  and  corresponding  substructure  CA-lattice)  representing 
a  set  of  the  layers  belonging  to  one  and  the  same  bond  wave. 
Since  AB  are  weaker  than  MB  [.otherwise  they  would  be  the  main 
bonds  in  a  substance)  the  TCB-layers  in  glass  may  play  a  role  of 
cleavadge  planes  in  monocrystal  and,  therefore,  fracture  is  able 
to  visualize  A-latticeCes)  as  it  is  shown  in  fig. 2.  Curved  and 
complex  shapes  of  real  fractures  indicate  that  Ci)  the  plane 
bond  waves  does  not  realize  in  general  case,  Cii)  fracture  may 
transfer  from  one  set  Cwave)  to  another. 


INFORMATION  FIELDS  FOR  BOND  WAVE 

To  characterize  the  bond  wave  originated  substructure  of  a 
glass-forming  melt  or  glass  one  should  know  the  following 
parameters:  number  of  coexisting  bond  waves  CN=1,2. ..), 
population  of  wavefront  with  alternative  bonds  C PAB),  velocity 

and  direction  (V  ,V2. . . )  or  -in  glass-  the  direction  Cnt ,n2. . . ), 
and  wavelength  CA  ,A^...).  In  case  of  H= 1  the  scale  parameters 
pAB  and  A  depends  on  temperature  if  the  bond  exchange  is  a 

thermally  activated  process;  in  this  case  heating  increases 
concentration  of  AB  and,  therefore,  increases  pAB  at  A=const  or 

decreases  A  at  pAB=const.  However,  because  self-organization 

occurs  only  in  open  systes  which  interacts  with  its  surrounding 
not  only  by  energy  Cmass)  exchange  but  also  by  information 
exchange  [13],  then  in  order  to  obtain  bond  waveCs)  there  needs 
information  fieidCs)  which  determine  the  number  of  bond  waves 
and  their  direction  of  spreading. 
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Under  ideal  adiabatic  conditions,  i.e.  in  a  closed  system, 
self -organization  is  absent:  in  our  case  this  means  chaotic  bond 
exchange  instead  of  bond  wave.  Let  open  a  system  under 
consideration,  i.e.  glassforming  melt,  by  introduction  of 
thermal  flow  through  it.  At  a  critical  value  of  gradT  the  bond 
wave  appears  and  its  wavefronts,  being  a  more  ordered  and  so 
'’cold"  formations,  will  move  to  "hot"  direction,  i.e.  VtfgradT. 
Note  that  gradT  always  presents  when  glass  making  both  at  the 
stage  of  melt  cooling  C T>TJ  and  glass  article  forming  CT*>T  ). 

o  o 

Mechanical  Stress 

While  a  piece  of  glass  may  be  obtained  by  cooling  merely, 
the  glass  article  (bottle,  fiber,  etc.)  -  only  by  means  of  joint 
action  of  temperature  and  stress  (S).  To  clear  the  S  influence 
on  the  bond  wave  let  us  consider  experiments  of  Donnadieu  [143. 
She  observed  that  the  silica  glass  samples  fractured  after 
plastic  deformation  demonstrate  regular  sets  of  planes  parallel 
to  the  stress  plane:  the  big  steps  of  and  "river  pattern" 

with  ft™ 100ft.  In  addition,  the  family  of  empty  disks"  with 
d<\£0-100/u  sometimes  displayes  on  fracture  surface.  It  means: 

Fig.  3a-b:  reorientation  of  initial  bond  waves  ,n2  Ca)  in 

the  field  direction  (niS)  and  forming  of  dynamic  blocks  whose 
dimension  M  depends  on  deformation  conditions  C7\  S).  Fig. 3c: 
wavefronts  which  participate  in  the  sub-7^  flow  are  destroyed 

partially  and  may  split  after  thermal  shock  C1000/1200°C  -+20°C). 


Fig.  3 

Model  of  plastic  flow  (a, 6)  and  afterflow  spontaneous  fracture 
(c)  proposed  for  explanation  of  experimental  data  [14]  Cd,e). 


Fig.  3d:  fracture  reveals  the  second  family  of  blocks  with  m«Af, 
which  was  also  formed  during  deformation;  this  set  gives  large 
steps  while  tiny  steps  seems  to  vizualize  neighbouring 
wavefronts,  i.e.  h= A.  Fig.3e:  the  process  of  reorientation 
Cn^  2->  n)  was  not  completed,  and  we  see  the  result  of 

interaction  between  primary  Cnj ,n2)  and  secondary  (n)  waves. 
Magnetic  Field 

The  fact  that  magnetic  field  can  modify  internal  structure 
of  glass  was  revealed  in  our  viscosity  (77)  experiments  [15,162, 
in  which  a  rather  weak  field  (Hw£000ej  decreased  77  when  Hllw, 
where  vector  w  is  velocity  of  the  indentor  immersion  into  a 
softening  Se  glass,  or  increased  77  when  Hico,  and  up  to  2-3  times 
in  “resonant  conditions"  C/=50Hz,  7=49  C).  In  addition,  the 
As2S3  and  As2Se3  glasses  prepared  in  the  presence  of  the  field 

was  shown  to  differ  in  optical  and  mechanical  properties  from 
their  non-field  analogues  [17].  It  is  seen  in  fig. 4  that 
fracture  modes  in  these  glasses  differ  too. 

As  soon  as  the  act  of  bond  exchange  MB«~*AB  proceeds  as 
initially  one-electron  process  [18]  it  is  sensitive  to  magnetic 
field,  as  well  as  bond  wave  considered  as  cooperative  bond 
exchange.  Resonance  [163  means  that  the  field  frequency  /  fit  to 
the  bond  wave  frequency  VCD/ACT)  at  a  given  temperature  T.  It 
follows  from  the  character  of  00  change  under  the  field  action 
[15,163  that  V1H,  what  is  confirmed  by  the  fracture  mode  FIIH  in 
fig. 4.  The  complex  fracture  mode  in  non-field  sample  Cmarked  T) 
reflects  the  complexity  of  thermal  field  (SgradT)  existing 
during  solidification,  i.e.  coexistence  of  different  bond  waves, 
each  of  Vt IlgradT^ ,  that  are  frozen  in  glass. 

Fig.  4 

Fracture  modes  for  a  pair 
of  As2S3  samples,  one  (HD 

prepared  in  magnetic 
field  C  H=2400e ,  480°C, 
lh;  cooling  lOmin  to  room 
temperature  under  the 
field).  Glasses  were 
fractured  by  blow  on  the 
knife  blade  arranged  at 
points  A  parallel  to  the 
sample  bottom. 


Complex  Fields 

In  general  case  there  may  be  two  and  more  information 
fields  Ce.g.  gradT  and  S  during  fiber  drawing)  and  the  question 
is  does  they  form  two/more  independent  bond  waves  Csoliton 
behavior),  or  one  wave  with  somewhat  averaged  parameters,  or 
two/more  waves  interacting  with  each  other. 


401 


DISCUSSION 

We  have  saw  that  even  in  the  simple  case  of  specially 
created  single  plane  bond  wave  (fig.3b-cD  crack  does  not  spread 
along  one  and  tne  same  wavefront  and  the  structure  realized  is 
hierarchical:  at  least  three  sets  AfA-mA-A  coexist  and 
simultaneously  revealed  by  fracture.  Thus,  the  fractal  dimension 
is  D> 2  and  depends  both  on  internal  structure  [e.g.  DCHXDCT) 
in  fig. 4],  being  increasing  in  complex  information  fields,  and 
on  tne  mode  of  destruction  including  direction  of  stress 
relatively  to  the  wave(s)  direction.  The  latter  may  be 
excluded  by  using  other  experimental  methods  of  investigation  of 
fractals  [19]  (see  e.q.  [20]  for  glasses),  however,  fracture  is 
the  most  simple  and  obvious  among  them. 
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ABSTRACT 

We  present  a  study  of  interfacial  pattern  formation  during  growth  of  bacterial  colonies. 
Growth  of  bacterial  colonies  bears  similarities  but  presents  an  inherent  additional  level  of 
complexity  in  comparison  with  non-living  systems.  In  the  former  case,  the  building  blocks 
themselves  are  living  systems,  each  with  its  own  autonomous  self-interest  and  internal  de¬ 
grees  of  freedom.  The  bacteria  have  developed  sophisticated  communication  channels,  which 
they  utilize  when  growth  conditions  are  tough.  Here  we  present  a  non-local  communicating 
walkers  model  to  study  the  effect  of  local  bacterium-bacterium  interaction  and  communica¬ 
tion  via  chemotaxis  signaling.  We  demonstrate  how  communication  enables  the  colony  to 
develop  complex  patterns  in  response  to  adverse  growth  conditions.  This  self-organization 
of  the  colony,  which  can  be  achieved  only  via  cooperative  behavior  of  the  bacteria,  may  be 
viewed  as  the  outcome  of  an  interplay  between  the  micro-level  (the  individual  bacterium) 
and  the  macro-level  (the  colony)  .  Some  qualitative  features  of  the  complex  morphologies 
can  be  accounted  for  by  invoking  ideas  from  pattern  formation  in  non-living  systems  togethei 
with  a  simplified  model  of  chemotactic  ’’feedback”. 

INTRODUCTION 

Typically,  bacterial  colonies  are  grown  on  substrates  with  a  high  nutrient  level  and  inter¬ 
mediate  agar  concentration.  Under  such  ” friendly”  conditions,  the  colonies  develop  simple 
(almost  structureless)  compact  patterns  with  smooth  envelope.  This  behavior  fits  well  the 
contemporary  view  of  the  bacterial  colonies  as  a  collection  of  independent  unicellular  or¬ 
ganisms  (or  non-interacting  ’’particles”,  if  borrowing  terminology  from  physics).  However, 
in  nature,  bacterial  colonies  regularly  must  cope  with  hostile  environmental  condi tions[lj. 
What  happens  if  we  create  hostile  conditions  in  a  petri  dish  by  using,  for  example,  a  very 
low  level  of  nutrients  or  a  hard  surface  (high  concentration  of  agar),  or  both?  The  bacteria 
reproduction  rate,  which  determines  the  growth  rate  of  the  colony,  is  limited  by  the  level  of 
nutrients  concentration  available  for  the  bacteria.  The  latter  is  limited  by  the  diffusion  of 
nutrients  towards  the  colony  .  Hence,  the  growth  of  the  colony  resembles  diffusion  limited 
growth  in  azoic  systems.  From  the  study  of  diffusive  patterning  in  azoic  systems  we  un¬ 
derstand  that  a  diffusion  field  drives  the  system  towards  decorated  (on  many  length  scales) 
irregular  fractal  shapes.  Moreover,  we  now  understand  how  the  competition  between  the  ac¬ 
tions  of  the  diffusion  field  and  the  microscopic  effects  (surface  tension  and  surface  kinetics) 
determines  the  evolved  pattern[2,  3].  The  microscopic  effects,  when  present,  compete  with 
the  diffusive  instability  and  channel  it  towards  regular  and  less  decorated  structuies.  Gen¬ 
erally  speaking,  the  morphology  changes  from  fracta.l-like[4],  when  the  diffusive  instability 
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dominates  the  growth,  to  compact[5]  when  the  diffusive  instability  is  weaker  than  the  action 
of  the  microscopic  effects. 

In  view  of  the  above,  one  would  naively  expect  that  whenever  bacterial  colonies  are 
grown  on  very  low-nutrient  agar  (diffusion  limited)  branching  will  occur  (rather  than  com¬ 
pact  growth)  to  facilitate  the  colony’s  access  to  food.  Indeed,  bacterial  colonies  develop 
patterns  reminiscent  of  those  observed  during  growth  in  azoic  systems  [6,  7,  8,  9]  such  as 
solidification  from  a  supersaturated  "solution,  liquid-crystal  solidification,  electro-chemical 
deposition  etc.  [2].  We  believe  that  the  complex  patterning  of  bacterial  colonies  is  not  merely 
an  additional  example  (albeit  more  involved)  of  spontaneous  emergence  of  patterns  ,  that 
may  be  explained  according  to  the  theory  of  patterning  in  azoic  systems,  but  that  it  leads 
to  a  new  understanding  required  for  biological  systems. 

We  will  show  that  by  comparing  the  formation  of  patterns  in  the  two  worlds  we  can  identify 
both  the  common  principles  and  the  features  unique  to  bacterial  colonies.  An  additional 
level  of  complexity  is  involved  in  bacterial  colonies,  since  the  building  blocks  themselves 
are  living  systems,  each  having  its  own  autonomous  self-interest  and  internal  degrees  of 
freedom.  At  the  same  time,  efficient  adaptation  of  the  colony  to  adverse  growth  conditions 
requires  self-organization  on  all  levels  -  which  can  be  achieved  only  via  cooperative  behavior 
of  the  bacteria.  This  may  be  viewed  as  the  action  of  a  singular  interplay [8,  9]  (singular 
perturbation  or  regulation  and  singular  feedback  or  control)  between  the  micro-level  (the 
individual  bacterium)  and  the  macro-level  (the  colony)  in  the  determination  of  the  emerging 
pattern.  In  general,  as  growth  conditions  worsen,  a  more  complex  global  structure  is  observed 
together  with  a  higher  micro-level  organization. 

To  achieve  this,  the  bacteria  have  developed  sophisticated  communication  channels  on  all 
levels[l,  10,  11,  12,  13]:  from  direct  (by  contact)  bacterium-bacterium  physical  interaction 
and  chemical  interaction,  through  indirect  physical  and  chemical  interactions  via  marks 
left  on  the  agar  surface  and  chemical  (chemotactic)  signaling,  to  genetic  communication 
via  exchange  of  genetic  material.  The  communication  enables  each  bacterium  to  be  both 
actor  and  spectator  (using  Bohr’s  expressions)  during  the  complex  patterning.  The  bacteria 
developed  a  particle-field  duality:  each  of  the  bacterium  is  a  localized  (moving)  particle 
which  can  produce  a  chemical  and  physical  field  around  itself.  For  researchers  in  the  pattern 
formation  field,  the  above  communication  regulation  and  control  mechanism  opens  a  new 
class  of  tantalizing  complex  models  exhibiting  a  much  richer  spectrum  of  patterns  than  the 
models  for  azoic  systems. 

An  additional  level  of  complexity  arises  from  the  potential  of  the  individual  bacterium 
to  perform  inheritable  genetic  metamorphoses  in  response  to  the  growth  conditions[8,  9]. 
Indeed,  as  the  bacteria  are  exposed  to  more  adverse  growth  conditions,  new  modes  (muta¬ 
tions),  with  more  sophisticated  communication  strategies  enabling  a  more  complex  behavior, 
were  observed.  Hence,  pattern  selection  during  complex  patterning  is  directly  related  to  the 
issue  of  genome  cybernetics,  as  the  colony  organization  (being  the  environment)  can  directly 
affect  the  genetic  metamorphosis  of  the  individual  and  vice-versa[8,  9]. 

EXCITATION  OF  THE  MOTILE  MODE  :  phase  T 

We  have  started  our  experimental  endeavor  with  Bacillus  subtilis  168  (#168).  The  bac¬ 
terial  colonies  were  grown  on  standard  petri-dishes  covered  with  a  thin  layer  of  substrate 
(see  ref  [8,  9]  for  details).  The  growth  conditions  varied  from  an  extremely  poor  level  of 
nutrients  to  a  rich  mixture  and  from  a  soft  substrate  to  a  very  hard  one.  The  typical  growth 
patterns  were  compact  with  a  rough  interface,  reflecting  the  fact  that  the  #168  bacteria  are 
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nonmotile.  Can  the  bacteria  develop  mobility,  or  change  the  nature  of  the  reproduction. 

Seeking  experimental  answers  to  the  above  questions,  Ben- Jacob  et  al  [8,  9,  14]  have 
performed  experiments  in  which  numerous  numbers  of  colonies  of  the  Bacillus  subtihs  168 
were  grown  under  a  wide  range  of  adverse  conditions  for  a  long  time.  Occasionally,  bursts 
of  spectacular  new  modes  of  growth  exhibiting  branching  patterns  were  observed  (Phase  T 
Cf.  [8,  9].  These  new  branching  modes  were  shown  to  be  inheritable,  i.e.  inoculation  of 
bacteria  (and  even  single  bacterium  after  dilution  in  liquid)  from  the  new  bursting  mode  led 
again  to  a  branching  colony.  The  branching  colonies  propagate  much  faster  than  the  original 
Bacillus  subtihs  168  colonies,  indicating  that  a  genetic  change  took  place  as  a  strategy  for 
better  adaptation  to  the  environment. 

The  colonies  of  phase  T  adopt  various  shapes  as  the  growth  conditions  are  varied  (Fig.  1). 
The  patterns  are  compact  for  high  pepton  levels  and  become  more  ramified  at  low  pepton 
levels,  in  agreement  with  the  results  of  references  [15,  6,  16,  17].  Surprisingly,  at  even  lower 
pepton  levels  the  colonies  again  adopt  a  more  organized  (well  defined  circular  envelope) 

dense  structure.  ' 

Microscope  studies  reveal  that  the  bacteria  perform  a  random- walk-like  movement  within 
a  well  defined  envelope[18,  14].  The  latter  is  formed  presumably  by  chemicals  which  are 
excreted  by  the  bacteria  and/or  by  fluid  drawn  by  the  bacteria  from  the  agar.  The  envelope 
slowly  propagates,  as  if  by  the  action  of  an  effective  internal  pressure  produced  by  the 
collective  movement  of  the  bacteria. 


MODELING  THE  GROWTH  : 

THE  COMMUNICATING  WALKERS  MODEL 


We  adopted  the  approach  of  generic  modeling  for  the  bacterial  complex  patterning. 

A  single  colony  may  consist  of  1010  bacteria.  Hence,  it  is  impractical  to  deal  with  modeling 
of  a  single  bacterium.  Instead  we  chose  to  represent  the  bacteria  by  walkers,  each  of  which 
should  be  viewed  as  a  mesoscopic  unit  (course  graining  of  the  colony)  and  not  as  an  individual 
bacterium.  In  our  simulations,  each  walker  represents  about  104  —  105  bacteria. 

Each  walker  is  described  by  its  location  Ri  and  an  internal  degree  of  freedom  (”  internal 
energy”  E{),  which  affects  its  activity.  The  walker  looses  ’’internal  energy”  at  a  constant 
rate.  To  increase  the  internal  energy,  it  consumes  nutrients  at  a  fixed  rate  if  sufficient  food  is 
available.  Otherwise,  it  consumes  the  available  amount.  When  there  is  not  enough  food  for 
an  interval  of  time  (causing  Ei  to  drop  to  zero),  the  walker  becomes  immotile  and  lemains  in 
this  state.  With  sufficient  food  Ei  increases,  and  when  it  reaches  some  threshold,  the  walker 
divides  into  two  (reproduction). 

As  in  the  experiments,  we  start  the  simulations  with  a  uniform  distribution  of  nutrients. 
For  simplicity,  we  assume  a  single  component  of  ’’food”  whose  concentration  is  c(r).  As  the 
walkers  consume  the  food,  cfr1*)  decreases  around  the  colony  and  there  is  diffusion  of  nutiients 
towards  the  colony.  Nutrients  diffusion  is  handled  by  solving  the  diffusion  equation  for  c(r) 
on  a  triangular  lattice. 

The  walkers  perform  off  lattice  random  walk  within  an  envelope  that  is  defined  on  the 
triangular  lattice.  At  each  time  step,  each  of  the  active  (motile)  walkers  moves  a  step  of  size  d 
(which  is  shorter  than  the  lattice  size)  and  at  an  angle  0,  uniformly  chosen  from  the  interval 
[0, 27r].  If  the  step  crosses  the  envelope,  the  step  is  not  performed  and  a  counter  on  the 
appropriate  segment  of  the  envelope  is  increased  by  one.  When  a  segment  counter  reaches 
Nc  the  envelope  segment  propagates  one  lattice  step  and  additional  lattice  cell  is  added  to 
the  colony.  This  requirement  (of  Nc  hits)  represents  the  local  communication  or  cooperation 
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Fig.  1.  Example  of  the  morphology  di¬ 
agram  of  Phase  T  as  function  of  pepton 
level  (increasing  from  top  to  bottom)  and 
for  two  values  of  agar  concentration.  (1.5% 
(left  column);  2.0%  (right  column)). 


Pfgl-1) 


Fig.  2.  Results  of  numerical  simulations 
of  the  communicating  walkers  model.  The 
patterns  are  organized  as  function  of  pep¬ 
ton  level  P  (the  initial  value  of  c)  and 
Nc  (corresponds  to  the  agar  concentration). 
The  typical  system  size  is  600  x  600  and  the 
typical  number  of  the  walkers  is  105.  Hence 
each  walker  represents  about  104  bacteria. 
The  observed  patterns  are  compact  for  high 
pepton  levels  and  become  ramified  for  low 
pepton  levels.  For  the  same  pepton  level, 
the  patterns  are  more  branching  for  higher 
Nc.  Both  are  consistent  with  experimental 
observations.  Note  that  the  fractal  dimen¬ 
sion  becomes  much  smaller  than  the  DLA 
fractal  dimension.  It  reflects  the  fact  that 
the  envelope  propagation  has  non  trivial 
dependence  on  the  gradient  of  the  nutrients 
diffusion  field. 


Fig.  3.  Effect  of  chemotaxis  signaling:  (a) 
In  the  absence  of  chemotaxis  for  P  =  10 
and  Nc  =  40.  (b)  In  the  presence  of  chemo¬ 
taxis  (for  the  same  values  of  P  and  Nc).  • 
The  pattern  becomes  denser  with  radial 
thin  branches  and  well  defined  circular  en¬ 
velope,  in  agreement  with  experimental  ob¬ 
servations. 
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in  the  behavior  of  the  bacteria.  Note  that,  to  a  first  approximation,  Nc  represents  the  agar 
concentration,  as  more  ’’collisions”  are  needed  to  push  the  envelope  on  a  harder  substrate, 
for  more  details  see  ref  [18,  14]. 

Results  of  numerical  simulations  of  the  model  are  shown  in  fig.  2.  As  in  the  growth  of 
bacterial  colonies,  the  patterns  are  compact  at  high  pepton  levels  and  become  fractal  with 
decreasing  food  level.  The  results  capture  some  of  the  observed  features  but  not  the  ability  of 
the  bacteria  to  develop  organized  patterns  at  very  low  pepton  levels.  Does  chemotactic  sig¬ 
naling  provide  the  colony  with  the  means  to  do  so?  Generally,  chemotaxis  means  movement 
of  the  bacteria  in  response  to  a  gradient  of  certain  chemicals  field  [19,  13,  20].  Ordinarily, 
the  movement  is  along  the  gradient  either  in  the  opposite  direction  or  in  the  gradient  diiec- 
tion.  The  chemotactic  response  may  be  to  an  external  field  or  to  a  field  produced  directly 
or  indirectly  by  the  bacteria.  The  latter  case  can  be  referred  to  as  chemotaxis  signaling 
or  chemotaxis  communication.  Moreover,  it  is  well  known  that  excretion  of  the  chemotaxis 
material  can  be  triggered  by  exerting  stress  on  the  microorganisms.  Such  non-local  commu¬ 
nication  enables  each  bacterium  to  obtain  information  about  and  respond  to  the  state  of  th,e 
colony  as  a  whole. 

We  include  a  simple  version  of  chemotaxis  communication  to  reveal  the  generic  features. 
Each  of  the  stationary  walkers  produces  a  communication  chemical  at  a  fixed  rate,  and  each 
of  the  active  walkers  consumes  the  chemical  at  a  fixed  rate.  The  movement  of  the  active 
bacteria  changes  from  pure  random  walk  (equal  probability  to  move  along  any  direction)  to 
a  random  walk  with  a  bias  along  the  gradient  of  the  communication  field  (higher  probability 
to  move  in  the  direction  of  the  signaling  material).  In  Fig.  3  we  show  that  indeed,  the 
inclusion  of  such  chemotaxis  signaling  produces  the  desired  phenomena:  the  patterns  change 
from  fractal  to  a  dense  structure  with  thin  branches  and  a  well  defined  circular  envelope. 


IMPOSED  ANISOTROPY 

We  have  studied  the  effect  of  imposed  four-fold  lattice  anisotropy  on  the  growth  of  the 
bacterial  colonies.  In  Fig.  4  we  show  simulations  of  the  communicating  walkers  model  in 
the  presence  of  four-fold  lattice  anisotropy.  The  anisotropy  is  included  via  a  four-fold  net  of 
lines,  along  which  Nc  is  of  lower  value.  The  results  show  a  clear  concave-to-convex  transition 
as  a  function  of  pepton  level.  Chemotaxis  signaling  has  been  included  in  the  simulations 
shown  in  Fig.  5.  In  the  absence  of  such  signaling,  the  concave-to-convex  transition  fades 
away. 

To  test  the  above  predictions,  we  developed  a  method  of  ”agar  stamping”  that  induces 
modulation  on  the  agar  surface  [21].  A  clear  concave-to-convex  transition  is  observed. 
The  qualitative  agreement  with  the  model’s  predictions  indicates  again  the  role  of  repul¬ 
sive  chemotaxis  signaling.  The  results  also  suggest  that  morphology  transitions  occur  and 
hence  a  morphology  selection  principle  acts  during  growth  of  the  bacterial  colonies. 

In  Fig.  6  we  show  typical  growth  patterns  observed  in  the  presence  of  imposed  6-fold 
anisotropy.  The  patterns  exhibit  a  tantalizing  similarity  to  the  shapes  of  real  snowflakes. 
Each  morphology  consists  of  six  main  arms  with  dendrites.  At  high  pepton  levels,  the 
patterns  are  denser  and  the  effect  of  the  anisotropy  fades  away.  At  very  low  pepton  levels, 
the  patterns  become  denser  again  and  maintain  the  six-fold  symmetry,  in  agreement  with 
the  simulations  when  repulsive  chemotaxis  is  included. 

The  observations  demonstrate  that  singular  perturbation  does  play  a  role  during  growth  of 
bacterial  colonies.  The  modulations  on  the  agar  surface  break  the  symmetry  in  the  dynamics 
over  just  a  small  regime  of  the  advancing  front,  in  the  immediate  vicinity  of  the  ridge.  Yet, 
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Fig.  4.  Patterns  produced  by  the  ’’com¬ 
municating  walkers”  model  in  the  pres¬ 
ence  of  lattice  four-fold  anisotropy  and  with 
chemotaxis  signaling.  The  simulations  are 
for  Nc= 20.  (a)-(d)  are  for  P=10;15;35  and 
75  respectively.  Note  that  the  envelope 
shows  a  transition  from  concave  to  convex 
shape. 


Fig.  5.  Patterns  observed  during 
growth  in  the  presence  of  imposed  four-fold 
anisotropy  for  1.5%  agar,  (a);  (b);  (c)  and 
(d)  are  for  pepton  levels  1.4;  4;  10  and  15 
g/l  respectively.  Note  the  similarity  to  the 
model  predictions  shown  in  Fig.  4. 


Fig.  6.  ’’Bacterial  snowflake”  :  The  ef¬ 
fect  of  imposed  six-fold  anisotropy.  The 
anisotropy  is  introduced  using  the  ’’stamp¬ 
ing”  method  described  in  the  text. 


this  broken  symmetry  is  sufficient  to  change  the  original  tip-splitting  growth  into  dendritic 
growth. 

Chiral  growth:  Phase  C 

During  growth  of  the  branching  mode  on  low  nutrient  soft  agar  (easier  mobility),  buists 
(inheritable)  of  new  patterns  which  overgrow  the  branching  ones  are  observed[8,  9].  The  new 
patterns  consist  of  thinner  branches  all  having  the  same  handedness  of  twisting  (fig  7).  We 
name  this  type  of  growth  chiral  growth,  and  refer  to  the  new  inheritable  phase  as  phase  C . 

The  chiral  growth  appears  to  be  a  fairly  sophisticated  tactics.  Are  new  features  needed 
in  order  to  explain  this  behavior?  In  phase  C  the  bacteria  are  much  longer.  Hence  each 
bacterium  has  a  well  defined  orientation.  The  bacteria  should  no  longer  be  modelled  as  ran¬ 
dom  walkers,  for  there  is  no  side  movement;  only  forward  and  backward  motion  is  observed, 
with  a  weak  twist.  There  must  also  be  a  strong  direct  bacteria-bacteria  interaction,  as  the 
bacteria  are  attracted  to  move  alongside  each  other. 

Following  our  microscopic  observations  of  the  bacterial  movements,  we  propose  to  include 
the  following  additional  novel  features  to  model  the  chiral  growth:  (i)Each  walker  has  a 
well  defined  orientation  0,-.  (ii)There  is  a  bacterium-bacterium  co-alignment  (orientational 
interaction):  the  walkers  sense  the  local  mean  orientational  field  $(rj),  and  a  magnetic  like 
interaction  acts  on  each  walker  to  orient  0,  along  the  direction  of  $(n)*  (hi)  There  is  a 
stochastic  rotation  ij  ,  and  a  fixed  rotation  Ch  representing  the  level  of  microscopic  chirality 
of  the  movement  .  We  assume  that  the  bacterial  tumbling  [22]  is  due  to  a  rotation  with  the 
same  handedness.  Due  to  the  orientational  interaction,  the  tumbling  is  always  much  smaller 
then  360°.  Therefore  it  may  be  presented  as  a  combination  of  Ch  and  77. 

Results  of  the  numerical  simulations  of  the  model  are  shown  in  Fig.  8.  A  crucial  test  of 
a  model  is  its  predictive  power.  For  example,  we  assume  that  the  strength  of  the  stochastic 
rotation  is  related  to  the  length  of  the  bacteria  (cr,  the  standard  deviation,  is  larger  for 
shorter  bacteria).  In  Fig.  9  we  show  that,  as  a  is  increased,  the  chiral  nature  of  the  pattern 
disappears  and  it  becomes  tip-splitting.  Typically,  Bacillus  subtilis  bacteria  are  shorter  when 
grown  on  a  rich  substrate.  Hence  we  predicted  that  growth  on  high  nutrient  agar  will  change 
the  pattern  to  tip-splitting,  and  this  prediction  was  supported  by  our  observations. 

The  vortex  mode 

Growth  of  the  bacteria  on  soft  agar  led  to  the  complex  chiral  behavior.  Bacteria  grown 
on  hard  agar  adopt  yet  another  tactic,  as  is  demonstrated  by  the  vortex  mode  reported  by 
Ben-Jacob  et  ai  [8,  9]. 

In  fig.  10  we  show  examples  of  the  vortex  colonies.  These  colonies  spread  via  leading 
droplets  (the  darker  dots)  that  leave  behind  on  the  agar  a  clear  trail  filled  with  bacteria. 
Each  droplet  consists  of  many  bacteria  that  spin  around  a  common  center  (hence  named 
vortex)  at  typical  velocities  of  1-10  ftm  per  second  (the  velocity  is  very  sensitive  to  the 
growth  conditions).  Depending  on  the  growth  conditions,  the  number  of  bacteria  in  a  vortex 
can  vary  from  a  mere  few  to  millions.  Within  a  given  colony,  both  clockwise  and  anti 
clockwise  vortices  are  observed.  The  vortices  also  vary  from  being  one  layered  to  many 
layered.  Usually,  the  pioneering  droplets  are  the  larger  ones,  and  smaller  droplets  ’’explore” 
the  empty  areas  left  behind  the  advancing  front. 

If  we  take  the  micro-level  (individual  bacterium)  view  point,  we  notice  the  following: 
there  is  a  very  high  level  of  correlation,  as  all  the  bacteria  in  the  vortex  move  together.  The 


411 


Fig.  8.  Example  of  chiral  pattern  produced 
by  the  model  when  oorientation  correlation, 
is  included  [P  =  2,  Nc  =  5). 


Fig.  7.  Example  of  tfhiral  developed  during 
growth  of  phase  C .  (a)  a  single  colony,  (b) 
four  colonies  on  a  single  petri  dish  demon¬ 
strate  the  reproducibility  of  the  growth. 


Fig.  9.  Tip  splitting  growth  of  the  same 
model  when  the  standard  deviation  of  is 
large  (=  tt/2). 
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motion  reminds  one  of  the  coordinated  motion  of  many  schools  of  eucaryotes  (e.g.  schools 
of  insects,  squids,  various  tj'pes  of  fishes  etc.)  [23]. 

DISCUSSION 

In  ref  [9]  we  have  shown  that  the  growth  of  bacteria  colonies  requires  a  high  level  of 
organization  leading  to  complex  pattern  formation.  During  growth  the  patterns  undergo 
transitions  from  compact  growth  to  tip-splitting  (phase  T )  and  from  phase  T  to  phase  C , 
as  well  as  transitions  from  B  168  to  the  vortex  mode.  The  main  challenge  is  to  elucidate  the 
genetic  basis  of  these  fascinating  transitions.  We  have  presented  an  hypothesis  describing 
a  cybernetic  capacity  for  B  168,  which  reflects  regulation  of  three  levels  of  organism  inter¬ 
actions:  the  cybernator,  the  bacterium  and  the  colony.  The  ’interest’  of  the  cybernator 
serves  the  purposes  of  the  colony  by  re-adjusting  appropriately  the  single  bacterium.  The 
cybernator  provides  a  singular  feedback  mechanism,  as  the  colony  uses  it  to  induce  changes 
in  the  single  bacterium,  thus  leading  to  a  consistent  adaptive  self-organization  of  the  colony. 

As  we  have  said  in  ref  [8]  the  colony  organization  can  directly  affect  the  genetic  meta¬ 
morphosis  of  the  individuals”.  To  emphasize  the  special  nature  of  the  phase  determination 
and  to  distinguish  it  from  ordinary  reversible  phenotypic  adaptation,  we  refer  to  it  as  genome 
adaptation.  The  present  existence  of  such  a  potential  for  genome  adaptation  means  that  it 
had  to  be  developed  (acquired)  by  the  genome  in  the  past.  Hence,  if  we  accept  genome 
adaptation,  it  directly  implies  the  possibility  of  genome  learning.  The  latter  requires  the 
following  elements:  (1)  Exposure  of  the  bacteria  to  alternating  environmental  conditions 
(e.g.  alternating  between  conditions  for  which  phases  C  and  T  are  preferred).  (2)  Memory 
of  the  environmental  variations.  (3)  Means  for  problem  solving  by  the  genome  according  to 
the  collected  and  processed  information  (both  internal  and  external).  (4)  Means  for  genome 
reorganization  (natural  genetic  engineering)  according  to  the  solution  for  the  problem.  Thus, 
the  genome  may  be  viewed  as  a  learning  cybernetic  unit. 

During  the  last  decade  we  have  learned  that,  as  an  azoic  system  is  driven  away  from  equi¬ 
librium,  a  singular  interplay  between  the  two  levels  determines  the  self-organization  of  the 
entire  system.  Hence,  the  interplay  may  be  viewed  as  balancing  between  the  constraints  that 
each  level  imposes  on  the  other  one.  It  is  tempting  to  introduce  the  concept  of  complexity  as 
a  quantitative  measure  of  the  interplay.  At  present,  we  lack  a  definition  of  complexity,  and 
it  is  not  clear  whether  indeed  such  a  new  real  variable  does  exist  -  real  in  the  sense  that  a 
measurement  of  the  variable  can  be  defined.  Cybernetics  suggests  that,  to  maintain  singular 
interplay  between  the  level  of  the  individual  bacterium  and  the  colony,  it  is  necessary  to  have 
a  regulating  channel  to  a  level  below  that  of  the  individual  bacterium.  If  correct,  it  implies 
that  more  than  two  levels  are  required  to  describe  the  interplay  in  the  colony.  Hence,  instead 
of  applying  concepts  of  statistical  mechanics  to  the  genome  and  to  the  evolution  process,  we 
might  use  the  lesson  learned  from  the  bacterial  colonies  as  a  hint  for  the  development  of  the 
concept  of  complexity  in  the  description  of  azoic  systems  driven  out  of  equilibrium. 
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ABSTRACT 

Optical  prossesses  in  nanostructured  fractal  composites  are  shown  to  be  strongly  enhanced.  The 
enhancement  occurs  because  of  a  localization  of  dipolar  eigenmodes  in  subwavelength  areas. 


Composite  materials  constituted  of  tens-of-nanometer-sized  particles  possess  fascinating  elec¬ 
tromagnetic  properties  and  they  are  likely  to  become  ever  more  important  with  the  miniaturization 
of  electronic  components.  Fractal  structures  are  very  prevelant  in  composites.  The  emergence 
of  fractal  geometry  was  a  significant  breakthrough  in  the  description  of  irregularity  [1].  Fractal 
objects  (fractals)  do  not  possess  translational  invariance  and,  therefore,  cannot  transmit  ordinary 
waves  [2,3].  Accordingly,  dynamical  excitations  such  as  vibrational  modes,  known  as  fractons, 
tend  to  be  localized  in  fractals  [3].  Formally,  this  is  a  consequence  of  the  fact  that  plane  running 
waves  are  not  eigenfunctions  of  the  operator  of  dilatation  symmetry  (scale-invariance)  character¬ 
izing  fractals.  The  efficiency  of  fractal  structures  in  damping  running  waves  is  probably  the  key 
to  a  “self-stabilization”  of  many  of  the  fractals  found  in  nature  [2]. 

The  localization  of  optical  eigenmodes  can  lead  to  a  dramatic  enhancement  of  many  optical 
effects  in  fractals  [4-6].  The  theory  of  optical  excitations  in  fractal  clusters  and  percolation  systems 
has  been  intensively  developing  during  the  last  decade,  in  particular,  by  Berry  [7],  Stroud  [8], 
Bergman  [9],  Fuchs  and  Claro  [10],  Devaty  [11],  Brouers  [12],  Niklasson  [13],  and  by  Stockman, 
Markel  and  Shalaev  [4-6,  14-23].  One  of  the  most  fascinating  optical  properties  of  fractals  is 
a  strong  localization  (in  regions  smaller  than  the  wavelength  A)  of  the  dipolar  eigenmodes  [6, 
8,  12,  14-17,  24].  Localized  modes  concentrate  electromagnetic  energy  in  areas  smaller  than 
the  diffraction  limit  of  conventional  optics  (~  A)  acting,  to  some  extent,  as  antennas  or  as  the 
“near- field  lenses” .  Such  modes  produce  high-local-field  zones  resulting  in  strong  enhancement  of 
optical  processes  (especially,  nonlinear  ones  which  are  proportional  to  the  local  field  strengths  to 
a  high  power).  In  fractal  aggregates  composed  of  metal  nanoparticles  and  in  rough  self-affine  films 
the  modes  are  associated  with  localized  surface  plasmon  (LSP)  oscillations.  Direct  experimental 
observation  of  the  strongly  localized  optical  modes  in  fractal  silver  aggregates  has  been  recently 
reported  [24]. 

As  shown  previously  [4-6,  15-23],  resonant  excitation  of  strongly  localized  optical  modes  in 
fractals  results  in  a  huge  enhancement  of  resonant  Rayleigh  [16],  Raman  [18]  and,  especially, 
nonlinear  light  scattering  [21-23].  We  have  also  predicted  recently  that,  in  addition  to  localization 
of  light-induced  dipole  excitations,  fractality  can  result  in  Anderson  localization  (trapping)  of  the 
light  itself  within  a  range  of  the  order  of  a  wavelength  [19]. 

An  important  property  of  the  interaction  of  light  with  fractals  is  the  very  strong  frequency  and 
polarization  dependence  of  the  spatial  location  of  light-induced  dipole  modes  [6,  22,  24].  Such 
frequency-spatial  and  polarization-spatial  selectivity  of  the  interaction  can  find  applications  in 
the  recording  and  processing  of  optical  information.  This  selectivity  arises  because  the  fractal 
morphology  provides  localization  of  optical  modes  on  different  sections  of  an  object  with  random 
local  structure  and  because  of  the  tensor  character  of  the  dipole  (or,  multipole,  in  a  general  case) 
interactions  between  particles  forming  the  fractal  object. 

A  well-known  example  of  a  fractal  aggregate  of  particles  is  a  metal  colloid  cluster.  In  particular, 
fractal  aggregates  of  silver  colloid  particles  can  be  produced  from  a  silver  sol  generated  by  reducing 
silver  nitrate  with  sodium  borohydride.  Addition  of  an  adsorbate  (e.g.,  phthalazine)  promotes 
aggregation  and  fractal  colloid  clusters  form.  This  aggregation  can  be  described  as  follows.  A  large 
number  of  initially  isolated  silver  nanoparticles  execute  random  walks  in  the  solution.  Encounters 
with  other  nanoparticles  result  in  their  sticking  together,  first  to  form  small  groups,  which  then 
aggregate  into  larger  formations,  and  so  on.  This  is  the  so  called  cluster-cluster  aggregation  model, 
which  results  in  clusters  having  fractal  dimension  D  «  1.78.  Cluster-cluster  aggregation  can  be 
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easily  modeled  in  a  computer,  which  provides  excellent  simulation  of  the  empirically  observed 
structures. 

The  number  of  particles,  N ,  in  a  fractal  aggregate  is  given  by  N  =  (RC/R0)D,  where  Rc  is 
the  radius  of  gyration  of  the  cluster  and  R0  is  a  typical  separation  between  neighbor  monomers. 
For  silver  colloid  fractal  clusters  one  typically  has  Ro  ~  lOrcm,  Rc  ~  \pm  and  D  1.78.  Note 
that  each  section  of  a  fractal  composite  contains  holes  comparable  in  size  to  the  section  itself. 
Such  a  structure  is  statistically  self-similar,  i.e.,  it  posseses  a  scale-invariance  property.  The 
positions  of  particles  in  a  cluster  are  correlated  so  that  the  pair  correlation  function  has  a  power- 
law  dependence:  g(r)  a  rD~d ,  where  d  is  the  dimension  of  the  embedding  space  (d  =  3  in  the 
case  under  consideration).  The  mean  density  of  a  fractal  cluster  p  ~  NjRd  cc  R^~d  —*■  0  when 
Rc  -►  oo  since  D  <  d.  Thus,  the  larger  a  fractal  cluster,  the  smaller  its  mean  density.  This  is 
because  holes  in  a  fractal  composite  are  presented  in  all  scales  from  the  minimum  (~  Ro)  to  the 
maximum  (~  Rc). 

Metallic  particles  constituting  a  nanocomposite  are  polarizable  and  possess  an  optical  reso¬ 
nance  with  high  quality- factor  Q  :  Q  >  1.  This  resonance  is  associated  with  plasmon  oscillations 
within  the  spherical  particles.  Light-induced  dipole-dipole  interactions  between  the  polarizable 
particles  in  the  aggregate  are  determined  by  the  complex  polarizability  Xo  of  an  isolated  monomer. 
For  a  spherical  monomer  (in  vacuum)  xo  —  Rm(e  ~  l)/(f  +  2),  where  Rm  is  the  monomer  radius, 
and  €  =  c'+ie"  is  the  dielectric  constant  of  the  metal.  Defining  X  =  -i£e[xo *],  and  6  =  -7m[x  o'1]) 
X  plays  the  role  of  a  spectral  variable  and  6  expresses  the  dielectric  losses.  At  the  resonant  fre¬ 
quency  a>o  one  has  c'(u;o)  =  -2  and  X(w0)  =  0.  In  the  vicinity  of  the  localized  surface  plasmon 
(LSP)  resonance,  X  oc  u  -  w0  where  u>  is  the  frequency  of  light.  The  quality  factor  is  determined 
by  Q  =  ( S*6 )-x  =  (Ro/Rmf  \c  -  l|2/3e"  ~  |e  -  l|2/3e". 

An  external  optical  field  induces  transitional  dipole  moments  on  the  particles,  and  strong 
dipole  interactions  lead  to  a  renormalization  of  the  problem,  from  one  of  N  dipoles  in  a  cluster  to 
one  of  3 N  collective  dipolar  eigenmodes.  These  modes  in  the  case  of  silver  fractal  nanocomposites 
cover  a  wide  spectral  range,  from  approximately  340  nm  to  1000  nm,  i.e.,  the  visible  and  near- 
infrared  parts  of  the  spectrum.  Thus,  while  the  LSP  resonance  of  an  isolated  silver  particle  peaks 
(in  water)  at  400  nm,  a  fractal  nanostuctured  aggregate  resonates  at  an  almost  continuous  set 
of  frequencies  in  a  broad  spectral  range  and,  accordingly,  can  provide  enhancement  at  all  these 
frequencies.  These  resonances  are  shifted  mostly  to  the  red-wavelenght  part  of  the  spectrum 
where  the  quality-factor  Q  for  metal  nanocomposites  is  significantly  larger  than  that  at  the  near 
uv  resonance  of  an  isolated  spherical  particle.  (For  silver,  Q  ~  10  at  the  uv  resonance  of  an 
isolated  particle,  and  Q  ~  102  at  the  collective  plasmon  resonances  of  a  fractal  nanocomposite  in 
the  visible  and  ir  ranges  [18]). 


Fig.  1:  Extinction  spectrum  of  silver  colloid  fractal  aggregates 
(dashed  lines  -  experiment;  cirlces  and  solid  lines  -  simulations). 
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In  Fig.  1  we  present  the  results  of  our  numerical  simulations  of  the  extinction  spectrum  of 
isolated  silver  monomers  and  their  fractal  aggregates  compared  with  experimental  data.  Clearly, 
the  aggregation  results  in  a  large  tail  in  the  red  and  near  infra-red  part  of  the  spectrum.  In  the 
case  of  fractal  composites  the  simulations  have  been  performed  for  10  clusters  of  500  particles  each 
(the  solid  line  with  a  large  wing)  and  for  4  clusters  of  10,000  partiles  each  (circles).  As  follows 
from  the  figure  the  simulations  discribe  well  the  experimental  data  in  the  wing  of  the  absorption 
spectrum  asocciated  with  localized  optical  modes  of  fractal  nanocomposites.  The  discreapancy 
in  the  central  part  of  the  spectrum  (which  is  mostly  due  to  delocalized  modes)  occurs  because  in 
the  experiments  a  number  of  particles  remained  nonaggregated  in  solution  and  led  to  additional 
(not  related  to  fractal  aggregates)  absorption  at  400  nm. 

The  strong  localization  of  the  eigenmodes  results  in  accumulation  of  electromagnetic  energy  in 
areas  smaller  than  the  wavelength.  These  “hot  zones”  are  characterized  by  very  high  local  fields. 
Note  that  these  local  fields  are  strongly  fluctuating  in  space  so  that  (\Eioc\2)  >  (|Fj0C|)2  [6,  14] 
((...)  denotes  averaging  over  the  ensemble  of  clusters). 

The  localization  of  the  eigenmodes  is  characterized  by  a  coherence  length  Lx  of  the  eigenmodes 
defined  by  [14,  17] 

.2  (£„<(*  -  «’»){£;(■«  I  n)2r?  -  IEi(in  I  ")2n]2}> 

x~  (£,«(*-».)> 

where  (ia|n)  and  wn  are  the  eigenfunctions  and  eigenvalues  of  the  dipole-dipole  interaction  oper¬ 
ator,  W,  between  particles  in  a  cluster.  This  definition  has  a  clear  quantum- mechanical  analogy 
with  (i»  |  71 )  as  the  wave  function.  In  Fig.  2  we  plot  Lx  against  X .  According  to  the  figure,  the 
localization  increases  for  larger  values  of  |X|,  i.e.,  for  larger  detuning  from  the  resonance  of  an 
isolated  particle  given  by  X  =  0.  The  most  localized  modes  have  linear  dimensions  which  are  of 
the  order  of  the  particle  size. 

The  increase  of  the  localization  with  increasing  | X  \  leads  to  the  higher  local  intensity  associ¬ 
ated  with  the  modes  and,  as  a  result,  to  larger  enhancements.  As  shown  in  previous  papers,  the 
enhancement  of  optical  processes,  such  as  Raman  scattering  and  DWFM,  significantly  increases 
towards  larger  values  of  \X\  [6,  18,  23].  Note  also  that  fluctuations  are  very  strong  and  increase 
toward  the  center  X  =  0.  These  are  long-range  fluctuations  near  the  critical  point,  X  =  0, 
which  ultimately  provide  the  scaling  of  optical  excitations  similar  to  a  phase  transition  [14,  15]. 
Thus,  the  point  X  =  0  plays  a  role  similar  to  the  phase  transition  point  in  phase  transition  theory. 


Figure  2:  The  localization  length  Lx  of  eigenmodes  versus  their  eigenvalue  a?X  for  the 
cluster-cluster  aggregate,  CCA,  with  N  =  500  particles.  (The  diameter  of  a  particle,  a,  is  equal 
to  unity).  The  dependence  Lx  averaged  over  an  interval  of  a3 AX  =  0.02  for  ten  CCAs  is  shown 

by  the  solid  line. 
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The  property  of  fractal  nanocomposites  to  produce  high-field  areas  can  be  utilized  for  con- 
troling  some  optical  characteristics,  such  as  light  absorption  and  scattering,  of  various  optical 
materials.  This  can  be  achieved  by  adding  into  a  material  a  certain  amount  of  metal  nanocom¬ 
posites  and  thereby  improving  its  optical  sensitivity.  The  same  property  is  of  importance  in  high 
resolution  spectroscopy  also  and,  especially,  in  the  nonlinear  case.  The  huge  enhancement  of  a 
number  of  linear  and  nonlinear  optical  effects  observed  in  metal  colloid  clusters  and  on  rough 
surfaces  is  in  a  large  part  due  to  the  high-field  zones. 

As  already  mentioned,  spatial  locations  of  the  regions  of  high  local  field  strongly  depend  on  the 
frequency  and  polarization  of  light.  The  ability  to  distinguish  optical  frequencies  and  polarizations 
is  one  of  the  most  interesting,  and  potentially  useful,  properties  of  fractal  nano  composites.  We 
envision  applications  in  optical  signal  processing  and  optical  data  storage  based  on  this  unique 
property.  For  example,  one  may  wish  to  demultiplex,  i.e.,  to  spatially  separate  and  detect,  a 
set  of  optical  communication  channels  which  are  distinct  from  each  other  only  by  their  carrier 
frequency.  Another  possibility,  in  the  realm  of  optical  data  storages,  is  to  photomodify  the 
absorption  spectrum  of  a  small  region  of  a  cluster,  thereby  creating  a  frequency-  or  polarization- 
addressable  optical  data  bit.  Our  preliminary  experiments  on  frequency-  and  polarization- selective 
photomodification  of  fractal  clusters  [22]  support  these  expectations. 

It  is  worth  comparing  fractal  nanocompsites  with  other  inhomogeneous  media  and,  specifically, 
with  a  medium  having  the  same  volume  fraction  of  metal  particles  which,  however,  are  randomly 
distributed  in  a  three-dimensional  space.  This  is,  of  course,  different  from  a  fractal  nanocomposite 
where  the  positions  of  particles  are  correlated,  so  that  <7(r)  oc  rD~d  with  D  <  d.  The  volume 
fraction  p  of  particles  in  a  fractal  cluster  is  very  small,  p<  1,  (in  fact,  p  — >  0  at  Rc  — ►  oo).  For 
a  random  inhomogeneous  media  with  p  <  1  and  D  =  d  (we  refer  it  as  “gas”  of  particles),  one 
can  apply  the  well-known  Maxwell-Garnett  theory  [9]  which  predicts  only  one  resonant  frequency 
close  to  the  resonance  of  an  isolated  particle  at  X(u>)  -  0.  In  fractals,  however,  in  spite  of  the 
fact  that  the  mean  density  is  asymptotically  zero,  there  is  a  high  probability  of  finding  a  number 
of  particles  close  to  any  particular  one.  (The  pair  correlation  finction,  g(r )  oc  rD~ ,  increases 
with  the  decrease  of  a  distance  r  between  the  particles).  Thus,  in  fractals  there  is  always  a 
strong  interaction  of  a  particle  with  others  distributed  in  its  random  neighborhood.  As  a  result, 
there  exist  localized  eigenmodes  which  are  oriented  spatially  in  different  parts  of  a  cluster,  with 
the  location  depending  on  the  eigenfrequency  and  polarization  characteristics  of  the  mode.  As 
mentioned  above,  some  of  these  modes  are  significantly  shifted  to  the  red  part  of  the  spectrum  and 
therefore  their  quality  factors  are  much  larger  than  at  X(oj)  =  0,  for  a  non-interacting  particle. 
(As  follows  from  the  Drude  formula,  Q  oc  A  in  the  infrared  part  of  the  spectrum  [18]).  Thus,  the 
dipole-dipole  interaction  of  particles  composed  into  a  fractal  cluster  “generates”  a  wide  spectral 
range  of  resonant  modes  with  improved  quality-factors  and  with  spatial  locations  which  are  very 
sensitive  to  the  frequency  and  polarization  of  the  excited  field. 

The  other  medium  with  which  to  compare  fractal  composites  is  a  close-packed  3-dimensional 
aggregate  of  metal  nanoparticles  (the  volume  fraction  occupied  by  metal  particles  in  this  case  is 
p  ~  1).  Since  the  dipole-dipole  interaction  for  3-dimensional  structures  is  long-range,  one  expects 
that  eigenmodes  in  this  case  are  delocalized  over  the  whole  sample.  Accordingly,  fluctuations  of 
local  fields  (a  1/y/N)  are  much  smaller  than  in  the  case  of  localized  dipolar  modes  in  a  fractal 
aggregate.  Because  the  strong  fluctuations  of  local  fields  are  primarily  responsible  for  high  values 
of  optical  nonlinear  response,  the  nonlinear  susceptibilities  of  a  random  close-packed  aggregate 
are  significantly  smaller  than  those  of  a  fractal  aggregate.  Thus  in  both  considered  cases  of  non¬ 
fractal  composites,  a  “gas”  of  particles  and  a  close-packed  aggregate,  the  enhancement  of  optical 
processes  is  expected  to  be  much  smaller  than  for  a  fractal  nanocomposite. 

In  Fig.  3,  we  present  the  results  of  numerical  simulations  for  the  enhancement  of  local  field 
intensities,  G  =  ( E2)/(E W)2  (E  and  E <°>  are  the  local  random  field  and  the  external  driving 
field,  respectively).  Clearly,  the  enhancement  of  local  fields  in  fractal  composites  (cluster-cluster 
aggregates,  CCA)  achieves  much  larger  values  than  for  the  case  of  non-fractal  silver  composites 
(either  a  “gas”  of  silver  particles  with  the  same,  as  in  the  CCA,  p  or  a  close-packed  random 
aggregate  of  silver  spherules).  Note  also  that  for  fractal  composites  G  strongly  increases  with 
increasing  wavelngth  A.  This  occurs  because  of  two  basic  reasons:  first,  localization  of  eigenmodes 
in  fractals  increases  with  A  and,  second,  the  mode  quality-factor  (Q  ~  |c  —  l|2/3e")  also  increases 
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for  the  eigenmodes  located  towards  the  red  part  of  the  spectrum. 


Fig.  3:  Enhancement  factors,  (7,  of  the  local  field  intensities  plotted  against  A  for  the  fractal 
composite  (solid  line),  ”gas”  of  particles  with  the  same  as  for  the  fractal  aggregate  volume 
fraction  of  metal  (short-dashed  line),  and  the  close-packed  aggregate  of  particles  (long-dashed 
line).  The  local  intensites  in  ail  cases  were  averaged  over  ensemble  of  random  aggregates  with 

N  «  500  in  each  cluster. 


Clearly,  the  enhancement  of  nonlinear  optical  processes  will  be  especially  strong  since  the  gen¬ 
erated  intensity  in  this  case  is  proportional  to  a  high  power  of  the  local  field.  The  enhancement 
factor  G  for  an  optical  process  cx  En  can  be  estimated  as  [7]:  G  ~  (\E/E^\n)  ~  [Q(A)]n_1ir'(A), 
where  F( A)  is  a  smooth  function  of  the  wavelength  which  is  of  the  order  of  unity.  In  partic¬ 
ular,  for  degenerate  four-wave  mixing,  DFWM,  (when  the  generated  amplitude  is  enhanced  as 
well  as  the  driving  field)  the  theory  predicts  the  giant  enhancement  G  <x  Q 6  [23].  The  non¬ 
linear  polarization  P^l  for  DFWM  of  waves  with  amplitudes  E and  jE^  can  be  presented  as 
Pnl  =  PXfc[E^]2  where  x*fc  =  X^G1^2  is  the  effective  nonlinear  susceptibility  of  a  fractal 
composite  (x^  is  the  nonlinear  susceptibility  of  nonaggregated  particles). 


Fig.  4:  a)  DFWM  efficiency  vs  pump  intensity  for  silver  particles  which  are  isolated  (1)  and 
aggregated  into  fractal  composites  (2)  (A  =  532  nm);  b)  DFWM  signal  vs  the  time  delay  of  one 
of  the  pumps  (A  =  540  nm;  pulse  duration  is  r  «  30ps).  Taken  from  [21]  and  [22]. 
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In  Fig.  4a  we  plot  the  experimental  data  for  conversion  efficiency  7}  =  Is/h  oc  Iq  (Ia,h 
and  /0  are  the  intensities  of  the  DFWM  signal,  probe  beam  and  pump  beam,  respectively). 
The  conventional  scheme  for  observation  of  optical  phase  conjugation  (OPC),  with  two  opositely 
directed  pump  beams  and  a  probe  beam  directed  at  small  angle  with  respect  to  the  pumps,  was 
used  in  the  experiment.  As  follows  from  the  figure,  similar  values  of  q  can  be  obtained  in  silver 
particles  aggregated  into  fractals  at  pump  intensities  ~  103  less  than  in  the  case  of  non- aggregated, 
isolated,  particles.  Since  rj  oc  Jq  the  enhancement  factor  for  silver  fractal  composites  is  G  ~  106. 

The  measured  value  of  the  nonlinear  susceptibility  is  very  large  -w)  ~  10-5  e.s.u. 

Rapid  nonlinear  response  of  fractal  nanocomposites  was  tested  in  the  OPC  scheme  when  one 
of  the  input  pulses  was  delayed  by  moving  the  mirror  that  reflected  the  input  beam  back  to  the 
sample.  As  follows  from  Fig.  4b  the  DFWM  signal  is  twice  decreased  with  the  time  delay 
increasing  up  to  30  ps,  which  coincides  with  the  pulse  duration.  Hence,  the  relaxation  time  of  the 
nonlinear  response  does  not  exceed  10-11  s.  Such  a  large  nonlinear  susceptibility  Xj^c-  ~  10”5e.$.u 
with  the  time  of  nonlinear  response  <  30ps  is,  to  our  knowledge,  a  world  record  and  it  indicates 
that  fractal  metal  nanocomposites  possess  high  potential  in  various  applications  (e.g.,  as  optical 
switches). 
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ABSTRACT 

We  report  experimental  and  theoretical  results  concerning  the  ac  properties  of  polymer- 
carbon  black  (CB)  composites.  For  these  materials,  the  theory  of  percolation  has  to  be 
generalised  to  account  for  the  complex  structure  of  the  CB  and  the  observation  that  tunnelling 
plays  an  important  role  close  to  the  percolation  threshold.  We  have  extended  a  model  of 
Balberg  [1]  relating  the  non-universality  of  the  exponent  t  to  the  CB  morphology,  to  interpret 
the  non  universality  of  the  dynamic  scaling  exponents  t/(s+t)  and  s/(s+t)  in  the  critical  ac 
regime  observed  in  these  composites 


1.  INTRODUCTION 

The  electrical  properties  of  polymer-carbon  black  (CB)  composites  have  been 
extensively  studied  but  only  a  small  part  of  these  works  are  dealing  with  ac  conductivities  [2] . 
The  percolation  theory  has  been  applied  to  polymer-CB  composites  [1-5].  Indeed  close  to  the 
percolation  threshold  pc  the  effective  dc  electrical  conductivity  and  dielectric  constant  vary  as 

power  laws  ae(0)=  am  jp-pd 1  above  pc  and  £e(0)=  edtp-pd  s  below  and  above  pc  while  over  a 

few  orders  of  magnitude  the  ac  quantities  0e(co)  and  ee(co)  vary  with  the  frequency  respectively 

as  cou  and  cou_1.  However,  it  appears  that  the  classical  theory  of  percolation  [6,7]  cannot 
account  qualitatively  for  some  of  the  experimental  results.  The  measured  exponents  t,  s  and  u 
may  be  quite  different  from  the  theoretical  values  and  the  conductivity  has  often  an  exponential 
behavior  for  p  <  pc.  The  theory  has  to  be  modified  or  generalized  to  account  for  the  complex 
geometry  and  the  structure  of  CB  aggregates.  It  is  also  clear  that  a  proper  description  of  the 
electrical  behavior  of  CB -polymer  composites  cannot  neglect  tunnelling  mechanisms  between 
aggregates  [1,4,8-14]  ,  .  . 

A  few  years  ago,  Balberg  [1]  interpreted  the  non-universality  of  the  conductivity  critical 
exponent  t  observed  in  some  of  these  CB -polymer  composites  by  introducing  explicitly  the 
effect  of  tunnelling  on  the  distribution  of  network  resistors  representing  the  percolating  system. 
Using  this  model  he  was  able  to  establish  a  correlation  between  the  CB  structure  and  the 
deviation  from  universality  of  the  exponent  t .  High  structured  CB  are  formed  of  large  and 
complicated  particles  known  as  aggregates  while  smaller  and  geometrically  simpler  aggregates 
are  called  "low-structure"  blacks.  The  morphologic  analysis  of  these  various  CB  indicates  that 
the  inter-particle  tunnelling  distances  (between  the  two  closest  points  of  adjacent  particles)  of 
high  structured  blacks  have  a  distribution  which  is  much  narrower  than  the  one  of  low 
structure  blacks.  A  narrow  distribution  can  be  represented  by  a  resistor  network  with  equal 
average  resistors.  Such  a  system  is  known  to  exhibit  a  universal  behaviour.  In  CB  formed  of 
aggregates  with  a  lower  degree  of  structure  the  exponential  distribution  is  wide  enough  so  that 
the  non  universality  in  these  composites  can  be  predicted  quantitatively. 

In  this  paper  we  report  the  results  of  a  experimental  and  theoretical  investigation  of  the 
relation  between  the  values  of  the  critical  exponents  and  the  morphology  of  the  CB  dispersed 
in  polystyrene  for  dc  and  ac  conductivity  and  dielectric  constants.  As  far  as  the  dc  exponent  t 
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is  concerned  our  results  are  in  agreement  with  those  of  Balberg  who  studied  CB-PVC 
composites.  Moreover  we  have  observed  that  the  dc  dielectric  critical  exponent  s  may  also 
depend  on  the  morphology.  More  precisely  the  existence  of  tunnelling  conduction  gives  rise  to 
two  percolation  thresholds  the  first  pc(J  when  the  conduction  starts  to  increase  noticeably  and 

the  second  pc£  when  the  percolating  clusters  start  to  have  direct  contact  and  the  dielectric 

constant  becomes  very  large.  To  account  for  these  new  results  we  have  found  that  if  we 
assume  an  exponential  variation  of  the  dielectric  constant  in  the  contact  region  ,  the  exponent  s 

may  be  also  non  universal  close  to  pc£ .  In  that  case,  the  non  universal  tnu  and  snu  are  related 
to  each  other.  The  ac  properties  of  a  a  large  number  of  these  composites  have  been  measured  in 

the  range  10  -  10°  Hz.  The  experimental  details  and  the  statistical  analysis  of  the  data  care 
discussed  in  [1 1].  It  appears  from  theory  and  experiment  that  the  dynamical  exponent  u  which 

is  relevant  in  the  range  10~*  - 10^  Hz  can  be  calculated  in  the  non-universal  conditions  and  that 

for  pca  <p<  pc£  it  is  given  by  Unu  = - — - generalising  simply  the  percolation  theory 

_  *nu  +  Snu 

expression.  These  scaling  exponents  appear  to  be  m  good  agreement  with  experimental  data. 
If  our  results  are  confirmed  impedance  spectroscopy  could  provide  a  simple  method  to 
characterize  the  morphology  of  CB-polymer  composites. 


2.  NON-UNIVERSAL  EXPONENTS  AND  MORPHOLOGY. 

Various  models  have  been  introduced  to  deal  with  non-universal  percolation  systems. 
In  the  most  popular,  the  Swiss  cheese  model  [12],  the  conductance  through  the  narrow 

channels  of  width  6  between  random  empty  spheroids  is  assumed  to  be  distributed  according 

to  the  power  law  a  =  a0  8m  where  8  is  the  channel  width.  In  that  case  one  can  show  that  the 
conductance  distribution  function  is  given  by 


f(a)  ~  (1  -  a)  Go ' “a-®  =  Co  a  with  a  =  1  -1/m  (2) 

When  0<a<l(m>l)an  effective  medium  theory  argument  leads  to  the  conclusion  that  the 
exponent  t  is  non-universal  and  is  given  by 

(3) 

The  Swiss-cheese  model  is  not  appropriate  in  the  case  of  CB  dispersed  in  polymers.  For  that 
reason,  Balberg[l]  has  introduced  a  continuous  percolation  model  to  account  for  a  possible 
non-universal  behaviour  in  CB-polymer  composites.  This  model  makes  use  of  the  correlation 
between  the  distribution  function  of  the  inter  particle  distances  h(r)  (which  depends  on  the 
morphological  structure  of  the  conducting  aggregates)  and  the  distribution  gt(a)  of  the 

tunnelling  conductance  a  =  Ooexp(-rAr)  .  Here  Vr  is  the  tunnelling  constant  which  is  of 
the  order  of  10-20  A.  for  CB.  In  order  to  see  whether  tunnelling  camyield  a  non-universal 
behaviour,  one  has  to  determine  the  conductance  distribution  of  the  equivalent  network  gt(a). 
In  the  Balberg’s  model,  one  considers  a  distribution  function  of  the  inter  particle  distance  given 
by  h(r)  =  (r/a)  exp  (-r/a)  with  <r>  =  2a.  Using  the  relation  gt(a)  =  h(r)  (dr/da)  one  gets  easily 
the  following  expression  for  the  conductance  distribution 
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gt(a)=go  ln(a/ao)  a  'a  with  a=l  -  Xt  /a  and  go  =  (Xr/a^Oo'1  (3) 

If  Xt  <  a  ,  i.e.  0  <  a  <1,  the  distribution  is  dominated  by  the  power  function  cTa.  Such  a 
distribution  is  well  known  to  yield  a  non-universal  behaviour  as  in  the  Swiss-cheese  model  ( m 
=  a/Xx).The  non  universality  occurs  when  the  conductance  decays  faster  than  the  probability 

h(r).  If  the  inter-  cluster  capacitance  varies  linearly  with  r,  in  that  model  the  exponent  s  is 
universal. 

To  account  for  non-universal  values  of  s  one  has  to  assume  a  non-conventional 
variation  of  the  permittivity  in  the  contact  region  between  carbon  black  aggregates  conductivity 

of  the  form  e  ~  £°  e+r^T  expressing  the  decrease  of  the  intergranular  capacity  as  the  tunnelling 
conduction  increases  in  the  contact  region  close  to  the  percolation  threshold.  The  presence  of 
such  fluctuations  is  suggested  by  the  results  of  a  Maxwell-Wagner  calculation  of  the  coupling 
between  normal  and  tunnelling  contacts  in  CB-polymer  composites  [13]  and  the  fact  that  the 
effective  dielectric  constant  close  to  percolation  threshold  is  inversely  proportional  to  the 
effective  tunnelling  conductivity  [14].  These  fluctuations  linked  to  the  exponential  variation  of 
the  tunnelling  conductivity  lead  to  the  possibility  of  a  non-universal  variation  of  the  critical 
exponent  s  .  Indeed  an  argument  analogous  to  the  one  used  in  the  derivation  of  the  conductivity 
distribution  function  gt(a)  yields  the  following  expression  for  the  dielectric  constant 
distribution  function  f(e) : 


f(s)  =  foln(£c/£^)  £  "P  with  p  =  1  +  Xx/a  and  fo  =  (XT/a)2(£c)^a  (4) 

As  in  the  case  of  the  conductivity,  this  will  lead  to  non  universal  critical  exponents  of  the 
dielectric  constant  close  to  the  percolation  threshold. 

In  that  situation,  the  expression  of  the  non-universal  s  exponent  has  been  calculated  more  than 
a  decade  ago  by  Kogut  and  Straley  [15] 


s  =  sun  for  P  >  2  and 


s  —  sun 


p-i 


for 


1  <  p  <  2 


(p  +  a  =  2) 


(5) 


The  quantities  a  and  p  depend  both  on  the  ratio  Xj.  /a  and  therefore  the  non  universal  expo¬ 
nents  tnu  and  snu  are  not  independent.  Since  we  expect  non  universal  exponents  in  the  frequen¬ 
cy  dependence  of  oe(co)  and  £e(co),  we  start  from  the  general  two  variables  scaling  law  [7] 


Lec 


=  |p-pclb<&J 


up -pd 


b+c 


where  the  analytical  function  <J>+(z)  =  A-J.+B+Z  +  C+z^  + .... 


near  z  =0  and  is  expected  to  vary  as  d>(z)  ~  for  z  »  1. 

The  exponents  a,  b  and  c  are  given  by  the  three  conditions 


i)  Re[ce(co=0)]  varies  as  Ip  -  pcl^°^  for  p  >  pc 

ii)  Re[ee(o>=0)]  diverges  as  Ip  -  pcl"s^  for  p  <  pc 
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iii)Re  [ee(co)]  varies  with  co  as  co^  hor  p  <  pc  for  frequencies  lower  than  the  dynamical 
cross  over  frequency.  Above  that  frequency,  the  usual  analysis  [7]  yields  the  following  results 

Re  [at]  ~  cou(a>  Re  [ej]  ~  co  ' 1  .  Using  Eqs  (2-5  )  one  has 


u(a)  - 


(1  ~  Ct)  tun  +0& 

(1  -  ct)  (tun  +sun)  +2a 


(6) 


The  3d  values  of  tun  and  sun  are  respectively  1.95  ±  0.05  and  0.75  ±  0.4.  The 

expression  (6)  is  valid  in  the  region  0  <  a  <  1.  When  a  ->  0  i.e  when  Xt/&  «  1,  the 
dynamical  scaling  exponent  u  tends  to  the  universal  percolation  value  uun  =  0.72  ±  0.06. 

When  a  ->  1 ,  Xt/a.  ->  0  .  This  corresponds  to  the  two  possible  limits  \  ->  0  or  a  ->  °°.  In 
both  cases,  the  exponent  u  tends  towards  its  mean  field  theory  u  =  0.5  since  this  corresponds 
to  situations  far  from  the  percolation  threshold  conditions. 

In  the  Table  we  report  the  experimental  and  theoretical  values  of  the  dynamical 
exponents  u  [13].  The  degree  of  CB  structure  decreases  from  top  to  bottom.  The  experimental 

values  are  calculated  from  the  slope  log[  £(f=(0/27c)]  or  log  [ct(f)]  versus  log  f  in  the 

dynamical  region.  The  calculated  u(ot)  are  obtained  from  t(cx)  -  tun  =  &  (1  —  where  the  t(oc) 
are  the  experimental  values  of  the  conductivity  critical  exponents.  The  experimental  results  are 
in  good  agreement  with  the  proposed  of  correlation  between  the  CB  morphology  and  the  non 
universality  of  percolation  exponents  as  proposed  by  Balberg  [1]. 


TABLE  MEASURED  AND  CALCULATED  DYNAMICAL  EXPONENT  u 


Carbon  black 

exp.results 

theor.  results 

theor.results 

COMPOSITES 

close  to  pce 

uftnu  >  Snu  1 

u[tnu  >  Sun] 

KBEC 

noncmshed 

a  =  0 

0.67+0.02 

0.72  ±0.06 

0.72  ±  0.06 

KBEC 

crushed 

a  =  0.3  ±0.1 

0.62  +  0.02 

0.67  ±0.08 

0.76  ±0.04 

XC72 

a  =0.54  ±  0.06 

0.60  ±0.02 

0.61  ±0.15 

0.81  ±0.02 

N550 

non  crushed 
a  =  0.62  ±  0.06 

0.60  ±0.02 

0.60  ±0.14 

0.83  ±  0.03 

N550 

crushed 

a  =0.71  ±  0.06 

0.58  ±0.02 

0.585  ±0.15 

0.84  ±0.04 
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The  two  Figures  illustrate  the  many  results  reported  in  [13]  In  Fig.l  we  show  the 
conductivity  dispersion  curves  log  [a(f)]  versus  log[f]  of  Ketjenblack  CB-polystyrene 
composite  for  p  ~  pc(5  (open  symbols)  and  for  p  ~  pce  (close  symbols)  and  log[e(f)].  In  the 
latter  case,  the  scaling  discussed  in  this  paper  is  observed  in  a  region  covering  3  decades 
around  106  Hz  (Full  line  indicates  a  slope  of  0.60).  For  lower  frequencies  an  other  scaling 
with  u  slightly  smaller  than  1  seems  to  govern  the  behaviour  of  the  ac  conductivity.  This 
phenomenon  should  be  related  to  a  new  tunnelling  scaling  introduced  recently  [14]. In  Fig.2, 

we  show  the  dielectric  constant  dispersion  curves  log[e(f)  -  £(«»)]  versus  log[f]  of  N550(CB)- 
polystyrene  composites  for  concentrations  for  p  >  pc(j  and  close  to  pce  (the  full  line  indicates 
a  slope  of  -0.40). 


FIG  1.  Log  [o(f)  (1/Om)]  versus  log  [f  (Hz)]  for  PS-crushed  Ketjenblack 
close  to  pco  (open  symbols)  and  close  to  pce  (closed  symbols).  Full  line 
indicates  a  slope  of  0.60 . 
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log  [f  (Hz)] 


FIG  2.  Log  [£(f)-£(~)  (F/m)]  versus  log  [f  (Hz)]  for  PS-cmshed  N550  above 
pC(r  Full  line  indicates  a  slope  of  -0.40 . 
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ABSTRACT 

The  properties  of  some  aggregates  "grown"  on  a  computer  by  diffusion-limited  aggregation 
have  been  investigated.  Calculations  showed  that  the  intensity  of  the  small-angle  x-ray  and 
neutron  scattering  from  the  aggregates  was  proportional  to  q'D  for  qL  »  1,  where  D  >  0,  L  is  a 
length  that  characterizes  the  large-scale  structure  of  the  aggregate,  q  =  4nV1sin(e/2),  X  is  the 
wavelength,  and  6  is  the  scattering  angle.  The  magnitude  of  the  exponent  D  was  appreciably 
smaller  than  the  fractal  dimensions  that  many  simulations  have  shown  to  be  typical  of  the  mass 
fractal  aggregates  grown  by  diffusion-limited  aggregation.  The  calculations  suggest  that  the 
aggregates  have  structure  on  two  different  characteristic-length  scales. 


INTRODUCTION 

Both  computer  simulations  and  x-ray  and  neutron  small-angle  scattering  experiments4-6 
have  made  many  important  contributions  to  the  present  understanding  of  the  properties  of  mass- 
fractal  aggregates  To  the  best  of  our  knowledge,  however,  only  Pearson  and  Anderson3aa  and 
Amar,  Family,  and  Lam36  have  published  calculations  of  the  small-angle  scattering  from  fractal 
structures  grown  in  computer  simulations. 

Because  we  believe  that  there  is  a  need  for  more  investigations  of  the  small-angle-scattering 
intensity  from  computer-generated  aggregates,  we  have  recently  studied  some  aggregates 
generated  by  diffusion-limited  aggregation  (DLA  and  have  computed  the  intensity  expected  from 
these  aggregates.  As  we  explain  in  this  report,  we  believe  that  our  results  provide  further 
insight  into  the  relation  between  the  intensity  of  the  small-angle  scattering  and  the  structure  of 
DLA  aggregates.  Our  calculations  suggest  that  the  structure  of  the  aggregates  on  length  scales 
of  the  order  of  magnitude  of  the  maximum  diameter  of  the  aggregate  is  different  from  the 
structure  on  length  scales  not  much  larger  than  the  average  distances  between  neighboring 
particles  in  the  aggregate.  (The  maximum  diameter  is  defined  to  be  the  largest  distance 
separating  two  points  in  the  aggregate  ) 

In  the  next  section,  we  describe  the  processes  by  which  our  aggregates  were  grown.  Next, 
we  review  some  of  the  most  important  characteristics  of  the  small-angle  scattering  from  mass- 
fractals.  We  conclude  by  discussing  some  of  the  implications  of  our  results. 

GENERATION  OF  THE  AGGREGATES 

We  used  a  DLA  aggregation  processes  similar  to  some2’7-8  that  others  have  recently 
employed  The  aggregates  were  grown  on  cubic  lattices  with  a  lattice  constant  a  and  with  n  sites 
on  one  side  of  the  lattice.  The  lattice  thus  contained  n3  sites.  For  15  lattices,  n  was  equal  to  101. 
(Our  simulation  process  requires  that  the  lattice  must  have  an  odd  number  of  lattice  points  on 
each  side  of  the  cube. )  As  we  later  decided  that  a  larger  lattice  might  be  desirable,  we  also 
made  one  simulation  in  n  =  201  lattice  points.  The  computing  time  required  for  n  =  201, 
however,  was  so  long  that  we  simulated  only  one  of  the  larger  lattices. 

All  particles  in  the  simulation  were  classed  as  either  "sticky"  or  mobile.  A  sticky  particle  was 
defined  to  have  the  property  that  if  a  mobile  particle  moved  to  a  lattice  site  adjacent  to  a  sticky 
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particle,  the  mobile  particle  then  became  sticky.  Before  the  simulation  began,  all  particles  except 
the  central  sticky  particle  were  mobile. 

Before  the  beginning  a  simulation,  a  sticky  particle  was  placed  at  the  center  of  the  lattice, 
and  v  =  pn3  particles,  where  0  <  ri  <  1,  were  put  on  non-central  lattice  sites  selected  at  random. 
(The  central  sticky  particle  played  the  role  of  the  seed  in  the  growth  of  a  real  crystal.)  At  each 
step  of  the  simulation  a  lattice  site  was  randomly  selected  n3  times.  If  the  site  that  was  elected 
either  was  empty  or  was  occupied  by  an  aggregated  (sticky)  particle,  nothing  was  changed.  If  a 
site  containing  a  mobile  particle  was  selected,  one  of  the  six  lattice  sites  adjacent  to  the  latter  site 
was  chosen  at  random.  (All  of  these  adjacent  sites  were  a  distance  a  from  the  mobile  particle.) 
If  the  site  was  already  occupied,  nothing  was  changed,  but  if  an  empty  site  was  selected,  the 
mobile  particle  moved  to  the  site  and  occupied  it.  If  the  mobile  particle  moved  to  a  site  one 
lattice  distance  away  from  a  sticky  particle,  the  mobile  particle  became  sticky  and  was 
incorporated  into  the  aggregate.  Once  a  particle  became  part  of  the  aggregate,  it  was  never 
moved  again. 

For  n  =  101,  we  made  three  simulations  with  each  of  the  v  values  0.050  0.075,  0.100, 
0.125,and  0.150.  Thus  there  were  fifteen  simulations  with  n  =  101.  We  also  made  one 
simulation  with  n  =  201  and  r\  =  0.10.  As  we  mentioned,  because  of  the  long  computation  time 
necessary  for  the  n  =  201  simulation,  we  performed  only  one  simulation  with  n  =  201. 

After  each  step,  we  calculated  the  number  N  of  particles  in  an  aggregate  and  the  radius  of 
gyration  Rg,  where 

Rn 


where  r{  is  the  distance  of  particle  i  from  the  center  of  mass  of  the  aggregate.  Since  all  particles 
were  identical,  the  mass  M  of  the  aggregate  was  proportional  to  N.  We  therefore  found  it  was 
convenient  to  choose  the  mass  unit  to  be  the  mass  on  one  of  the  particles.  In  these  units,  N  is 
equal  to  the  mass  of  the  aggregate. 

For  n  =  101,  the  simulation  was  stopped  as  soon  as  the  radius  of  gyration  had  grown  to  a 
value  in  the  interval  33.67  a  <  R  <  33.7 6a.  We  used  the  radius  of  gyration  as  the 
characteristic  length  of  the  aggregate:  For  the  n  =  201  aggregate,  Rg  was  67.01a. 

Because  of  the  relatively  small  number  of  particles  in  the  simulations  with  n  =  101,  there 
were  some  differences  in  quantities  calculated  for  different  aggregates  that  had  the  same  value  of 
t|.  We  therefore  computed  the  average  of  the  calculations  of  a  quantity  for  each  value  of  r\. 
Table  I  shows  the  number  N  and  the  radius  of  gyration  Rg  of  particles  in  the  16  DLA 
aggregates. 


Table  I  -  Vales  of  n  q,  N  and  Rg 


n 

h 

N 

Rg 

Aggregate 

Aggregate 

A 

B 

C 

A 

B 

C 

101 

0.050 

25529 

28057 

26846 

33.67 

33.67 

33.68 

101 

0.075 

30197 

29878 

29016 

33.69 

33.68 

33.68 

101 

0.100 

34241 

36031 

34680 

33.70 

33.68 

33.71 

101 

0.125 

41118 

41805 

41150 

33.72 

33.68 

33.73 

100 

0.150 

47216 

48381 

47630 

33.70 

33.73 

33.76 

201 

0.100 

276144 

67.01 

Note:  For  n  =  101,  the  three  aggregates  A,  B  and  C 
were  generated  for  each  x\. 


From  the  simulations  we  obtained  the  coordinates  of  all  the  N  particles  in  an  aggregate. 
From  these  coordinates  it  was  possible  to  compute  properties  of  the  aggregates. 


Although  the  simulation  technique  was  straightforward,  it  required  a  large  amount  of 
memory,  and  computing  times  were  often  quite  long. 

To  verify  the  correctness  and  reliability  of  the  simulation  process  and  our  other  calculations, 
we  also  generated  one  aggregate  by  a  true  self-avoiding  walk  (TSAW)  3a’9  For  the  TSAW,  the 
fractal  dimension  is  2.3a-1^  In  this  aggregation  process,  a  particle  was  placed  at  each  site  in  a 
cubic  lattice  that  was  visited  by  a  random  walk  that  was  subject  to  the  restriction  that  no  site 
could  be  visited  more  than  once.  There  were  11958  particles  in  this  aggregate. 

We  used  two  methods  to  calculate  the  fractal  dimension  D  of  each  mass-fractal  aggregate. 
First,  we  employed  the  equation11 


Rg  =  rmN1/D,  (2) 

where  rm  is  a  constant.  We  also  computed  D  by  the  box-counting  technique.9 ,  in  which  the 
space  surrounding  the  aggregate  is  divided  into  cubic  cells,  or  boxes,  with  side  e.  The  number 
N6(e)  of  boxes  that  intersect  the  aggregate  is  evaluated  as  a  function  of  e.  Then12 

Nb(e)  =  n*e-D,  (3) 


where  nb  is  a  constant. 

The  D  values  obtained  with  Eq.  (3)  tended  to  increase  with  r\.  For  example,  for  DLA 
aggregates  with  n  =  101,  D  was  about  2.7  for  r|  =  0.050  and  3.15  for  rj  =  0.200.  (As  D  values 
greater  than  3  have  no  meaning,  we  expect  that  the  latter  result  may  have  been  due  to  some 
artifact  in  our  numerical  techniques.) 

As  can  bed  seen  in  Figs.  1  and  2,  for  both  the  DLA  aggregates  and  the  aggregate  from  the 
TSAW,  there  are  two  linear  regions  in  the  logarithmic  plots  of  Nb(e).  For  both  types  of 
aggregate,  the  exponent  calculated  from  the  linear  region  at  larger  e  was  in  good  agreement  with 
the  D  values  given  by  other  workers.  For  n  =  101,  values  of  D  from  box  counting  changed 
from  about  2.2  to  2.5  as  r|  increased  from  0.050  to  0.200.  For  the  DLA  aggregate  with  n  = 
201,  for  which  n  was  0.100,  the  value  of  D  calculated  from  the  box-counting  plot  for  this 
aggregate  for  6a  <  e  <  15a  is  2.6.  This  value  is  not  appreciably  larger  than  those  found  in 
other  simulations  of  DLA  aggregates.2’7 


Figure  1.  The  dependence  of  Nb(e)  on 
on  e  for  the  201  DLA  aggregate. 


Figure  2..  The  dependence  of  Nb(e) 
on  e  for  the  TSAW  aggregate. 


Just  as  in  Fig.  1,  there  are  two  linear  regions  in  Fig.  2,  which  is  a  plot  of  Nb(e)  for  the 
TSAW  aggregate.  The  exponent  in  the  region  for  15a  e  <  30a  is  in  is  essentially  equal  to  the  D 
value  for  the  TSAW.3,10 
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CALCULATION  OF  THE  SCATTERED  INTENSITY 


The  scattered  intensity  I(q)  from  a  system  of  N  scatterers  can  be  expressed13 


^  ^  sinqrH 

I(q)  =  IeSIni»j-r 7^. 

i=0  j=0  41»J 


where  Ie  is  the  scattered  intensity  from  one  electron,  n{  and  nj  are  the  numbers  of  electrons  in 
scatterers  i  and  j,  respectively,  ry  is  the  distance  between  scatterers  i  and  j, 

4rcsin(0/2)  C5) 


X  is  the  x-ray  wavelength,  and  e  is  the  scattering  angle.  In  Eq.  (5),  all  of  the  scatterers  are 
assumed  to  be  points.  Therefore  the  ns  are  independent  of  q. 

If  all  of  the  scatterers  are  identical,  and  if  each  scatterer  contains  n  electrons,  Eq.  (4) 
becomes 

2  vi  sin  q  r;; 

I(q)  =  n2Ie£X— p-  (6) 

i=0  j=0  'OiJ 

Equations  (4)  and  (6)  are  exact. 

As  the  coordinates  of  all  the  particles  in  an  aggregate  were  recorded  during  each  simulation, 
and  since  all  particles  in  an  aggregate  were  identical,  the  exact  scattered  intensity  could  be 
calculated  by  evaluating  the  rjj  from  the  coordinates  of  an  aggregate  and  substituting  these  ry  into 
Eq.  (6). 

Equations  (4)  and  (6)  can  be  rearranged  to  make  them  easier  to  evaluate.  In  calculations  of 
I(q)  that  use  these  equations,  many  values  of  ry  almost  always  are  equal.  For  example,  for  the 
aggregates  with  n  =  101,  there  are  about  3.8  x  1010  values  of  ry  but  in  our  largest  aggregate  for 
n  =  101  there  were  only  there  were  only  about  3.5  x  104  different  ry.  When  we  denote  the 
different  ry  by  the  distances  dk,  Eq.  (6)  becomes 


I(q)  =  n\XGk- 


where  k  is  the  value  of  k  corresponding  to  the  largest  d.  ,and  Gk  is  the  number  of  times  the 
distance  ajT  occurs  in  the  double  sum  in  Eqs.  (4)  and  (6).  (The  dk  are  defined  so  that  they  of  dk 
increases  when  k  becomes  larger.  Thus  the  largest  dk  is  obtained  for  k  =  kmax.) 

The  I(q)  curves  for  the  r\  =  201  DLA  aggregate  and  the  TSAW  aggregate  are  shown  in  Figs. 
3  and  4,  respectively.  The  unit  of  q  in  these  plots  is  aA.  In  other  words,  the  intensities  are 
plotted  as  functions  of  the  dimensionless  quantity  q a. 

When  qdk  never  exceeds  1  in  any  of  the  terms  in  the  sum  in  Eq.  (7),  I(q)  can  be 
approximated  by  the  expression 

I(q)-I(0)e'(qR')2'3,  (8) 

where  the  radius  of  gyration  Rg  is  given  by  Eq.  (I).14 

During  one  simulation  for  n  =  101  and  n  =  0.10,  we  interrupted  the  simulation  every  100 
steps  during  the  591  steps  of  the  calculation.  Each  time  the  simulation  was  interrupted,  we 
calculated  an  intensity  curve,  and  from  the  part  of  this  curve  for  q  less  than  about  0.05  we  found 
R  at  that  stage  of  the  simulation.  At  the  end  of  the  calculation,  we  computed  another  intensity 
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curve,  and  from  this  curve  found  the  radius  of  gyration  of  the  aggregate.  All  of  the  Rg  values 
from  the  intensity  curves  agreed  within  0.4%  with  the  corresponding  Rg  values  from  the 
coordinates.  We  believe  that  he  agreement  of  the  two  independent  calculations  of  Rg 
demonstrates  the  consistency  and  reliability  of  our  calculations. 


Fig.  3.  The  intensity  I(q)  calculated  from  Fig.  4.  The  intensity  I(q)  calculated  from 

Eq.  (7)  for  the  n=201  DLA  aggregate.  from  Eq.  (7)  for  the  TSAW  aggregate. 


DISCUSSION 

A  fundamental  property  of  an  aggregate  with  radius  of  gyration  Rg  is  that  the  intensity  I(q) 
from  the  aggregate  has  the  approximate  form4 


I(q)  =  Icoq'D  (9) 

when  qR  »1.  [In  Eq.  (9),  1^  is  a  constant.]  However,  Eq.  (9)  does  not  apply  when  q  is  so 
large  thaf  the  inequality  qa  <  1  no  longer  is  satisfied,  where  a  is  the  average  distance  between 
neighboring  particles  in  the  aggregate.  This  limit  therefore  applies  to  aggregates  grown  on 
lattices  if  a  is  the  lattice  spacing.  Thus  Eq.  (9),  which  gives  the  small  angle  scattering  that  has 
been  found  to  be  characteristic  of  mass-fractal  aggregates,  applies  only  when  q  satisfies  both  of 
the  inequalities  1  <  qa  and  qR  »1. 

These  limits  can  be  seen  in  both  Figs.  3  and  4.  In  both  plots  here  is  a  power  law  only  for 
0. 1  <  q  <  2.  The  maxima  at  q  «  6  and  q  =  9  are  due  to  the  two  lowest-order  Bragg  reflections 
for  cubic  lattice.  These  reflection  occur  for  qa  -  %  and  for  qa  =  21/2tc.  The  presence  of  these 
maxima  is  another  demonstration  of  the  consistency  of  our  calculations. 

In  Fig.  4,  the  value  of  the  slope  is  about  2.0, and  thus  is  in  good  agreement  with  the 
prediction  of  Ref.  10  that  the  fractal  dimension  is  2  and  also  with  the  D  value  from  Fig.  2. 

However,  the  exponent  of  the  power  law  in  Fig.  3  has  a  magnitude  1.64,  rather  than  the 
value  2.6  that  is  typical  of  a  mass  fractal  with  fractal  dimension  of  2.6  as  might  have  been 
expected  from  the  exponent  for  larger  e  in  Fig.  1.  Other  workers33’3*5-15-16  have  found  similar 
differences.  We  point  out,  however,  that  the  fractal  dimensions  from  Eq.  (2)  and  Fig.  1  are  in 
reasonable  agreement. 

Nevertheless,  since  both  Figs.  1  and  2  have  two  linear  regions,  we  are  tempted  to  suggest 
that  in  both  the  DLA  and  TSAW  aggregates,  the  structure  is  different  on  large  and  small  length 
scales.  Figures  3  and  4  show  that  although  the  small-length-scale  structure  determines  the 
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scattered  intensity  for  the  DLA  aggregates,  in  the  TASW  aggregate  the  scattering  is  produced 
mainly  by  structure  on  larger  length  scales.  Further  study  is  necessaiy  to  determine  the 
conditions  under  which  such  differences  are  found.  Since  Ref.  16  considers  aggregates  not 
grown  on  lattices,  as  well  as  those  generated  on  lattices,  the  effect  does  not  appear  to  be  due 
only  to  the  lattice. 

Close  examination  of  Fig.  3  shows  that  in  the  neighborhood  of  q  =  0.1,  the  intensity  rises 
above  the  straight  line.  In  this  region  the  the  average  magnitude  of  the  oscillations  in  the 
intensity  decays  by  a  power-law  with  n  exponent  of  magnitude  about  2.65  [i.  e .,  with  the 
exponent  predicted  by  Eq.  (9)].  We  believe  that  this  scattering  comes  from  the  structure  that 
produces  the  large-e  linear  region  in  Fig.  1.  The  intensity  in  this  region  of  q  is  modulated  by 
oscillations  that,  according  to  our  unpublished  calculations,  are  caused  by  the  cubic  symmetry 
of  the  lattice.  As  the  analogous  region  of  oscillations  is  barely  detectable  in  the  I(q)  curve  for 
the  aggregate  for  which  y\  =  0.1  and  n  =  101,  we  expect  that  the  oscillatory  power-law  region  in 
Fig.  3  would  would  have  extended  over  a  wider  interval  of  q  if  n  had  been  larger  than  201. 
Calculations  with  larger  lattices,  however,  would  be  difficult,  because  when  n  is  doubled,  the 
number  of  particles  increases  by  a  factor  of  8,  and  there  are  about  82  times  as  many  interparticle 
distances. 

Perhaps  the  presence  of  structure  on  two  length  scales  in  DLA  aggregates  might  have  been 
noticed  earlier  if  scattered  intensities  had  been  calculated  for  some  of  the  aggregates  produced  in 
the  first  simulations.  Our  investigation  suggests  that  such  calculations  would  be  useful  and 
perhaps  could  help  explain  the  nature  and  the  source  of  the  effects  that  we  have  observed.  We 
point  out  that  once  the  coordinates  of  the  particles  in  an  aggregate  have  been  calculated  in  a 
simulation,  the  additional  effort  needed  to  compute  the  scattered  intensity  is  relatively  small. 
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KINETIC  AND  EQUILIBRIUM  CLUSTER-SIZE  DISTRIBUTIONS  OF 
ANTIBODY- ANTIGEN-INDUCED  COLLOIDAL  AGGREGATION 

DERIN  A.  SHERMAN  AND  RICHARD  J.  COHEN 

Harvard- MIT  Division  of  Health  Sciences  and  Technology,  Cambridge,  MA 

INTRODUCTION 

Our  colloidal  system  is  composed  of  antigens  covalently  coupled  to  polystyrene  micro¬ 
spheres.  When  monoclonal  antibodies  are  added  to  solution,  they  reversibly  bind  to  the 
antigens  causing  aggregation.  Unlike  many  other  similar  systems,  our  system  is  thermody¬ 
namically  reversible:  the  aggregates  will  dissociate  in  the  presence  of  free  antigen,  and  the 
aggregation  process  reaches  a  state  of  thermodynamic  equilibrium.  This  system  is  of  inter¬ 
est  as  it  can  be  used  to  model  many  different  chemical,  physical  and  biological  processes.  In 
particular,  this  system  can  be  used  to  quantify  the  interactions  between  the  biomolecules 
attached  to  the  microspheres1  and  also  to  explore  the  statistical  mechanics  of  reversible 
particle  aggregation. 

We  used  our  measurements  of  the  cluster- size  distribution  together  with  the  reversible 
aggregation  equation 

^  =  i  32  IKAC,  -  FijCn]  -  f)  [K„iCnC,  -  F„Cn+i]  (1) 

2  *+j=n  *= 1 

to  determine  the  behavior  of  the  aggregation  kernel  (Kij)  and  the  fragmentation  kernel 
(Fij).  In  the  limit  that  Fij  vanishes,  the  aggregation  process  is  irreversible  and  equa¬ 
tion  (1)  is  known  as  the  Smoluchowski  coagulation  equation.  In  this  limit,  the  solutions 
to  equation  (1)  are  known  to  exhibit  dynamic  scaling2.  By  adjusting  the  concentrations  of 
microspheres  and  antibodies,  we  were  able  to  achieve  dynamic  scaling  and  thus  determine 
the  critical  exponents  of  the  aggregation  kernel. 

The  aggregation  and  fragmentation  kernels  are  not  independent  of  one  another,  and  are 
related  via  detailed  balance 

Fij _ Cj+j  [t  =  oo)  (2) 

Fij  "  Ci(t  =  oo)Cj(t  =  <X>Y 

We  were  able  to  measure  the  equilibrium  cluster-size  distribution,  Cn(t  =  oo),  and  thus 
determine  the  fragmentation  kernel  from  our  measurements  of  K^. 

EXPERIMENTAL  METHODS  AND  TECHNIQUE 

Antibodies,  Antigens,  and  Microspheres 

The  antibody-antigen-microsphere  system  is  ideal  for  our  studies  for  the  following  rea¬ 
sons.  First,  the  antibodies  used  are  bivalent:  each  antibody  has  two  binding  sites,  each 
specific  to  the  same  antigen.  Thus  one  antibody  molecule  can  be  used  to  form  a  dis¬ 
crete  rigid  bond  between  two  antigen-coated  microspheres.  Second,  the  antibodies  used  are 
monoclonal:  unlike  antibodies  found  in  animals,  our  antibodies  are  all  chemically  identical. 
Third,  the  technology  required  to  produce  our  system  is  both  robust  and  cheap:  many 
medical  diagnostic  tests,  such  as  the  latex  test  and  the  home  pregnancy  test,  rely  on  mi¬ 
crospheres  coated  by  suitable  biomolecules.  Fourth,  the  microspheres  used  are  extremely 
uniform;  thus,  each  can  be  treated  as  being  chemically  identical.  Fifth,  the  large  charge 
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Figure  1:  Clusters  fragment  when  a  large  excess  of  free  antigen  is  added  to  the  solution  after  10  hours  of 
aggregating.  The  rapid  decrease  in  the  number  average,  n„,  clearly  shows  cluster  breakup. 

on  the  microspheres  prevents  them  from  getting  close  enough  to  bind  irreversibly.  This  is 
demonstrated  in  Figure  1,  which  shows  a  remarkable  amount  of  cluster  break-up  after  a 
large  excess  of  free  antigen  was  added  to  the  solution  of  antibodies  and  coated  microspheres. 
The  excess  free  antigen  was  able  to  compete  for  the  antibodies  more  effectively  than  the 
small  quantity  of  bound  antigen,  so  the  antibodies  ceased  to  cross-link  the  antigen-coated 
microspheres.  Note  that  there  is  a  small  amount  of  non- antibody- antigen-induced  colloidal 
aggregation  which  is  not  reversible.  This  “non-specific”  aggregation  was  present  to  some 
degree  in  all  our  samples,  but  was  always  a  small  factor  in  the  total  aggregation  process. 
Finally,  our  ability  to  measure  the  cluster-size  distribution  using  particle  counting  tech¬ 
niques  depends  only  on  the  physical  characteristics  of  the  microspheres  and  is  unaffected 
by  the  nature  of  the  specific  biomolecules  used  to  instigate  aggregation.  This  means  that 
we  can  readily  alter  our  system  to  study  a  wide  range  of  biomolecular  interactions  under  a 
wide  range  of  operating  conditions. 

We  used  360  nm  diameter  carboxylate-modified  microspheres  (lot  number  10-31-10) 
provided  by  Interfacial  Dynamics  Corporation  (Portland,  OR).  The  antigen  used  was 
2,4-dinitrophenyl  (DNP)  conjugated  with  lysine  to  form  e-N-DNP-L-lysine  (DNP-lysine). 
The  monoclonal  antibody  used  was  2A1  (IgGl)  against  the  DNP  group.  The  details  of 
the  antibody,  antigen,  and  sphere  preparation  are  discussed  in  reference  1.  Approximately 
5000  antigens  were  covalently  coated  to  each  microsphere.  The  number  of  antibodies  bound 
to  each  sphere  was  varied  over  a  range  of  1%  to  10%  of  the  number  of  antigens,  and  the 
microsphere  concentration  was  varied  over  a  range  of  108cm-3  to  10locm~3. 


Single-particle  light  scatterning 

We  utilized  an  optical  pulse  particle  size  analyzer  to  study  microsphere  aggregation. 
In  our  apparatus,  the  microsphere  clusters  flowed  single-file  through  a  hydro  dynamically 
focused  flow  cell  illuminated  by  a  focused  laser  beam.  Light  scattered  at  very  small  angles 
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by  the  clusters  was  collected  and  measured  using  a  photomultiplier  tube.  Since  the  micro¬ 
spheres  were  uniform,  the  intensity  of  light  scattered  by  an  ra-mer  was  proportional  to  n2 
regardless  of  the  orientation  of  the  cluster  or  the  configuration  of  the  n  microspheres  which 
constitute  the  cluster.  The  optical  pulse  analyzer  is  described  in  detail  in  reference  3. 

The  cluster-size  distribution  is  determined  by  injecting  a  known  volume  of  sample  into 
the  instrument,  and  then  assembling  a  histogram  of  scattered  light  intensities.  Using  our 
instrument,  clusters  of  sizes  up  to  15  were  easily  resolvable,  and  we  routinely  measured 
cluster  sizes  as  large  as  30.  In  addition,  although  we  were  not  able  to  measure  the  sizes 
of  the  largest  cluster,  we  were  able  to  count  them;  thus,  we  measured  the  zeroth  moment 
of  the  cluster-size  distribution.  Since  our  system  did  not  gel,  we  were  able  to  measure  hn 
even  when  the  average  cluster  size  was  much  greater  than  30.  It  is  important  to  note  that 
we  were  able  to  accurately  measure  Cn(t )  for  n  <  30  even  when  nn  30. 

RESULTS 

Initial  kinetics 

Our  initial  studies  focused  on  the  aggregation  kinetics.  When  high  concentrations  of 
antibodies  were  used  (approximately  10%  of  antigens  bound)  then  the  equilibrium  values 
of  nn  was  on  the  order  of  100  or  more.  Even  with  10%  antigen  occupancy,  the  measured 
value  of  Kn  was  less  than  1%  of  the  rate  of  dimerization  for  a  diffusion-limited  cluster 
aggregation  (DLCA)  process.  We  therefore  concluded  that  this  process  was  a  reaction- 
limited  cluster  aggregation  (RLCA)  process. 

When  the  equilibrium  value  of  nn  is  high,  it  is  possible  to  probe  dynamic  scaling  of  the 
aggregating  system  before  it  reached  equilibrium.  The  dynamic  scaling  ansatz 

Cn(t  — >  oo)  — >  s~2(t)<f)(x  =  n/s )  (3) 

relates  the  time-dependent  cluster-size  distribution,  Cn(t),  to  a  time-independent  cluster- 
size  distribution,  (f>(x ),  via  an  “average  cluster- size,”  s(t),  which  is  proportional  to  nw 
for  non-gelling  systems.  In  our  system,  s(i)  showed  initial  exponential  growth,  as  shown 
in  Figure  2,  followed  by  a  leveling  off  at  the  equilibrium  value.  Exponential  growth  is  a 
characteristic  of  aggregation  kernels  with  A  =  1  where  the  two  critical  exponents  A  and  fi 
are  defined  by  the  following  equations: 


In  addition,  we  were  able  to  demonstrate  dynamic  scaling  in  our  system  long  before  equi¬ 
librium  was  reached.  Figure  3  shows  how  the  cluster-size  distribution  measured  at  different 
times  are  related  to  one  another  via  the  time-independent  cluster-size  distribution.  Note 
that  there  are  no  free  parameters  required  to  “fit”  the  individual  measurements  of  Cn{t) 
to  create  the  plot  of  <f>(x):  once  Cn(t)  is  measured,  the  value  of  cf>(x)  is  automatically  de¬ 
termined.  Since  the  scatter  plot  clearly  shows  the  data  collapsing  onto  a  single  curve,  we 
conclude  that  dynamic  scaling  is  present  in  our  system. 

We  found  that  <f>(x  <1)  ~  x~T  with  r  ranging  between  1.35  and  1.78.  Both  of  these 
observations  are  consistent  with  a  kernel  described  by  exponents  A  =  1  and  [L  —  0.  Other 
investigators  have  measured  these  exponents  in  other  RLCA  systems4,  but  not  all  RLCA 
system  appear  to  have  these  exponents5.  Our  system  could  be  very  closely  approximated 
by  the  sum  kernel,  Kij  ~  i  +  j,  which  shares  the  same  exponents  as  our  system. 
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Figure  2:  Initial  temporal  growth  is  exponential 

Equilibrium 

The  most  dramatic  feature  of  our  work  is  that  the  system  is  reversible  unlike  most 
colloidal  polystyrene  systems  which  bind  irreversibly  when  particles  fall  into  the  attractive 
DLVO  potential  well.  Because  our  spheres  were  highly  charged  (0.5  to  3.0  nm2  per  charge 
group),  the  majority  of  spheres  were  not  able  to  get  close  enough  to  bind  via  Van  der  Waals 
forces.  We  initially  expected  to  see  an  equilibrium  cluster-size  distribution  with  a  value  of 
t  =  2.5.  This  is  a  characteristic  of  Flory  RA/  polymer  systems  in  which  all  active  sites 
on  a  polymer  can  bind  to  any  other  active  site  on  any  other  polymer6.  However,  we  were 
surprised  to  see  that  the  equilibrium  distribution  was  well- described  by  the  sum  kernel, 
which  is  characteristic  of  a  Flory  ARB/_X  system.  This  agreement  is  shown  in  Figure  4. 

DISCUSSION 

Our  system  would  be  expected  to  behave  like  a  Flory  ARB/_X  system  if  there  was  only 
one  antibody  per  microsphere;  however,  there  were  several  hundred  antibodies  and  several 
thousand  antigens  per  microsphere.  The  reason  for  the  r  =  1.5  distribution  can  be  found 
by  considering  the  RLCA  aggregation  and  fragmentation  processes  separately.  Ball  and 
colleagues7  have  presented  a  very  clear  geometric  argument  explaining  the  cause  of  the 
critical  exponents  A  =  1,/i  =  0.  Their  argument  is  based  on  the  self-adjustement  of  the 
fractal  dimension  of  the  RLCA  clusters.  They  note  that  when  a  small  z-mer  interacts  with 
a  large  j-mer,  the  j- mer  can  be  treated  as  j/i  blobs  each  of  mass  z,  therefore  constraining 
A  —  fi  =  1.  In  addition,  Ball  and  colleagues  note  that  A  depends  upon  the  fractal  dimension 
of  the  clusters.  When  fi  <  0,  Cn  is  monodisperse  and  the  clusters  which  form  have  a  large 
reaction  surface,  which  raises  the  value  of  A.  When  ft  >  0,  the  solution  is  dominated  by 
small  clusters  which  can  easily  penetrate  and  bind  to  large  clusters,  thus  increasing  the 
fractal  dimension  and  lowering  both  the  reaction  surface  and  A.  Therefore,  the  critical 
point  A  =  1,  ft  —  0  acts  as  an  attractor  which  stabilizes  both  the  RLCA  exponents  as  well 


438 


X 

Figure  3:  The  time-independent  cluster-size  distribution,  <f>(x),  demonstrates  dynamic  scaling.  When  C„(<) 
are  rescaled  according  to  the  dynamic  scaling  ansatz,  all  the  points  collapse  onto  a  single  curve. 


as  the  fractal  dimension. 

The  main  assumptions  that  Ball  and  colleagues  make  about  RLCA  processes  are  that 
all  possible  cluster  combinations  are  equally  valid,  and  that  the  cluster  sticking  probability 
is  close  to  zero.  We  used  these  same  assumptions  about  RLCA  systems  to  determine  the 
form  of  the  RLCA  fragmentation  kernel.  First,  if  all  cluster  configurations  are  allowed,  and 
all  are  equally  probable,  then  the  number  of  ways  in  which  an  rc-mer  can  be  constructed 
from  n  distinguishable  monomeric  sub-units  is  equal  to  Wn,  where 

Wn  =  nn~2.  (4) 


We  assumed  that  all  bonds  were  equal  and  had  a  probability  F0  of  breaking  during  a  unit 
time  period.  Furthermore,  because  the  system  was  reaction-limited,  sub-clusters  would  not 
recombine  after  the  bond  between  them  broke.  With  these  assumptions,  we  arrived  at  the 
RLCA  fragmentation  kernel: 


Fii~Fo3Wi+j  i\j\  ' 


This  fragmentation  kernel  has  the  property  that 

(«) 

Z  i+j=n 


The  left-hand  side  of  equation  (6)  is  equal  to  the  total  rate  at  which  an  n-mer  dissociates. 
The  factor  of  1  /2  accounts  for  double-counting.  The  factor  of  n  —  1  is  equal  to  the  total 
number  of  bonds  in  an  acyclic  rc-mer.  Therefore,  equation  (6)  is  merely  a  mathematical 
recapitulation  of  our  original  hypotheses  concerning  RLCA  fragmentation:  all  bonds  are 
equivalent,  and  all  cluster  configurations  are  equally  probable. 

We  refer  to  the  conjunction  of  the  RLCA  fragmentation  kernel  and  the  sum  kernel  as  the 
“reversible  sum  kernel.”  The  reversible  sum  kernel  has  the  property  that  it  preserves  the 


439 


Figure  4:  The  equilibrium  cluster-size  distribution  is  well  described  by  the  sum  kernel. 

same  cluster-size  distribution  as  the  sum  kernel  when  the  initial  conditions  are  monomeric. 
This  behavior  was  first  described  in  detail  by  van  Dongen  and  Ernst8.  Using  the  condition 
of  detailed  balance,  they  construct  a  recursion  relation  for  Cn(oo).  The  solutions  to  the 
recursion  relation  are  identical  to  the  sum  kernel  with  monomeric  initial  conditions. 

The  reason  why  we  saw  an  equilibrium  value  of  r  «  1.5  is  due  to  the  fact  that  the 
bonds  were  rigid  and  therefore  clusters  could  only  interact  at  “the  surface”  rather  than 
deeply  interpenetrating.  Thus,  we  concluded  that  the  same  factors  which  kept  A  =  1  for 
purely  kinetic  aggregation  continued  to  hold  for  equilibrium.  If  the  bonds  were  not  rigid, 
or  equivalently,  if  the  clusters  could  interpenetrate,  then  the  total  available  reaction  surface 
would  be  much  larger,  and  both  the  values  of  A  and  r  would  be  much  larger  than  those 
observed.  In  particular,  if  the  clusters  could  have  freely  interpenetrated,  then  A  =  2  and 
r  =  2.5,  corresponding  to  Flory  RA /  polymers. 
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ABSTRACT 


The  possibility  of  using  conducting  polymer  dendrites  as  electrical 
connections  has  been  explored.  AC  electropolymerization  of  dendritic 
conducting  polymers  can  be  used  to  connect  two  different  platinum  wires. 

The  polymerization  conditions  were  varied  in  order  to  improve  morphology, 
strength,  conductivity,  and  to  shorten  the  time  needed  to  make  connections. 
The  variables  involved  in  this  study  include  electrolyte  and  monomer 
concentrations  and  the  type  of  conducting  polymer  used  (3-methylthiophene 
and  aniline).  Another  area  of  study  has  been  the  exploitation  of  the  inherent 
doping  and  undoping  properties  associated  with  conducting  polymers  to  store 
information  in  the  connections  in  the  form  of  a  resistance  value.  To  this  end, 
the  connections  were  doped  to  known  conductivity  values  and  the 
persistence  of  conductivity  was  monitored  over  time. 


SYNTHESIZING  POLYMER  CONNECTIONS 


One  major  field  of  research  in  materials  science  is  the  fabrication  of 
micro-  and  nanoscale  devices.  Some  examples  include  semiconductor 
microelectronic  devices  and  molecular  recognition  sensors.  One  aspect  of  this 
burgeoning  area  that  has  not  been  extensively  studied  is  the  problem  of 
"wiring  up"  small  devices  so  that  they  can  communicate  with  the 
macroscopic  world.  To  this  end  we  have  been  developing  methods  to 
electrically  connect  one  or  more  sets  of  Pt  wires  with  the  conducting  polymers 
poly(3-methylthiophene),l  polypyrrole,  ^  and  polyaniline.  The  procedure 
involves  cycling  the  potential  of  the  Pt  wires  that  are  to  be  connected  between 
two  extremes;  at  one  extreme  the  polymer  dendrites  are  actually  growing  and 
at  the  other  extreme  they  are  in  a  nonconductive  state.  When  the  fibers  from 
one  wire  grow  to  touch  polymer  from  the  other,  the  polymer  connection  acts 
as  an  electrical  shunt.  We  hypothesize  that  the  polymer  connection  then 
remains  conductive  and  is  reinforced. 
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Poly(3-methyIthiophenel  and  Tetrabutvlammonium  Tetrafluoroborate 
Concentration  Studies 


We  wished  to  explore  electropolymerization  parameters  such  as 
electrolyte  and  monomer  concentrations  and  scan  rate  to  determine 
conditions  which  favored  production  of  dendritic,  well-defined  connections. 
The  concentrations  of  3-methylthiophene  (3MT)  and  tetrabutylammonium 
tetrafluoroborate  (TBAF,  the  electrolyte)  have  a  large  effect  on  the  polymer 
connection’s  morphology.  Uniform  films  or  cauliflower  polymer  growth  was 
observed  with  3MT  concentrations  of  0.17  M  3MT  or  greater  at  a  scan  rate  of 
100  mV/sec  (Figure  1A). 


Figure  1A  (left):  This  is  an  example  of  cauliflower  morphology  and  was 
synthesized  from  a  water-  and  oxygen-free  acetonitrile  solution  containing 
0.17  M  3MT  and  0.12  M  TBAF.  The  Pt  wires  are  approximately  2  mm  apart. 
Figure  IB  (right):  This  is  an  example  of  dendritic  morphology  and  was 
synthesized  from  a  water-  and  oxygen-free  acetonitrile  solution  containing 
0.09  M  3MT  and  0.12  M  TBAF.  The  Pt  wires  are  approximately  1  mm  apart. 

No  clear-cut  division  between  film-like  growth  and  dendritic  growth  was 
consistently  observed.  However,  above  0.34  M  3MT,  the  polymer's 
morphology  was  predominantly  film-like.  Below  0.09  M  3MT,  very  fine, 
dendritic  polymer  strands  could  be  seen  (Figure  IB).  In  these  experiments 
0.12  M  TBAF  was  used.  If  the  electrochemical  cell  was  exposed  to  oxygen,  no 
polymer  was  formed  at  the  lowest  monomer  concentrations.  At  and  above 
0.17  M  3MT,  oxygen-free  and  oxygen-containing  solutions  produced  the  same 
polymer  morphologies.  Similar  results  were  seen  with  constant  monomer 
concentration  (0.17  M)  and  varying  the  concentration  of  TBAF.  Uniform 
polymer  growth  was  observed  at  concentrations  equal  to  or  greater  than  0.12 
M  TBAF.  The  cauliflower  polymer  morphology  was  observed  at  TBAF 
concentrations  between  0.12  M  and  0.07  M  (Figure  1A).  Dendritic  fibers  were 
observed  at  concentrations  equal  to  and  less  than  0.07  M  TBAF  (Figure  IB). 
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At  the  lower  concentrations  the  electropolymerization  rate  is  presumably 
diffusion  limited.  The  dendritic  polymer  growth  that  results  from  this 
diffusion-limited  condition  is  similar  to  what  is  seen  in  metal  deposition  and 

other  diffusion-limited  electropolymerization  systems.^’  ^ 

A  "standard"  polymerization  with  0.17  M  3MT  and  0.12  M  TBAF  takes 
on  average  20  minutes  to  span  a  2  mm  electrode  gap.  The  polymer 
connection  created  from  the  above  solution  is  usually  mechanically  stable 
enough  to  remove  from  the  polymerization  solution.  At  lower  salt  and 
monomer  concentrations,  the  connection  process  takes  greater  than  3  hours 
and  the  small  dendrites  usually  fall  off  when  the  electrode  system  is  removed 
from  solution.  At  higher  salt  and  monomer  concentrations,  a  dense 
connection  that  is  very  mechanically  stable  can  usually  be  formed  in  a  couple 
of  minutes. 


Polvaniline 


Polyaniline  is  a  novel  conducting  polymer  because  its  conductivity 

depends  not  only  on  its  oxidation  state,  but  also  on  its  level  of  protonation.^ 
Polyaniline  is  usually  electropolymerized  in  an  aqueous  solution  containing 

an  acid  as  electrolyte  and  aniline  as  the  monomer.^  We  wish  to  make 
connections  using  this  polymer  because  changing  the  solution  pH  will  change 
the  connection's  conductivity.  The  pH  effect  is  an  interesting,  additional 
variable  in  electropolymerization  that  we  wish  to  explore  with  regard  to  the 
construction  of  polymer  connection  networks. 

We  synthesized  the  polyaniline  using  the  same  AC 
electropolymerization  technique  as  described  above  for  poly(3- 
methylthiophene).  One  modification  that  had  to  be  made  was  the  initial 
deposition  of  a  polyaniline  layer  (at  0.65  or  0.70  V  vs.  SCE)  on  both  working 
electrodes.  If  this  base  polymer  layer  was  not  created,  no  polymer  would  be 
observed  to  grow.  Other  modifications  that  were  made  included  adjusting 
the  voltage  range  to  -0.20  to  0.65  or  0.70  V  vs.  SCE.  This  was  necessary  because 
it  is  known  that  successive  potential  cycles  of  polyaniline  positive  of  0.70  V 

lead  to  polymer  degradation.^  The  effect  of  scan  rate  was  also  explored.  Scan 
rates  between  300  and  600  mV/sec  produced  polyaniline  connections  between 
2  Pt  wire  electrodes  separated  by  2  mm  in  5  hours  or  more.  So  far  we  have 
focused  on  two  different  acids  for  the  synthesis  of  polyaniline:  hydrochloric 
and  perchloric  acid.  Specifically,  we  have  used  0.50  to  1.70  M  HC1  with  0.10  to 
0.70  M  aniline  and  1.3  to  1.8  M  HCIO4  with  0.30  to  0.61  M  aniline.  At 
concentrations  of  aniline  greater  than  0.70  M,  aniline  solubility  becomes  a 
problem  in  our  systems.  No  polymer  connections  were  observed  to  form 
from  solutions  containing  less  than  0.08  M  aniline.  Under  these  conditions, 
the  measured  current  dropped  and  approached  zero  as  electropolymerization 
progressed.  We  hypothesize  that  at  lower  aniline  concentrations,  the 
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Many  studies  of  the  conduction  process  and  doping  and  undoping  of 
conducting  polymers  have  been  performed.^  Because  poly(3- 
methylthiophene)  has  a  conductivity  range  spanning  eight  orders  of 
magnitude,  a  polymer  connection  such  as  those  described  in  this  work  could 
potentially  be  used  for  data  storage.  To  study  the  stability  of  conductivity  of 
the  poly(3-methylthiophene)  connection,  the  resistance  of  the  doped  polymer 
connection  was  measured  over  time.  In  one  experiment,  the  polymer 
connection  was  kept  in  its  original,  salt-  and  monomer-containing 
polymerization  solution  for  almost  5  days  and  its  resistance  measured 
periodically.  The  connection  lost  50%  of  its  conductivity  within  40  hours.  In 
a  second  experiment,  the  polymer  connection  was  removed  from  the 
polymerization  solution  and  placed  in  a  fresh  water-  and  oxygen-free 
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concentration  of  impurities  is  high  enough  to  interfere  with 
electropolymerization. 

We  have  not  yet  been  able  to  obtain  fibrous  polymer  growth  for 
polyaniline  similar  to  that  observed  with  the  poly(3-methylthiophene) 
system.  Figure  2A  is  a  scanning  electron  micrograph  of  one  polyaniline- 
coated  Pt  working  electrode  prepared  with  1.3  M  HCIO4  and  0.58  M  aniline 
and  electropolymerized  for  2.5  hours. 


acetonitrile  solution  for  over  6  days.  Under  these  conditions,  the  polymer 
connection  lost  50%  of  its  conductivity  within  15  hours.  Thus  the  resistance 
of  the  polymer  connection  increases  faster  in  the  salt-free  solution  than  in  the 
salt-containing  solution.  This  is  consistent  with  a  concentration  gradient- 
driven  polymer  undoping  process,  as  has  been  previously  observed  for 
polypyrrole  films.7  To  demonstrate  reading  and  writing  of  conductivity 
information  into  polymer  connections,  a  poly(3-methylthiophene) 
connection  was  doped  to  a  resistance  of  500  ohms  and  its  resistance 
monitored  for  1  day.  The  connection  was  then  undoped  or  doped  as  shown 
below  and  its  resistance  measured  as  a  function  of  time  (Figure  3).  As  can 
been  observed  from  the  graph,  the  polymer  connection's  resistance  is  stable 
for  storage  times  on  the  order  of  tens  of  hours. 


Time  (hrs) 

Figure  3:  Resistance  vs.  time  of  a  poly(3-methyl thiophene)  connection  run 
through  4  conductivity  state  changes.  Throughout  the  course  of  the 
experiment,  the  connection  was  held  in  a  salt-  and  monomer-containing 
solution. 


Conclusions 


We  have  explored  the  properties  of  connecting  2  Pt  working  electrodes 
with  conducting  polymers  synthesized  from  poly(3-methylthiophene)  and 
polyaniline.  By  varying  the  concentration  of  poly(3-methylthiophene)  and 
the  electrolyte,  tetrabutylammonium  tetrafluoroborate,  different  polymer 
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the  electrolyte,  tetrabutylammonium  tetrafluoroborate,  different  polymer 
morphologies  could  be  obtained.  The  most  dendritic  polymer  strands  were 
created  at  concentrations  of  3MT  equal  to  or  less  than  0.09  M  with  a  TBAF 
concentration  of  0.12  M.  Very  fine,  dendritic  polymer  strands  were  also 
observed  at  concentrations  equal  to  and  less  than  0.07  M  TBAF  with  a  3MT 
concentration  of  0.17  M.  Polyaniline  connections  with  morphologies  similar 
to  the  poly(3-methylthiophene)  system  have  not  yet  been  obtained  in  our 
system.  We  have  also  explored  the  diffusion  of  dopants  out  of  poly(3- 
methylthiophene)  connections  in  two  different  solutions.  One  solution 
consisted  of  the  water-  and  oxygen-free  acetonitrile,  and  the  other  consisted  of 
TBAF  and  monomer  in  acetonitrile.  The  connection  stored  in  the  salt-  and 
monomer-free  solution  undoped  faster  than  the  polymer  connection  stored 
in  the  salt-  and  monomer-containing  solution,  consistent  with  prior 

observations 7  The  process  of  storing  and  erasing  conductivity  information 
into  these  polymer  connections  was  demonstrated. 
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ABSTRACT 

We  report  the  observation  of  spatial  ordering  of  clusters  that  leads  to  a  spinodal-type  sca¬ 
ling  of  the  structure  factor  S(q ),  in  the  3D  simulations  of  diffusion-limited  colloid  aggre¬ 
gation.  We  are  able  to  clearly  identify  the  peak  in  S(q )  as  arising  from  the  correlation 
between  particles  belonging  to  nearest  neighbor  clusters.  The  S(q )  has  a  terminal  shape 
that  corresponds  to  a  close-packing  of  the  clusters  after  gelation,  in  a  concentration  range 
larger  than  the  one  found  in  recent  experiments. 

PACS  numbers:  02.70.-e,  05.40.+j,  64.60.Qb,  81.10.Dn 

Introduction. 

Aggregation  phenomena  has  been  an  area  of  active  research  during  the  past  decade  [1].  In 
the  particular  case  of  colloidal  dispersions,  researchers  have  identified  two  limiting  regimes 
of  the  irreversible  aggregation  [2] ,  according  to  the  value  of  the  bonding  probability  between 
colloidal  particles  upon  encounters.  If  this  value  is  one,  the  aggregation  is  limited  by  the 
time  taken  for  the  particles  to  diffuse  before  they  meet  and  is  termed  diffusion  limited 
(DLCA).  If,  on  the  other  hand,  this  probability  is  close  to  zero,  the  aggregation  is  limited 
by  the  time  taken  for  the  particles  to  react  and  form  a  single  entity  and  is  named  reaction 
limited  (RLCA).  In  this  paper  we  concentrate  on  the  study  of  the  DLCA  regime. 

Recent  experimental  studies  [3-5]  in  the  high  concentration  regime  have  shown  that 
during  a  DLCA  process  the  distribution  of  the  scattered  intensity  of  light  displays  a  pro¬ 
nounced  peak  at  a  finite  q  vector.  The  position  qm  of  the  peak  shifts  to  smaller  values 
while  the  peak  intensity  increases,  as  the  time  goes  on.  Experimentally  [3]  it  has  also  been 
found  that  S(q )  shows  a  saturation  effect  after  a  certain  aggregation  time,  that  is,  the 
subsequent  S(q)  curves  show  approximately  the  same  peak  position  and  height. 

As  pointed  out  in  ref.  3,  there  is  a  wide  variety  of  systems  that  show  a  similar  behavior 
in  their  corresponding  light,  neutron  or  x-ray  scattered  intensity,  suggesting  that  there  are 
some  universal  features.  In  the  later  stages  of  the  aggregation  process,  the  scattered 
intensity  in  all  those  systems  scales  according  to  the  universal  law, 

S(q,t)  =  qJ(t)F(q/qm(t)),  (1) 

with  the  value  of  d  depending  on  the  specific  system  under  study.  For  DLCA  d  =  df  fa  1.8, 
is  the  fractal  dimension  of  the  clusters. 
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To  investigate  the  physical  origin  of  the  peak  in  S(q )  observed  in  the  experiments 
we  have  carried  out  extensive  numerical  simulations  of  DLCA  processes.  For  instance, 
we  would  like  to  clearly  identify  in  S(q )  the  points  that  correspond  in  real  space  to  the 
nearest-neighbor  cluster  distance,  the  depletion  region  and  the  size  of  the  denser  core.  We 
also  would  like  to  find  out  if  the  gelation  time  and  the  onset  of  the  saturation  effect  occur 
simultaneously,  all  this  as  a  function  of  concentration. 

The  approach  we  follow  is  to  first  evaluate  the  particle-particle  correlation  function, 
g(r).  To  this  end,  the  simulation  is  momentarily  stopped  at  predetermined  times  to  obtain 
a  histogram,  giving  the  number  of  pairs  of  particles  located  within  the  spherical  shells  of 
radii  r  and  r  +  Sr,  regardless  that  the  particles  belong  to  the  same  or  to  different  clusters. 
We  calculated  the  g(r )  from  this  histogram  using  the  formula 


g(r)  = 


density  of  pairs  in  (r,  r  +  6r) 
average  density  of  pairs 


(2) 


The  scattering  function  S(q)  is  easily  obtained  from  g(r)  by  Fourier  transformation,  yiel¬ 
ding  [6] 

OO 

S(q )  =  1  +  /  rsm(qr)(g(r)  -  l)  dr.  (3) 

< 7  J 
o 


Algorithm. 

Here  we  briefly  describe  the  DLCA  algorithm  used  in  the  present  work.  We  consider  a 
three  dimensional  cubic  lattice  with  periodic  boundary  conditions,  where  at  some  interme¬ 
diate  time  a  collection  of  clusters  formed  of  nearest  neighbor  lattice  cells,  representing  the 
colloidal  particles,  diffuse  randomly.  A  cluster  is  chosen  at  random  and  moved  one  lattice 
spacing  in  a  random  direction  only  if  a  random  number  x ,  uniformly  distributed  in  the 
interval  [0, 1],  satisfies  the  condition  x  <  D(s)/ Dma.x,  where  D(s)  ~  s  df  is  the  diffusion 
coefficient  for  the  selected  cluster  of  size  s  and  Dmax  is  the  maximum  diffusion  coefficient 
for  any  cluster  in  the  system.  After  each  cluster  has  been  selected  the  time  is  increased  by 
1/(ATCIW),  with  Nc  the  number  of  moving  clusters  in  the  system  at  that  time,  regardless 
if  the  cluster  is  actually  moved.  If  the  cluster  attempts  to  invade  the  lattice  cells  occupied 
by  another  cluster,  the  move  is  rejected  and  the  moving  cluster  either  sticks  and  merges 
to  the  other  with  probability  Po  or  remains  side  by  side  to  the  other  with  probability 
1  -  P0.  For  DLCA  processes  one  has  P0  =  1.  This  algorithm  has  been  applied  succesfully 
to  demonstrate  dynamic  scaling  in  the  simulations  of  colloidal  aggregation  [7]. 

Results. 

To  check  the  picture  of  close  packed  clusters  [4,5,8]  and  determine  the  terminal  qm,  we 
carried  out  simulations  for  10  different  concentrations  ranging  from  0.0050  to  0.08  in 
volume  fraction  <j>.  We  found  that  for  this  concentration  range,  No  &  100  000  particles  is 
the  optimum  number  of  particles  that  yields  a  good  statistics  for  the  evaluation  of  g{r), 
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Fig.  1.  Left:  The  scattering  function  S(q )  for  ten  different  times  (see  text),  for  a  simulation  with  (j>  —  0.04. 
The  high-#  behavior  of  these  curves  is  shown  in  the  inset,  in  a  double  logarithmic  scale.  Right:  A  plot  of 
F  =  qm  (t)  S(q,  t )  vs.  X  =  q/qmif)  f°r  the  curves  corresponding  to  the  last  six  times  on  the  left. 

and  still  can  be  handled  in  a  reasonable  time  with  the  Cray  Y-MP4/464  supercomputer 
at  UNAM. 

We  define  the  onset  of  gelation  as  the  first  time  for  which  a  cluster  spans  the  box, 
regardless  of  the  direction  at  which  such  spanning  occurs.  Whenever  a  cluster  spans  the 
lattice  it  is  automatically  frozen  and  becomes  part  of  the  “infinite”  network.  However,  the 
non-spanning  clusters  keep  moving  around  and  eventually  stick  to  the  infinite  network. 
We  found  that  for  low  concentrations  and  relatively  small  boxes,  it  may  happen  that  the 
simulation  ends  up  with  a  single  non-spanning  cluster.  We  systematically  tried  to  avoid 
that  by  choosing  boxes  of  size  such  that  their  linear  dimension  L  embraces  several  terminal 
clusters  (see  below).  The  simulation  was  terminated  when  no  moving  clusters  were  found 
in  the  system. 

In  fig.  1  (left)  we  show  the  scattering  functions  for  a  simulation  with  =  0.04  at  ten 
different  times,  namely,  90,  148,  245,  403,  665,  1  097,  1  808,  2  981,  4  915  and  6  634.  The 
last  four  times  correspond  to  states  after  the  occurrence  of  gelation,  that  took  place  at  t  =1 
212.  Note  that  the  curves  corresponding  to  the  last  three  times  are  almost  indistiguishable 
(top  curve  in  the  figure).  After  some  initial  time  the  curves  start  to  develop  a  peak  that 
increases  in  height  and  whose  position  qm  moves  to  the  left,  in  complete  accord  with  the 
experimental  results  [3-5].  Similar  results  are  obtained  for  all  the  other  concentrations 
studied.  Among  the  important  features  to  note  in  that  figure  is  that  all  the  curves  merge 
into  one  single  curve  for  high  values  of  q.  Moreover,  in  the  inset  of  the  same  figure  we 
show  that  the  high-#  dependence  of  these  curves  obeys  the  power  law  #-L75,  where  the 
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Fig.  2.  The  particle-particle  correlation  function  g{r )  (left)  and  the  scattering  function  S(q )  (right)  for  a 
(f>  =  0.01  simulation,  corresponding  to  the  time  t  —  13  360.  Po'int  C  is  defined  in  S(q )  as  the  peak  position, 
while  points  a  and  b  are  defined  in  g(r )  as  the  size  of  the  denser  core  and  the  minimum  position,  respectively. 

exponent  df  =  1.75  ±  0.11  gives  an  estimate  of  the  fractal  dimension  of  the  clusters  [3-5]. 
We  tried  to  scale  our  data  according  to  Eq.  (1).  In  Fig.  1  (right)  we  show  the  results  of  a 
scaling  analysis;  F  =  qm(t)  S(q,t )  versus  x  =  q/qm(t )  for  the  last  six  times.  We  see  that 
for  these  times  the  collapsing  of  the  data  is  indeed  very  good.  However,  for  earlier  times 
the  data  did  not  scale  very  well.  In  this  scaling  analysis  df  was  used  as  an  adjustable 
parameter  and  the  best  collapse  of  the  data  occurred  for  df  =  1.70,  giving  us  another 
independent  estimate  of  the  fractal  dimension.  In  this  case  it  was  found  that  a  variation 
of  df  by  10%  leads  to  a  noticeable  degradation  of  the  scaling. 

In  Fig.  2  are  shown  the  g(r )  (left)  and  S(q )  (rigth)  curves,  corresponding  to  a  simula¬ 
tion  with  —  0.01  at  the  time  t= 13360.  The  g(r)  exhibits  the  following  general  features: 
for  small  distances  it  is  quite  large  indicating  that  any  particle  is  highly  correlated  with 
many  others,  mainly  belonging  to  the  same  cluster.  At  longer  distances  there  appears  a  mi¬ 
nimum  in  g(r),  that  corresponds  to  the  depletion  region  [3-5].  At  even  longer  distances  g(r ) 
increases  again,  showing  the  correlations  between  particles  belonging  to  nearest-neighbor 
clusters.  At  earlier  or  later  times  there  is  a  similar  situation  except  that  the  minimum 
and  nearest  neighbor  positions  move  to  the  left  or  to  the  right,  respectively.  The  points 
a  and  b  are  defined  in  g(r)  as  the  size  of  the  denser  core  (defined  here  as  the  point  at 
which  g(r)  crosses  one)  and  the  minimum  position,  respectively.  Point  c  is  defined  in  S(q) 
as  the  peak  position.  In  the  figure  we  can  see  that  qm(t)  ss  0.117,  which  corresponds 
to  a  distance  2k /qm  ~  53.7  that  lies  precisely  in  the  nearest-neighbor  region  of  g(r),  as 
mentioned  before. 

We  found  that  unlike  the  gelation  times  that  can  be  obtained  exactly,  the  saturation 
times  can  only  be  roughly  estimated.  These  quantities  were  obtained  from  the  simulations 
for  the  following  volume  fractions:  <j)  =  0.005,  0.0065,  0.008,  0.01,  0.013,  0.02,  0.03,  0.04 
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and  0.06.  The  resulting  gelation  times  were,  109  098,  80  822,  26  903,  22  026,  14  765,  6 
003,  2  441,  1  212  and  545,  while  the  saturation  times  were  approximately  300  000,  180 
000,  170  000,  100  000,  40  000,  13  000,  5  000,  3  000  and  1  100.  The  saturation  time  -  for 
which  qm  does  not  change  appreciably  anymore  -  is  assumed  to  be  the  onset  of  formation 
of  a  close  packed  structure  of  terminal  clusters,  of  which  the  infinite  network  is  made.  The 
consistently  smaller  values  for  the  gelation  times  indicate  that,  at  the  gelation  threshold, 
we  have  an  infinite  network  made  of  terminal  clusters  plus  some  holes ,  where  a  number  of 
finite  cluster  reside  that  have  not  reached  the  size  of  a  terminal  cluster. 


Fig.  3.  A  double  logarithmic  plot  of  the  terminal  qm  vs.  <f>  for  the  ten  different  concentrations  studied,  the 
straight  line  is  the  best  fit  to  the  data. 

To  obtain  an  analytical  estimate  of  the  terminal  qm  [8]  we  consider  a  close  packed 
structure  of  n  monodisperse  terminal  clusters  of  size  R  and  containing  N  particles  each 
in  the  volume  V  of  the  system.  In  general,  the  cluster  volume  fraction  <j)c  is  {n-^-R  )  /V. 
Considering  that  n  =  N0/N  and  N  =  ( R/a)df ,  we  find  <j>c  ~  ^  R*~df  >  As  at 

saturation  (f>c  «  1,  and  qm  ~  1/R,  we  find  qm  ~  .  In  Fig.  3  we  see  a  log-log  plot 

of  the  terminal  qm  versus  <f)  for  the  ten  concentrations  studied,  to  test  this  equation.  All 
the  points  stay  closely  on  a  straight  line,  giving  us  another  independent  estimate  of  the 
fractal  dimension  df  —  1.70  dt  0.10.  It  is  important  to  note  that  this  picture  of  close  packed 
terminal  clusters  works  well,  even  at  concentrations  as  high  as  0.08  in  volume  fraction. 
This  is  in  contrast  with  the  results  of  Ref.  4  where,  after  (f>  ~  0.01,  a  clear  deviation  from 
the  above  law  was  observed. 
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Summary. 

Our  main  results  can  be  summarized  as  follows:  (a)  we  are  able  to  clearly  relate  the  peak  in 
the  structure  factor  to  the  nearest-neighbor  cluster  distance;  (b)  we  find  that  the  gelation 
time  is  of  the  same  order  of  magnitude,  although  consistently  smaller  than  the  time  for  the 
onset  of  saturation  and  (c)  the  picture  of  close  packed  clusters  to  determine  the  terminal 
qm  is  extended  in  concentration  well  beyond  the  point  it  was  originally  assumed  [4].  We 
believe  that  more  experimental  and  numerical  work  is  needed  to  ascertain  these  results. 
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ABSTRACT 

The  corrosion  of  three  kinds  of  silicon  nitride  based  ceramics  by  static  li¬ 
quid  potassium  sulfate-coal  slag  immersion  was  investigated  at  high  tempera¬ 
tures.  The  reaction  kinetics  between  silicon  nitride  based  ceramics  and  coal- 
slag-potassium  sulfate  was  investigated, different  kinetic  curves  were  obtained 
at  different  temperatures, it  was  l-(l-a)l/3=kt  at  1350°C  and  a=kt2  at  1400°C. 
Phase  composition,  microstructure  of  the  materials  before  and  after  corrosion 
were  studied  by  XRD,  SEM/EDAX,  and  EPMA  etc,  which  lead  to  the  following  de¬ 
tailed  corrosion  mechanism:  (1)  oxidation  of  silicon  nitride  based  ceramics  by 
potassium  salt  and  oxygen  in  air  simultaneously  and  formation  of  silicon  dioxi¬ 
de.  (2)  melting  of  as-formed  silica  by  potassium  sulfate  or  K-contained  sili¬ 
cate  and  resulting  in  a  silicate  melt  Me-K20«xSi02,and  (3)  formation  of  a  pro¬ 
tective  silica  layer  below  the  silicate  melt. 


INTRODUCTION 

In  recent  years,  there  has  been  considerable  interest  in  using  high-efficien 
cy  energy  conversion  system  to  produce  electricity  from  coal.  The  MHD  genera¬ 
tor  is  one  of  new  technologies  of  generating  electricity,  it  can  remarkably  im 
prove  the  thermal  efficiency  and  reduce  the  environment  pollution.  Due  to  the 
severe  working  condition  for  the  channel  in  coal-fired  MHD  generator,  it  re¬ 
quires  the  insulation  material  must  have  the  following  characters:  (1)  oxida¬ 
tion  resistance,  (2)  high  temperature  capability,  (3)  high  temperature  gases 
and  liquid  corrosion  resistance  to  the  fluxing  effects  of  coal  slag  and  fuel 
seeds  such  as  alkali  sulfate,  (4)  good  thermal  shook  resistance,  and  (5)  high 
thermal  conductivity  and  electric  insulation.  The  corrosion  is  one  of  the  ma 
jor  effects  on  the  lifetime  of  the  channel.  Although  engineering  ceramics  such 
asSi3N4  and  SiC  have  many  excellent  physical  properties,  the  potential  appli¬ 
cation  of  ceramics  in  such  system  is  very  dependent  upon  their  resistance  to 
corrosion  environment  produced  during  combustion  [1],  The  effects  of  corrosion 
in  various  potassium  salts  on  Si3N4,  SiC,  AIN  and  sialon  [2,3]  has  been  found 
to  be  a  founction  of  salt/environment  chemistry  and  the  material  composition. 
Similar  effects  were  noted  in  coal  slag  environments  for  SiC  and  Si3N4  cera¬ 
mics  [1,4].  It  is  important  to  address  the  hot  corrosion  problem  especially 
hot  corrosion  mechanism  for  these  materials  in  order  to  improve  their  proper¬ 
ties.  D.S.  Fox  et  al  [5]  did  great  work  on  this  aspect,  they  employed  the  film 
method  and  discussed  the  corrosion  mechanism  of  various  Si3N4  ceramics  in  pure 
Na2C03/Na2S04.  The  purpose  of  this  paper  is  to  report  on  the  chemical  mecha¬ 
nism  of  corrosion  for  S^N^-  based  ceramics  exposed  to  coal  slag  containing 
potassium  sulfate. 


EXPERIMENTAL  PROCEDURES 

The  materials  used  in  this  study  are  listed  in  Table  I. 
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Table  I  Materials 


Designation 

Material 

Additives 

SlOl 

Si3N4  (  MA  ) 

Mg0, 

AI2O3, 

Zr02 

S401 

Si3N4-  BN 

Mg0, 

AI2O3, 

Zr02 

S406 

Si3N4-  BN  -  AIN 

MgO, 

AI2O3, 

Zr02,AlN 

All  materials  were  hot-pressed  in  a  graphite  die  at  the  temperature  range 
of  1750°C  to  1800°C,  at  15  to  30  MPa, for  0.5  to  2  hours  in N2, atmosphere.  These 
materials  were  cut  into  10  by  8  by  4  mm.  The  surface  of  the  specimens  were  fi¬ 
nished  and  the  edges  bevelled  by  diamond  to  1  pm.  The  samples  were  cleaned  by 
distilled  water  and  alcohol.  The  corrosion  medium  employed  is  Datong  ash  plus 
20%  of  K20  (  added  in  the  form  of  K2SO4). 

In  each  experiment,  a  weighed  sample  and  the  powdered  corrosion  medium  were 
put  into  a  test  crucible  of  highly  purified  alumina,  35  mm  in  diameter  and  50 
mm  long,  then  placed  in  an  electric  furnace  regulated  at  the  temperatures  of 
1350°C  and  1400°C  respectively  for  1  to  250  hours. The  experiment  was  conducted 
in  air  atmosphere.  After  maintaining  the  desired  temperature  &time,  the  cruci¬ 
ble  was  removed  from  the  electric  furnace  and  cooled  quickly  to  room  tempera¬ 
ture  and  weighed  with  a  Shimadzu  -  LIBOROR  electronic  balance  (  EB-2800  type  ) 
Phase  composition  and  microstructure  of  the  materials  before  and  after  corro¬ 
sion  were  studied  by  X-ray  diffraction  analysis  (XRD) ,  scanning  electron  micro 
scopy  (SEM)  with  energy-dispersive  spectrometry  (EDS),  and  electron  microprobe 
analysis  (EMPA).  The  microprobe  was  also  equiped  with  a  wavelength  dispersive 
spectrometer  which  allowed  oxygen  mapping.  Cross  section  were  polished  to  1  pm 
and  sputtered  the  coating  of  carbon  on  the  corroded  samples. 


EXPERIMENTAL  RESULTS 

Corrosion  kinetics  of  the  materials 


The  time  dependence  of  the  degree  of  the  weight  loss  of  the  three  kinds  of 
Si3N4  based  ceramics  immersed  in  coal  slag  -  potassium  sulfate  melts  at  1350°C 
and  1400°C  exposed  to  air  is  shown  in  Fig.l  and  Fig. 2.  As  can  be  seen  from 
Fig.l  and  Fig. 2,  materials  with  different  kinds  of  additives  have  different 
properties  of  corrosion  resistance,  the  effect  of  temperature  on  the  corrosion 
of  the  materials  is  very  serious, and  different  kinetic  curves  were  obtained  at 
different  temperatures,  it  was  l-(l-a)l/3=kt  at  1350°C,  this  means  that  the 
surface  chemical  reaction  controlled  shrinking  core  model  could  describe  the 
relation  very  well  between  time  and  weight  loss  rate  of  Si3N4-  based  ceramics 
in  coal  slag  containing  potassium  sulfate  exposed  to  air  at  the  temperature  of 
1350°C.  However,  it  was  a=kt2  at  1400°C  ,  which  means  the  corrosion  is  much 
intensified  at  1400°C  than  that  at  1350°C. 


XRD  analysis  on  the  surface  of  the  materials 


The  XRD  analysis  results  of  the  surface  of  the  silicon  nitride  based  cera¬ 
mics  before  and  after  corrosion  are  listed  in  Table  I  . 
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Fig.l  Relationship  between  weight  loss  Fig. 2  Relationship  between  weight  loss 
rate  and  time  at  1350°C.  rate  and  time  at  1400°C. 


Table  II  XRD  analysis  results  before  and  after  the  corrosion  of  the  material 


Designation 

Before 

corrosion 

corrosion 

1400°C,  1  hr. 

corrosion 

1400°C,  5  hr. 

SlOl 

Si3N4  (s) 
si2N2°  (v.w) 
ZrC>2  (v.w) 
Tridymite  (v.w) 

Si3N4  (s) 

Si2N20  (w) 

Zr02  (v.w) 
Tridymite  (w) 

Si3N4  (s) 

Si2N20  (m) 

Zr02  (v.w) 
Tridymite  (w) 

s401 

Si3N4  (s) 

BN  (s) 

Zr02  (v.w) 

Si3N4  (s) 

BN  (s) 

ZrC>2  (v.w) 
Tridymite  (v.w) 

Si3N4  (s) 

BN  (s) 

Zr02  (v.w) 
Tridymite  (v.w) 

S4O6 

Si3N4  (s) 

BN  (s) 

Si3Al2.67N404(m) 
Tridymite  (v.w) 

Si3N4  (s) 

BN  (s) 

Si3Al2.67N4°4(m) 
Tridymite  (v.w) 

Si3N4  (s) 

BN  (s) 

Si3Al2,67N4°4(m) 
Tridymite  (v.w) 

s:  strong} 

m :  middle ,  w : 

weak,  v.w:  very  weak 

The  results  show  that  the  corrosion  of  silicon  nitride  based  ceramics  is 
accompanied  by  the  formation  of  Si2N20  (only  for  SlOl)  and  tridymite  ,  and  its 
content  will  increase  with  the  increase  of  temperature  and  time  . 
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Microstructure  analysis  of  the  cross  section  of  silicon  nitride  based  ceramics 
SEM  /  EDAX  analysis 

Fig. 3  is  the  SEM  morphology  of  the  polished  cross  section  of  S401  and  S406 
after  corrosion  at  1400°C  for  1  hour. 


Fig. 3  SEM  morphology  of  cross  section  of  Si3N4  based  ceramics 
(  A  )  S401  ,  (  B  )  S406 

Fig. 3  indicates  that  the  microstucture  of  S401  is  similar  to  that  of  S406, 
it  can  be  divided  into  three  parts:  corrosion  layer,  transition  layer  and  the 
matrix.  Some  regions  appear  very  porous  in  the  corrosion  layer,  a  large  bubble 
is  clearly  evident.  There  may  be  some  type  of  composition  change  in  the  vici¬ 
nity  of  the  bubble, but  it  was  not  possible  to  determine  this  by  EDAX  or  XRD[5] 
The  corrosion  layer  of  S406  is  denser  than  that  of  S401.  Micro-area  composi¬ 
tion  analysis  was  conducted  by  EDAX  within  an  area  of  6  by  4  ym  for  the  corro¬ 
sion  layers,  the  results  are  shown  in  Fig. 4. 


1 _ 1 _ I  1  t — >  -  ^  - 

5.00  10.00  15.00  5.00  10.00  15.00 

CPS  5.00KEV  lOeV/ch  EDAX  CPS  5.00KEV  lOeV/ch  EDAX 


Fig. 4  EDAX  analysis  of  the  corrosion  layer  (A)  S406  >  (B)  S401 

The  element  contents  of  the  corrosion  layer  tested  by  EDAX  is  listed  in 
Table  H  .  It  can  be  seen  from  the  Fig. 4  and  the  Table  U  ,  the  corrosion  layer 
mainly  contains  the  metal  elements  of  Si,  Al,  K,  Fe  and  small  amount  of  Mg,  Ca 
and  Zr.  Considering  the  possible  formation  of  some  compounds  in  the  corrosion 

layer>  the  content  of  Si,Al,K  was  normalized  and  got  a  new  result  as  following 


Table  IE  Element  contents  of  corrosion  layer  tested  by  EDAX 


Designation 

Elements 

Mg 

Al 

Si 

K  Ca 

Fe  Zr 

s401 

5.69 

37.11 

28.52  1.58 

17.67  9.417 

S406  1.901 

19.95 

58.86 

17.67 

1.61 

Si: 52%,  Al:8%,  K:40%  for  S401,  which  is  equivalent  to  27.5%  KAlSiCty  and  72.5% 
K20*3.37Si02 ;  and  Si: 61%,  Al:21%,  K:18%  for  S4Q6>  which  is  equivalent  to  43% 
KAlSi04,12%  3Al203*2Si02  and  45%  Si02. 


Electron  microprobe  analysis 


Results  of  X-ray  scanning  by  electron  probe  in  depth  direction  from  the 
corroded  surface  on  the  cross  section  of  S401  and  S406  are  shown  in  Fig. 5. 


Fig. 5  Results  of  the  X-ray  scanning  by  EPMA  in  depth  direction 
S401:  (A)  K,  (B)  0  ;  S406:  (C)  K,  (D)  0 


The  results  indicated  that  the  depth  of  element  0  is  larger  than  that  of  el 
ement  K.  Combined  with  the  results  of  EDAX,  the  corrosion  microstructure  fea¬ 
tures  of  Si3N4  based  ceramics  could  be  described  as  a  multilayer  structure, the 
first  layer  is  K-silicate  melt  containing  the  elements  of  Fe,  Zr,  Mg;  the  se¬ 
cond  layer  is  a  thin  film  of  silica,  and  the  last  is  silicon  nitride  matrix. 


DISCUSSTION 

Under  the  present  study  condition, the  oxidation  of  the  materials  is  inevi¬ 


table  and  may  occur  by  the  following  reactions: 

Si3N4 ( s ) +302 ( g ) =2Si02 ( s ) +2N2 ( g )  (1) 
2Si3N4(s)+302(g)=6Si0(g)+4N2(g)  (2) 
Si3N4(s)+0. 7502(g)=l. 5Si2N20(s)+0.5N2(g)  (3) 
Si2N20(s)+1.502(g)=2Si02(s)+N2(g)  (4) 


T.Sato  et  al  [2]  had  given  the  relationship  between  aGt°  and  T  for  reaction 
(1)  to  (3), and  pointed  out  that  all  the  reactions  is  possible, and  reaction  (1) 
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is  prior  to  the  others,  based  on  the  thermodynamic  data.  Si3N4  based  ceramics 
can  also  be  oxidized  by  K2SO4 , because  K2SO4  has  a  strong  oxidation  ability  at 
high  temperature,  the  reaction  is  shown  as  following: 

2Si3N4 ( s ) +3K2S04 ( 1 ) =6Si02 ( s ) +4N2 ( g ) +3K2S  ( 5 ) 

The  Si02  as-formed  could  react  with  K2SO4  further  to  form  l^O-xSiC^: 
xSi02(s)+K2S04(l)=K20-xSi02(l)+S02(g)+0. 502(g) 

In  addition, Sato  et  al  [2]  obtained  a  quantitive  reaction  between  Si3N4  and 
K2SO4  to  form  a  stoichiometry  compound  K20-4Si02. 

1 6K2SO4 ( 1 ) +27Si3N4 ( s ) =12 (K20  *  4Si02 ) ( 1 ) +32N2 ( g) +k2S+12K2S2  ( 7 ) 

Therefore, three  possible  corrosion  processes  of  silicon  nitride  based  cera¬ 
mics  could  be  raised:  (1)  oxidized  only  by  O2  in  air  to  form  silica  which  then 
was  reacted  completely  by  K2SO4  to  form  K20‘xSi02;  (2)  reacted  quantitively 
with  K2SO4  to  form  a  stoichiometery  compound  K20-4Si02,  (3)  oxidized  by  K2SO4 
and  O2  in  air  simultaneously  to  form  silica  and  the  silica  was  melted  by  K2SO4. 
However,  based  on  the  experiment  results,  the  first  process  and  the  second  are 
not  true,  because  the  corrosion  kinetics  obtained  in  present  study  does  not 
agree  with  the  parabolic  law,  and  the  corrosion  products  are  not  the  stoichi¬ 
ometry  compound  as  expected  either.  The  third  is  feasible, as  shown  in  XRD  ana¬ 
lysis  (see  Table  I),tridymite  occurred  on  the  surface  of  the  corroded  samples 
Furthermore, the  results  of  EPMA  also  showed  that  there  was  a  thin  silica  layer 
beneath  the  K-contained  silicate  on  the  surface  of  the  materials  .  Therefore, 
the  hot  corrosion  mechanism  of  silicon  nitride  based  ceramics  immersed  in  coal 
slag  containing  K2SO4  could  be  described  as  following:  (1)  Oxidation  of  Si3N4 
based  ceramics  by  potassium  salt  and  O2  in  air  simultaneously  and  formation  of 
silica.  (2)  Melting  of  as-formed  silica  by  K2SO4  or  K-contained  silicate  and 
resulting  in  a  silicate  melt,  and  (3)  Formation  of  a  protective  silica  layer 
below  the  silicate  melt. 


SUMMARY 

The  materials  as-prepared  have  a  good  corrosion  resistance  to  coal  slag  con¬ 
taining  K2SO4  except  S401.  Different  corrosion  kinetic  curves  were  obtained  , 
it  was  l-(l-a)1/3=kt  at  1350°C  and  a=kt2  at  1400°C.  The  corrosion  process  in¬ 
cludes  three  stages:  (1)  Oxidation  of  silicon  nitride  based  ceramics  by  K2SO4 
salt  and  02  in  air  simultaneously  and  formation  of  silica,  (2)  Melting  of  as- 
formed  silica  by  K2SO4  or  K-contained  silicate  and  resulting  a  silicate  melt, 
and  (3)  Formation  of  a  protective  silica  layer  below  the  silicate  melt. 
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The  Scientist  in  the  Sandbox:  Complexity  and  Dynamics  in 

Granular  Flow 
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Department  of  Physics  and  Center  for  Nonlinear  and  Complex  Systems 
Duke  University 


Granular  materials  exhibit  a  rich  variety  of  dynamical  behavior,  much  of  which  is  poorly 
understood.  Fractal-like  stress  chains,  convection,  a  variety  of  wave  dynamics,  including 
waves  which  resemble  capillary  waves,  and  fractional  Brownian  motion  provide  examples. 
Although  granular  materials  consist  of  collections  of  interacting  particles,  there  are  im¬ 
portant  differences  between  the  dynamics  of  a  collections  of  grains  and  the  dynamics  of  a 
collections  of  molecules;  in  particular,  the  ergodic  hypothesis  is  generally  invalid  for  gran¬ 
ular  materials,  so  that  ordinary  statistical  physics  does  not  apply.  Nonlinear  Dynamics, 
Mathematics,  Molecular  Dynamics,  and  Condensed  Matter  Physics  as  well  as  traditional 
Engineering  fields  have  all  contributed  to  recent  insights  for  these  phenomena. 

PACS  numbers:  47.35.-H,  47.50.+d  62.90.+k 


Granular  materials1-4  are  collections  of  macroscopic  particles  or  grains  typically  having 
inelastic  interactions  and  often  surrounded  by  a  fluid,42  such  as  air  or  water.  The  fluid  may 
play  an  important  role  in  the  dynamics  of  the  system,  particularly  in  nature:  at  the  beach, 
wind  picks  up  the  grains  and  builds  dunes  through  a  process  know  as  saltation.36,5,6 

One  might  expect  that  granular  materials  behave  like  a  gas  or  fluid,  on  a  larger  scale. 
This  expectation  is  not  met  for  a  variety  of  reasons.  Granular  interactions  are  inelastic.  If  a 
system  starts  with  with  nonzero  kinetic  energy,  it  very  rapidly  loses  that  energy-  in  a  finite 
length  of  time.  In  the  process,  clustering  occurs,  and  the  system  becomes  inhomogenious.7 
Non-transient  granular  flow  requires  the  constant  input  of  energy,  from  gravity,  shaking,  or 
other  sources.  Often,  the  ergodic  hypothesis  of  statistical  mechanics  fails:  the  system  comes 
nowhere  near  sampling  the  possible  microstates  for  given  macroscopic  parameters;  ordinary 
thermodynamics  does  not  work.  One  of  the  complications  of  many  granular  flows  is  that 
part  of  the  system  is  is  a  frozen  state  while  nearby  regions  are  moving.  The  transition  from 
static  to  moving  occurs  in  a  relatively  narrow  width  of  material  known  as  a  shear  band. 

In  situations  where  the  grains  remain  in  contact  for  substantial  times,  stress  chains 
form,  as  typified  by  Fig.  1.  In  this  example,  static  stresses  are  applied  at  the  triangular 
boundaries,  and  the  stress  is  indicated  by  the  brightness  of  the  region  via  the  photoelastic 
effect.  In  the  figure,  stress  chains,  propagate  essentially  from  one  boundary  to  another, 
suggesting  spatial  correlation  over  many  tens  of  disks.  The  long  range  of  the  chains  raises 
the  question  of  the  smallest  length  scale  over  which  a  continuum  description  is  appropriate. 
The  fact  that  grain  configurations  frequently  change  slowly  over  measurement  times  leads 
to  interesting  fluctuational  effects.  In  an  ordinary  gas,  the  molecular  flux  is  enormous,  with 
a  cumulative  effect  of  a  homogeneous  pressure  on  typical  temporal  and  spatial  scales.  In 
the  granular  case,  the  number  of  particles  in  contact  with  a  surface  is  much  smaller,  and 
the  grain  positions  can  easily  evolve  on  instrumentally  resolvable  times.  There  is  generally 
not  time  during  a  measurement  to  produce  an  averaging  of  the  fluctuations.  Granular 
measurements  typically  show  large  scale  temporal  fluctuations  which  can  be  an  appreciable 
fraction  of  the  mean. 
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FIG.  1.  Stress  chains  in  a  2-D  material.  The  grains  are  1/4 in  plastic  disks  cast  from  epoxy. 
Stress  is  applied  from  the  three  sides  of  the  array,  which  is  viewed  through  crossed 
polarizers. 

An  additional  feature  of  granular  materials  is  that  the  individual  grains  typically  have  a 
shape  which  need  not  be  spherical.  Under  the  force  of  gravity,  or  applied  stress,  the  grains 
may  exhibit  long  range  orientational  and/or  packing  effects  associated  with  the  grain  shape. 

Hence,  it  is  hardly  surprising  that  they  exhibit  a  large  and  often  surprising  collection  of 
phenomena.  At  the  lowest  level  of  temporal  complexity  are  static  or  quasi-static  phenomena. 
Granular  materials  can  be  solid-like  because  they  can  sustain  weak  shear  stresses  with 
essentially  elastic  deformation  up  to  a  point.3  Unlike  solids,  noncohesive  granular  materials 
cannot  sustain  tension;  in  this  case,  they  disintegrate.  A  heap  of  granular  material  can 
be  stable,  i.e.  solid-like,  as  long  as  its  inclination  angle  is  not  too  steep.  The  conventional 
interpretation  of  this  phenomena  is  one  of  Coulomb  friction.  Flow  occurs  in  a  thin  avalanche 
area  near  the  surface  if  the  heap  angle  is  too  steep,  until  the  heap  is  reduced  to  a  lower 
angle. 

With  a  steady  source  of  energy,  granular  materials  can  exhibit  a  large  variety  of  dy¬ 
namical  states  including  convection,  wave  phenomena,  period  doubling  and  temporal  scale 
invariance.  Sand  piles  have  also  been  proposed  and  extensively  studied  as  candidates  for 
self-organized  criticality.8 

There  are  also  many  technical  applications  of  granular  materials,  ranging  from  the  com¬ 
monplace  transport  of  coal  and  grain  to  the  high  tech  handling  of  pharmaceutical  powders, 
fluidized  beds,  and  the  preparation  of  sinters  for  advanced  materials.  The  total  cost  involved 
in  the  handling  of  these  materials  is  enormous.  A  modest  improvement  in  our  understanding 
of  their  flow  properties  could  lead  to  signficant  savings. 

The  current  understanding  of  the  statistical  properties  and  dynamics  of  these  materials 
lags  far  behind  the  understanding  of  the  dynamics  of  conventional  fluids.  Current  models, 
although  useful  and  sophisticated,  all  show  weaknesses  which  invite  alternative  models.  In 
no  case  is  there  a  model  which  is  as  firmaly  established  as  the  Navier-  Stokes  equations  of 
Newtonian  fluid  mechanics. 

Models  of  granular  flow  typically  fall  into  one  of  three  different  classes:  continuum 
models  based  on  plasticity  theory,3  kinetic  theory,18  and  discrete  particle  models.33,34  The 
first  is  appropriate  for  slowly  deforming  dense  material,  and  is  widely  used  in  soil  mechanics 
and  engineering  applications.9,10  The  second  applies  when  the  grains  have  more  freedom  of 
movevement,  and  incorporates  random  motion  through  a  granular  temperature.  The  third 
circumvents  difficult  constitutive  issues  associated  continuum  models  of  granular  dynamics 
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by  adopting  a  microscopic  description-i.e.  at  the  level  of  individual  grain  interactions.  The 
modeling  can  take  various  forms,  including  molecular  dynamics  (MD),  a  direct  integration 
of  Newton’s  equations,  and  cellular  automata  models. 

Continuum  models  consist  of  a  set  of  partial  differential  equations  expressing  conserva¬ 
tion  laws  plus  constitutive  relations.  An  important  feature  of  these  models  is  dilatancy.11 
For  dense  granular  materials  to  deform  under  shear,  they  must  also  dilate,  an  irreversible, 
hence  plastic,  process.  Modern  soil  mechanics  models,  are  based  around  the  idea  of  plastic 
yield.9,3  A  relatively  simple  version  is  the  rigid-plastic  model.  For  moderate  shearing,  mate¬ 
rial  is  assumed  to  remain  totally  undeformed.  When  the  shear  is  great  enough  to  overcome 
the  normal  stress,  the  material  deforms  plastically.  The  locus  of  points  giving  the  shear 
stress  at  which  yield  occurs  versus  the  normal  stress  and  density  of  the  material  defines  the 
yield  surface. 

Analysis12  of  these  models  indicates  that  a  uniformly  deformed  sample  will  typically  be 
subject  to  instabilities  having  a  characteristic  time  scale  r,  set  by  the  flow  speed,  U,  the  size 
of  the  system,  £,  and  a  small  parameter  /?  characterizing  the  yield  surface:  r  =  L/(U/3). 
We  have  carried  out  two  experiments  measuring  normal  stress  vs.  time  to  identify  this  time 
scale,  one  for  hoppers  and  the  other  for  uniform  shearing  in  a  Couette  geometry.  In  both 
cases,  the  predicted  scale  is  absent.  Instead,  a  large  noisy  fluctuating  component  dominates 
the  measured  time-dependence,14  as  in  Fig.  2.  For  hopper  flow,  the  power  spectrum  from 
the  stress  measurements  is  characterized  reasonably  well  by  a  power  law  in  the  frequency: 

P(oj )  oc  u~a.  (1) 

with  1.3  <  a  <  2.3.  A  power  law  implies  the  absence  of  a  characteristic  time  scale,  and  is 
typical  of  a  self- affine  process.15  Experiments,  of  the  stress  for  a  sheared  annular  sample  of 
material  where  L  and  U  are  more  clearly  defined  than  for  hopper  flow,  also  yield  spectra 
which  show  no  signs  of  the  predicted  r. 

The  important  feature  in  these  experiments  is  a  large  fluctuating  component  which  is 
absent  in  the  continuum  models.  A  related  observation  has  been  obtained  by  Jaeger  et 
al.  in  sound  propagation  measurements.16  The  frequency  response  of  the  system  was  very 
complex,  and  highly  sensitive  to  very  small  changes  in  the  particle  contacts.  Both  the  nearly 
frozen  character  of  granular  materials  and  the  associated  phenomena  of  stress  chains  play 
a  role  in  these  observations. 

For  faster  lower  density  flows,  correlations  may  have  a  shorter  range,  and  some  of  flows 
become  more  like  those  of  a  conventional  fluid.  Current  models  envisage  this  kind  of  situ¬ 
ation  as  a  dense  gas.18  Flutuations  are  modelled  as  a  granular  temperature,  Tg.  However, 
in  a  typical  flow,19’2'20'21’23'24,26  such  as  a  chute  fiow-an  approximately  steady  avalanche, 
Coutte  flow,  or  shaker-induced  flow,  different  parts  of  the  system  will  exist  in  both  gas¬ 
like  and  frozen  states.  Even  when  the  kinetic  picture  is  thought  to  apply,  the  fluctuating 
components  can  be  comparable  to  the  mean  values. 

The  dynamics  of  granular  materials  can  also  be  strongly  affected  by  the  shape  of  the 
grains.  The  importance  of  particle  shape  is  demonstrated  in  a  set  of  experiments28  which 
characterized  the  density  of  sand  flowing  in  a  thin  hopper.  The  experiments  produced 
digitized  x-ray  images  of  the  flow  at  the  rate  of  10  frames/s.  For  nonspherical  particles, 
such  as  rough  sand,  the  experiments  show  low  density  propagating  waves  (dark  regions), 
as  in  Fig.  3.  Similar  structures  have  been  observed  previously,27  but  the  propagation  of 
the  waves  was  not  captured.  No  waves  occur  if  the  grains  are  smooth  sand  or  spherical 
particles,  whereas  they  do  occur  for  rough  sand,  i.e.  for  grains  with  asperities.  The  key 
point  is  not  the  difference  in  friction  between  grain  types,  which  is  small,  but  rather,  the 
rotational  hindrance. 
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FIG.  2.  Time  series  (left,  a)  and  resulting  power  spectrum  (right,  upper  data)  for  stress  at 
the  sidewall  of  a  hopper  during  the  outflow  of  sand.  For  comparison,  the  stress  in  the 
absence  of  flow  (left,  b)  and  the  resulting  measure  of  instrumental  noise  (right,  lower 
data)  are  also  given.  On  the  scale  of  the  figure,  the  no-flow  time  series  looks  like  a 
straight  line. 

The  role  of  grain  shape  and  rotational  hindrance  is  particularly  important  for  materials 
consisting  of  long  thin  grains,  such  as  grass  seed  or  rice.  Then,  there  is  significant  coupling 
between  rotational  and  translation  motion.29 

Hopper  flows  obtain  energy  through  gravity.  Another  simple  way  to  provide  a  sustained 
input  of  energy  to  a  granular  flow  is  by  vibration.30  When  the  characteristic  acceleration 
of  the  shaking  exceeds  g,  the  acceleration  of  gravity,  a  host  of  interesting  dynamical  states 
can  occur,  including  convective  flow,  parametric  and  traveling  waves,  bubbling,  and  highly 
turbulent  flow. 

Some  of  the  earliest  reported  observations  on  shaken  granular  material  were  by  Fara¬ 
day.31  More  recently,  Savage32  studied  convection  driven  by  a  flexible  metal  sheet.  Ra- 
jchenbach  and  Evesque20  showed  that  a  uniformly  vibrated  container  of  glass  spheres  with 
vertical  displacement  *  =  acos(u;«)  begins  to  convect  when  T  =  auP/g  slightly  exceeds 
1.  Douady  et  al.21  found  that  in  thin  layers  a  subharmonic  instability  can  occur  leading 
to  parametric  standing  waves  at  half  the  shaking  frequency.  When  an  open  container  is 
used,  as  in  the  exeriments  of  Umbanhower  et  al.,22  wave  patterns  reminiscent  of  convection 
patterns  occur. 

Traveling  wave  states  also  exist,  as  reported  by  Pak  and  Behringer,24  who  found  that 
the  relevant  parameters  which  describe  their  onset  are  T  and  E  =  A2d2  jgd.  Pak  et  al.  also 
found25  that  when  a  granular  system  is  strongly  shaken,  it  can  exhibit  bubbling. 

Three  different  pheonomena  may  contribute  to  convection,  inhomogeneity  in  the  shak¬ 
ing,32  wall  friction,33’23  and  the  presence  of  gas  31  >26  which  can  be  trapped  and  compressed 
during  part  of  each  cycle  of  the  shaker  producing  extra  lift.  We  have  recently  carried  out 
experiments26  where  the  pressure  was  fixed  at  10"3Torr  <  P  <  1000 Torr.  The  heaping 
for  partical  diameters  0.01cm  <  d  <  0.1cm,  is  unaffected  until  P  is  lowered  to  a  few  tens  of 
Torr.  But  as  P  is  decreased  further,  the  heaping  is  dramatically  reduced,  as  seen  in  Fig.  4 
which  shows  the  height  of  the  heap  relative  to  the  base  of  the  shaker,  vs.  P. 
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FIG.  3.  Density  images  obtained  with  real  time  x-ray  fluoroscopy.  In  all  cases,  the  hopper 
was  1.27cm  thick.  Images  a-d  show  the  propagating  density  structures  (dark  is  low 
density)  which  occur  in  rough  faceted  materials.  The  opening  angles  are  6  =  66.8°,  25°, 
and  40°  respectively,  for  the  group  a-d,  a  and  b.  Images  e-f  show  that  these  structures 
disappear  when  nearly  spherical  sand  is  used.  In  this  case  9  =  66.8°.  The  numbers  on 
the  figures  indicate  the  time. 


Molecular  dynamics  (MD),  direct  numerical  simulations  of  discrete  particles  by  inte¬ 
gration  of  Newton’s  equations  of  motions  (or  an  approximation  of  them)  have  also  been 
used  extensively  for  studies  of  granular  flow.34’43’33  These  models  typically  assume  spheri¬ 
cal  particles  of  radius  r  which  are  in  free  flight  until  they  begin  to  overlap.  Then,  a  force 
begins  to  push  the  particles  apart  which  depends  on  the  overlap  2r  -  |rj  -  rj|,  where  q  is 
the  vector  position  of  particle  i.  The  repulsive  force  for  spheres  increases  as  the  3/2  power 
of  the  overlap  (the  Hertzian  force),  but  a  linear  repulsive  force  law  is  often  assumed.  The 
dissipative  forces  are  typically  modelled  by  velocity-dependent  normal  forces  and  frictional 
tangential  forces.  MD  can  yield  local  information  on  quantities  such  as  mass  flow  and  stress 
which  are  difficult  to  obtain  experimentally.  Here,  I  will  focus  on  those  calculations  which 
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FIG.  4.  Heap  height,  L ,  versus  pressure  for  various  grain  sizes  and  gas  viscosities. 


pertain  to  shaking. 

Taguchi,  Gallas  et  al.  and  Thompson  have  shown33  that  a  two-dimensional  granular 
layer  will  undergo  convection  under  vertical  vibration.  Several  results  from  these  calcu¬ 
lations  are  interesting.  The  average  mass  current  shows  a  relatively  sharp  transition  to 
convection  at  T  ~  1  with  two  well  defined  rolls,  as  seen  in  experiments.  In  this  case,  convec¬ 
tion  is  attributed  to  interactions  with  the  side  walls.33  Fluidization  also  occurs.  However, 
there  is  little  indication  of  heaping,  presumably  because  these  models  do  not  include  gas 
effects. 

Granular  material  also  exhibit  interesting  mixing  and  segregation  phenomena.  Segrega¬ 
tion  by  size  can  occur  if  there  is  a  distribution  of  grain  sizes.35,40  Typically,  larger  particles 
rise  to  the  top,  even  if  they  are  heavier  than  the  smaller  particles.  Important  mechanisms 
for  segregation  include  geometric  effects  (small  particles  fall  more  easily  into  the  “cracks”) 
and  convection. 

Recently,  Metcalfe  et  al.44  have  considered  experiments  and  models  for  the  reverse  pro¬ 
cess  of  mixing  of  granular  materials.  They  have  considered  2D  flows  in  closed  containers, 
such  as  cylinders,  subject  to  uniform  rotation.  As  the  cylinder  is  rotated,  avalanches  occur 
on  the  upper  surface  of  the  material  which  cause  mixing  through  two  distinct  mechanisms: 
rapid  stirring  of  the  material  during  an  avalanche,  and  a  geometric  effect  associated  with 
the  mixing  of  succeeding  chunks  of  avalanche  material.  Two  interesting  results  of  these 
experiments  and  models  are  1)  that  there  is  an  ideal  filling  fraction  for  the  most  efficient 
mixing,  and  2)  that  the  shape  of  the  2D  container  is  not  particularly  an  important  factor. 

From  the  previous  discussion,  two  points  are  clear:  first,  granular  flows  are  strikingly 
different  from  their  Newtonian  counterparts,  and  second,  we  are  far  from  a  detailed  under¬ 
standing  of  these  flows.  In  fact,  in  many  cases,  we  are  at  the  level  of  determining  of  the 
relevant  parameters. 
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It  is  possible  to  identify  several  reasons  which  lead  to  the  unusual  behavior  of  granular 
materials.  Two  intertwined  effects  are  1)  the  long  range  correlations  associated  with  stress 
networks,  and  2)  the  relatively  frozen  and  slowly  evolving  nature  of  these  materials.  One  of 
several  important  questions  is  on  what  scale  a  dense  granular  medium  can  be  approximated 
by  a  continuum.  The  characteristic  scales  may  exceed  tens  to  hundreds  of  grain  diameters. 
Also,  of  importance  is  the  role  of  particle  shape.  The  current  models  clearly  fall  short  of 
a  truly  accurate  description  of  granular  flows.  Granular  assemblies  fall  into  an  unusual 
regime  between  microscopic  and  continuum.  As  a  consequence,  answers  to  the  questions 
posed  above  will  require  significant  insights.  The  payoffs  for  answering  these  questions  are 
significant:  safer  and  more  efficient  handling  of  enormous  amounts  of  granular  solids. 
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Sedimentation  can  result  in  thp  growth  of  rough  interfaces.  Although  sedimentation 
has  been  widely  investigated  in  various  areas  of  geology  and  engineering,  the  rough  inter¬ 
face  aspect  of  sedimentation  is  still  unstudied.  Since  hydrodynamic  forces  are  in  principle 
long  range,  rough  interfaces  formed  through  sedimentation  provide  a  significantly  different 
growth  situation  for  comparison  with  other  studies  of  apparently  similar  final  interfaces. 
This  leads  us  to  the  question  of  the  possible  existence  of  universal  phenomena  in  sedi¬ 
mentation  and  if  there  are  universal  phenomena,  can  one  use  noise  plus  a  simple  growth 
law  to  explain  them? 

In  the  sedimentation  experiment  discussed  in  this  paper  all  measurements  have  been 
performed  with  closed  cells.  The  walls  of  these  cells  are  of  1/4’  float  glass,  and  these  are 
held  1mm  apart  by  sealed  side  frames  of  precision  machined  plexiglass.  To  examine  the 
effects  of  viscosity  each  cell  was  filled  with  one  of  three  different  viscous  liquids.  A  very 
large  number  (  ~  40,000)  of  0.06cm  diameter  monodisperse  silica  spheres  [1]  were  also 
placed  in  the  cells  before  they  were  closed;  these  particles  filled  approximately  1%  -  3%  of 
the  volume  of  the  cells.  The  various  cell  sizes  used  and  corresponding  liquids  are  given  in 
Table  1.  One  typical  cell  is  shown  in  Figure  1.  The  cell  can  be  rotated  about  a  horizontal 


Table  1:  The  various  cell  sizes  used  in  the  sedimentation  experiment  and  corresponding 
liquids. 


Cell 

Size 

Filling  liquid 

as 

at 

P 

A 

40cm  x  40cm 

Glycerin  (1300cps) 

0.S0  ±  0.05 

0.93  ±  0.03 

0.47  ±0.13 

B 

40cm  x  40cm 

Heavy  oil  (  ISOcps) 

0.76  ±0.07 

0.90  ±0.06 

0.43  ±0.18 

C 

40cm  x  40cm 

Light  oil  (  50cps) 

0.72  ±0.03 

0.93  ±0.04 

0.46  ±0.03 

D 

40cm  x  20cm 

Heavy  oil  (  ISOcps) 

0.79  ±  0.04 

0.94  ±  0.04 

0.60  ±  0.02 

E 

120cm  x  30cm 

Heavy  oil  (  ISOcps) 

0.85  ±  0.06 

0.97  ±0.03 

0.66  ±0.10 

axis  perpendicular  to  the  gap  direction.  When  the  cell  is  rotated,  the  particles  which  had 
been  at  rest  at  the  bottom  must  fall  through  the  oil.  Although  there  is  convection  in  the 
cell  at  large  scales  during  the  flow,  as  particles  join  the  interlace  they  tend  to  settle  in 
gently  on  a  vertical  line  with  no  obvious  lateral  movement  as  they  approach  the  surface. 
After  hitting  the  interface  they  roll  to  the  nearest  local  minimum  which  is  no  more  than 
one  particle  diameter  away  from  the  impact  point. 

We  concentrated  our  efforts  mainly  on  analyzing  the  final  surface  and  its  formation. 
Particle  density  fluctuations  in  the  fluid  above  the  interface  could  also  be  determined 
from  the  intensity  distribution  in  the  digitized  photographs.  For  each  cell  type  we  have 
measured  several  time  series  in  which  patterns  were  measured  at  regular  intervals  from  the 
earliest  completely-covering  array  until  the  last  of  the  particles  settled  down.  We  have  also 
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Figure  1:  An  example  of  a  typical  cell  with  dimensions  ol  40  cm  by  40  cm  and  a  gap  of 
1  mm. 

measured  numerous  independent  runs  in  which  we  measured  only  the  final  configuration 
of  the  settled  particles. 

The  first  obvious  question  about  the  global  behaviour  ol  the  settling  particles  is 
whether  the  final  configuration  of  particles  might  depend  in  some  very  important  way 
on  the  initial  configuration  of  particles  at  the  top  ol  the  cell.  We  found  that,  if  we  tilted 
and  shook  the  cell  to  force  an  initial  configuration  of  particles  which  was  very  atypi¬ 
cal,  then  the  system  required  approximately  four  resettlings  of  the  particles  before  the 
atypical  configuration’s  features  were  completely  obliterated.  However,  if  the  initial  con¬ 
figuration  was  not  prepared  to  be  atypical,  no  obvious  correlation  between  initial  and  final 
configurations  could  be  discerned  by  eye  as  can  be  seen  in  Figure  2. 

In  an  attempt  to  make  this  insight  quantitative  and  to  look  lor  subtler  correlations, 
we  defined  a  mean  absolute  difference  function  [2]  between  initial  and  later  configurations 
to  be 

=  (1) 

where  n  is  the  number  of  the  configurations  in  the  sequence,  /in(.r,  )  is  the  height  of  the 
interface  at  horizontal  position  X{  after  the  nth  run  and  A'  is  the  number  ol  surface  sites 
Xi.  Figure  3  shows  this  function  for  50  sedimentation  runs  following  a  very  atypical 
configuration  in  which  the  particles  formed  a  triangle  on  one  side  ol  the  cell.  Figure  4 
shows  data  from  most  of  the  same  runs,  but  the  sixth  run  from  Figure  3  is  used  as  the 
initial  configuration  and  compared  with  all  subsequent  runs.  No  obvious  correlations 
appear  once  the  triangular  configuration  is  forgotten  by  the  system. 
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Number  of  Runs 


Figure  3:  Mean  absolute  difference  function  defined  in  the  text  using  an  atypical  triangular 
initial  configuration  for  the  first  run. 

The  set  of  final  configurations  of  all  the  runs  from  all  the  cell  types  can  be  used  to 


define  the  roughness  of  the  interface  with  great  accuracy.  We 

define  the  rms  thickness  of 

the  interface  to  be 

N  - 

W{L,t)=  1 

-A  !  =  1 

(2) 

where 

h{xi,t)  =  h(xi,t)  -  h{t) 

(3) 

and 

I  /V 

MO  =  0- 

(4) 

It  is  not  at  all  clear  that  our  system  is  in  a  scaling  regime,  nor  is  it  obvious  that  scaling 
ideas  should  apply  to  sedimentation  ,  but  one  important  tool  we  have  to  report  our  data 
and  investigate  the  roughness  of  the  surfaces  formed  is  given  by  the  scaling  ansatz  for 
rough  interface  growth  [3].  If  we  follow  this  ansatz,  we  expect 

W(L,t)  =  Laf(t/L°,e)  (5) 

where  the  exponents  a  and  li  are  the  static  and  dynamic  scaling  exponents.  The  iunction 
f(t/LaW)  is  expected  to  have  an  asymptotic  form  such  that 

W(L,  t)  ~  t0  for  t  <C  La/0  and  W{L ,  t)  ~  L°  for  t  >  La/0  (6) 

Figure  5  shows  a  typical  example  of  W(L)  at  late  times  for  cell  type  A.  There  are 
clearly  two  domains  of  roughness.  At  small  length  scales  ( L  <  1cm),  there  is  roughly  a 


474 


Figure  4:  Mean  absolute  difference  function  defined  in  the  text  using  a  typical  initial 
configuration  for  the  first  run. 

decade  in  L  wherein  the  data  appear  to  follow  a  power  law  whose  exponent  is  as  =  0.747 
for  this  final  state.  At  longer  length  scales,  (L  >  lcm),  there  is  roughly  a  decade  over 
which  a  different  exponent  can  be  identified.  The  value  of  this  exponent  or/  in  Figure  5  is 
0.950.  As  can  be  seen  from  Table  1,  which  shows  average  exponents  for  all  runs  in  each 
kind  of  cell,  similar  kinds  of  behavior  are  observed  with  all  of  the  other  cells. 

While  the  roughness  of  the  final-state  interface  is  robust,  the  dynamics  by  which  the 
growing  interface  develops  appears  to  be  subject  to  significant  fluctuations.  In  an  attempt 
to  extend  the  analysis  to  observe  early  stages  of  the  developing  interface,  time  series  of 
measurements  were  performed  for  various  flow  realizations.  An  example  of  this  can  be 
seen  in  Figure  6,  where  we  show  the  interfacial  thickness  W(L,t)  for  three  different  times 
in  the  same  run.  In  Figure  7  we  show  the  two  roughness  exponents  for  all  times  in  the 
same  time  series. 

We  have  also  investigated  the  effect  of  obtaining  data  from  different  parts  of  the  final 
interface,  i.e.,  closer  to  the  walls  or  from  the  middle.  For  this  purpose  we  have  divided  the 
interface  into  smaller  boxes  of  width  10  cm.  These  boxes  were  from  0  cm  to  10  cm,  from 
5cm  to  15  cm,  from  10  cm  to  20  cm  etc..  Figure  8  shows  this  analysis  for  the  average  of 
six  runs  from  the  set  of  46  final  runs  for  cell  type  A.  The  fluctuation  in  the  exponents  is 
of  the  order  of  the  fluctuations  from  one  run  to  the  next. 

In  the  hope  of  extracting  more  information  from  the  growth  dynamics,  we  have  also 
constructed  the  height-height  correlation  function 

c(£,  0  =<  [h{r\  0  -  />(•>■'  +  £,  t'  +  O]'2  >*'.<'  (7) 

Using  the  scaling  ansatz  of  Family  and  Vicsek  [4]  we  expect  c(£,0)  ~  L2c<  for  L  signifi¬ 
cantly  less  than  the  length  of  the  cell  and  c(0,f)  ~  t2lJ  for  short  time  differences. 
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Figure  5:  Roughness  function  W(L,t)  at  the  end  of  a  typical  run. 


In  Figure  9  we  show  c(0,i)  vs.  t  for  one  time  series  of  cell  type  A  obtained  using 
Equation  7.  The  value  of  (3  determined  from  Figure  9  is  0.61  ±0.05.  Table  1  lists  (3  values 
for  all  the  time  series  runs  of  different  cell  types.  As  can  be  seen  in  the  uncertainties  from 
the  table,  the  value  of  j3  fluctuates  significantly  from  run  to  run,  but  over  all  of  the  runs 
we  obtain  an  average  of  (3  =  0.52  ±  0.10.  It  was  not  possible  to  use  Equation  6  to  extract 
reliable  values  of  /3  from  the  roughness  functions  because  the  analysis  is  too  sensitive  to 
even  small  temporal  variations  in  a. 

The  question  we  are  trying  to  answer  is  which,  if  either,  regime  is  the  scaling  regime. 
To  be  able  to  answer  these  questions  possible  wall  effects  and  long-range  hydrodynamic 
forces  must  be  investigated.  VVe  can  control  the  dynamics  by  varying  the  viscosity  and 
by  varying  the  aspect  ratio.  While  in  principle,  changing  the  viscosity  and  changing  the 
aspect  ratio  can  be  argued  to  be  equivalent,  cooperative  screening  effects  in  this  system 
are  very  likely  to  separate  the  two  effects.  By  changing  the  viscosity  and  the  aspect  ratio 
we  found  that  the  short-  and  long-lengthscale  roughness  exponents  remained  unchanged. 
The  crossover  regime  at  about  L  —  1  cm.  did  not  change  either. 

In  an  attempt  to  quantify  the  noise  in  the  problem  we  have  constructed  a  spatio- 
temporal  fluctuation  function  [5]. 


V(x,h) 


h(x,t2)  -  h{x,t i) 
h{t2)  - 


(8) 


where  t2  is  larger  than  ti  by  a  specified  small  amount  6t. 

An  example  of  the  spatial  correlation  function  of  is  shown  in  Figure  10.  The 
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Figure  7:  The  time  evolution  of  the  two  exponents  as  and  at  for  a  typical  time  series  for 
cell  type  A. 


x  (cm) 


Figure  8:  Roughness  exponents  as  and  cv/  calculated  from  the  data  from  different  parts  of 
the  cell  in  the  same  run.  This  figure  shows  the  average  final  frame  behaviour  over  six  runs 
arbitrarily  selected  from  a  pool  of  46  runs  for  cell  type  A.  All  of  the  values  correspond  to 
analyses  of  10  cm  intervals  with  the  center  point  of  each  interval  shown  as  position  x  in 
the  cell. 
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<^x’+x,t)?7(x\t): 


Figure  9:  c(0,t)  vs.  t  for  one  time  series  for  cell  type  A. 


Figure  10:  Spatial  correlation  function  of  spatio-temporal  fluctuation  function  rj(x,t)  for 
arbitrarily  chosen  t  —  13  min  in  one  time  series  of  cell  type  A. 


Figure  11:  Probability  distribution  function  of  spatio-temporal  fluctuation  function  i }{x,t) 
for  arbitrarily  chosen  t  =  13  min  in  one  time  series  of  cell  type  A. 

noise  falls  off  at  short  length  scales  with  a  characteristic  distance  of  approximately  2cm 
and  is  anti  correlated  at  large  length  scales  (>  lcm).  The  probability  distribution  of 
fluctuations  is  shown  in  Figure  11  vs  if2.  If  the  noise  were  pure  Gaussian,  the  data  in 
Figure  11  would  fall  on  a  straight  line.  While  the  data  do  not  fall  on  a  line,  they  definitely 
do  not  follow  a  power  law  (see  inset  to  Figure  11)  and  might  be  considered  to  be  Gaussian 
with  some  superimposed  long  range  distribution. 

Surface  roughness  is  robust  against  changes  in  control  parameters  of  fluid  flow  which 
suggests  that  the  roughness  is  apparently  a  universal  behavior.  But  this  leads  us  to  the 
fact  that  there  cannot  be  two  asymptotic  regimes,  so  if  the  large  L  regime  is  asymptotic, 
then  we  should  examine  the  correlations  in  t  he  fluid  flow  and  look  to  the  hydrodynamics 
for  an  explanation.  If  the  small  L  regime  is  asymptotic,  then  a  simple  growth  law  plus 
noise  might  be  appropriate  to  explain  t  he  results  wo  obtained.  If  the  latter  explanation  is 
adopted,  it  raises  the  same  question  raised  by  several  rough  interface  growth  experiments 
that  the  roughness  exponents  are  not  those  expected  from  the  I\PZ  dynamics  [6]  with 
Gaussian  noise  [2,  7,  8]. 

We  appreciate  helpful  discussions  with  F.  Family  and  D.  Jasnow.  We  are  grateful  to 
D.  Bideau  for  giving  us  samples  of  monodisperse  silica  particles.  This  work  is  supported 
by  the  U.S.  D.O.E.  on  grant  #  DE-FG02-S4ER45131. 
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Abstract 

Using  the  diffusing  void  model  of  granular  flows,  we  study  the  dynamic  response  of  granu¬ 
lar  materials,  in  particular,  the  relaxation  of  granular  pile,  pipe  flow  of  granular  materials, 
and  the  convection  of  granular  media  in  a  two  dimensional  box  subjected  to  vibrations. 
We  first  study  the  relaxation  of  a  one  dimensional  granular  pile  of  height  L  in  a  confined 
geometry  under  repeated  tapping  within  the  context  of  the  diffusing  void  model.  The 
reduction  of  height  as  a  function  of  the  number  of  taps  is  proportional  to  the  accumu¬ 
lated  void  density  at  the  top  layer.  The  relaxation  process  is  characterized  by  the  two 
dynamic  exponents  z  and  z’  which  describe  the  time  dependence  of  the  height  reduction, 
Ah(t)  «  tz  and  the  total  relaxation  time,  T{L)  «  Lz\  While  the  governing  equation  is 
nonlinear,  we  find  numerically  that  z=z’=l,  which  is  robust  against  perturbations  and 
independent  of  the  initial  void  distributions.  We  then  show  that  the  existence  of  a  steady 
state  traveling  wave  solution  is  responsible  for  such  a  linear  behavior.  Next,  we  examine 
the  case  where  each  void  is  able  to  maintain  its  overall  topology  as  a  round  object  that 
can  subject  itself  to  compression.  In  this  regime,  the  governing  equations  for  voids  reduce 
to  traffic  equations  and  numerical  solutions  reveal  that  a  cluster  of  voids  arrives  at  the  top 
periodically,  which  is  manifested  by  the  appearance  of  periodic  solutions  in  the  density 
at  the  top.  In  this  case,  the  relaxation  proceeds  via  a  stick-slip  process  and  the  reduction 
of  the  height  is  sudden  and  discontinuous.  We  then  carry  out  the  long  wave  analysis  to 
demonstrate  the  existence  of  the  KdV  solitons  in  the  traffic  equations.  Finally,  we  show 
our  preliminary  studies  on  granular  convection  in  a  box.  We  observe  the  appearance  of 
two  rolls  when  the  control  parameter  exceeds  the  critical  value,  which  then  undergoes 
bifurcations  to  four  rolls. 


L  Introduction 

One  of  the  difficulties  in  studying  the  dynamic  response  of  granular  assembly  using  the 
plasticity  model  lies  in  our  inability  to  derive  the  precise  relation  between  the  stress  and 
the  rate  of  strain.  For  this  reason,  plasticity  model  often  predicts  instability  which  is 
not  real.  Recently  attention  has  focused  on  the  large  scale  computer  simulations  such 
as  Molecular  Dynamics(MD)  and/or  cellular  automata.  At  the  level  of  MD,  the  primary 
difference  between  fluid  and  granular  materials  seem  to  be  the  density  and,  in  the  author’s 
opinion,  the  hard-sphere  gets  in  the  very  dense  limit  should  exhibit  most  of  the  unique 
features  of  granular  dynamics.  The  diffusing  void  model(DVM)  [1]  was  proposed  to  trace 
the  stochastic  movement  of  voids  in  a  very  dense  granular  medium  under  gravity.  This 
model  has  been  shown  to  produce  most  of  the  unique  features  of  the  granular  flow  patterns 
in  a  confined  geometry  in  the  slow  limit. (For  studies  on  granular  flow,  see  ref.  1-4]  The 
model  is  based  on  the  assumption  recognized  previously  by  Litwinyszyn,  Mullins  [2]  and 
others  [3]  that  the  flow  of  granular  particles  in  a  confined  geometry  is  caused  by  the  upward 
motion  of  voids  resulting  from  the  escape  of  granular  particles  through  an  orifice.  But  the 
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sharp  departure  of  our  approach  lies  in  our  recognition  that  the  cascading  process  at  the 
surface  and  the  motion  of  grains  at  or  near  the  boundary  and  obstacles  are  intrinsically 
nonlinear  and  hence  the  equation  of  motion  must  be  nonlinear  [4].  The  purpose  of  this 
work  is  to  extend  the  DVM  further  to  study  the  dynamic  response  of  the  granular  assembly. 
We  are  particularly  interested  in  understanding  nonlinear  dynamical  behaviors  displayed 
by  the  granular  materials,  in  particular:  (a)  relaxation  of  granular  pile  under  repeated 
tapping,  (b)  existence  of  density  waves  in  granular  pipe  flows,  and  (b)  granular  convection 
when  grains  are  subjected  to  vibrations.  Our  long  term  goals  are:  (a)  development  of  a 
minimal  model  suitable  for  investigating  the  collective  dynamics  of  granular  assembly,  (b) 
study  of  the  origin  and  its  full  dynamics  of  these  complex,  non-equilibrium  and  collective 
phenomena  based  on  minimal  models,  (c)  search  for  a  common  paradigm  underlying 
failure  dynamics  such  els  granular  dynamics,  avalanche,  crack  propagation  in  dynamics 
fracture,  and  dynamics  of  peeling. 

II.  Granular  Relaxation  Under  Tapping 

If  a  vertical  column  of  granular  materials  is  repeatedly  tapped,  the  grains  become  more 
ordered  and  the  minute  voids  inside  the  pile  will  move  upward  until  they  meet  the  sea  of 
voids  (empty  space),  which  results  in  the  reduction  of  the  height.  Hence,  in  this  picture, 
the  reduction  of  the  height,  A h(t)  =  ho  -  h(i)  with  h0  =  L  the  initial  height  and  h(t)  the 
height  at  time  t ,  will  be  proportional  to  the  accumulated  void  density  at  the  top  layer: 

rh(t) 

Ah(t)  &  pace  =  I  dzp(zit)r^t‘,  (1) 

Jha 

where  we  have  defined  the  dynamic  exponent  z  to  characterize  the  relaxation  process.  A 
variable  of  particular  relevance  in  experiments  might  be  the  saturation  time  T,  beyond 
which  the  height  saturates  and  the  reduction  of  height  no  longer  results  in  by  tapping. 
We  might  define  the  second  dynamic  exponent,  z’,  to  characterize  this  process, 

T(L)~L*',  (2) 

Note  that  since  the  dynamics  is  initiated  by  tapping,  the  time  t  is  expected  to  be  linearly 
proportional  to  the  number  of  taps.  The  dynamics  equation  of  motion  for  the  void  density 
has  been  derived  in  [5],  which  reads; 

|  =  +  (3) 

Since  Eq.  (3)  is  intrinsically  nonlinear,  in  what  follows  we  first  pursue  numerical  solutions 
and  then  present  one  particular  solution  to  the  similar  but  a  slightly  different  one. 

III.  Numerical  Solutions 

Numerical  results  with  an  initially  random  distribution  with  a  mean  value  0.5  is  displayed 
in  Fig.l.  The  imposed  boundary  conditions  aie:p(L}t)  =  1  and  />(0,t)  =  1.  A h(t)  as  a 
function  of  time  t  is  evidently  linear  for  all  five  different  values  of  L:  L  =  1000,  3000, 
5000,  7000,  and  9000,  yielding  the  dynamic  exponent  z=l.  The  slope  is  proportional  to 
the  initial  average  density  in  the  pile,  <  pc  >.  We  have  also  measured  the  total  relaxation 
time,  T(L),  as  a  function  of  t  and  found  that  it  is  also  linear.(  Fig.lb),  yielding  the  second 
dynamic  exponent  z*=l. 
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Experimentally,  it  has  been  recognized  that  a  loosely  packed  horizontal  plane  is  often 
hard  to  remove  when  preparing  the  granular  systems.  In  order  to  mimic  this  situation 
in  our  model,  we  select  one  layer,  say  z  =  z„,  and  let  the  density  at  that  layer  remain 
fixed:  p{zott)  =  pQ.  If  p0  »  0,  this  effectively  models  a  case  where  a  thin  layer  of  void 
source  is  placed  at  z  =  z0.  If  p0  «  1,  then  we  might  say  a  barrier  is  placed  at  z  =  z0. 
If  we  let  the  density  at  zQ  evolve  according  to  the  dynamic  equation,  then  we  would  not 
expect  any  substantial  effect  of  this  layer  to  the  relaxation  process. (Note  the  distribution 
is  random)  Physically,  fixing  the  density  at  a  particular  point  means  that  we  are  placing 
a  (weak)  source  or  sink  at  z  =  zQ.  For  the  case  with  p0  =  0.05  <<  1,  the  relaxation 
process  still  remains  linear,  but  the  coefficient  j3  crosses  over  to  a  different  value.  We  have 
measured  the  crossover  time,  rc,  as  a  function  of  the  distance  from  the  top  layer  to  the 
barrier  and  found  that  it  still  exhibits  the  linear  behavior.  If  we  put  a  source  term  at  z0 
with  p(z0)  >  0.5,  there  exists  no  crossover  time  and  the  relaxation  proceeds  impressively 
linear  all  the  way  up  to  the  total  relaxation  time.  One  might  ask  whether  such  linear 
behavior  persists  for  different  initial  conditions.  We  have  considered  two  cases  with,  (i) 
linear  distribution  with  and  without  noise,  and  (ii)  Boltzmann  distribution  and  we  have 
found  that  the  linear  relaxation  persists. 


Fig.  1  (a)  Reduction  of  the  height  A h(i)  as  a  function  of  time  t  with  the  random  initial 
distribution.  Clockwise  from  the  left,  L=1000,3000,  5000, 7000, and  9000.  The  relaxation 
is  linear  in  t\Ah(t)  «  fit*  with  z=l  and  0  «  <  pa  >.  (b)  Total  relaxation  time  T(L)  as 
a  function  of  L.  The  slope  is  one.  (c)  Relaxation  of  a  pile  in  the  presence  of  a  barrier  of 
a  fixed  density  pZo{t)  =  0.05  «  1.  The  relaxation  crosses  over  after  all  the  voids  above 
the  barrier  have  diffused  out,  but  the  slope  remains  one. 

We  now  search  for  the  origin  of  the  linear  behavior  by  examining  the  steady  state 
solution  of  eq.(3).  Since  the  asymptotic  behavior  is  determined  mainly  by  the  first  term 
of  (3),  modifying  the  second  term  by  a  pure  diffusion  term  should  not  change  the  physics. 
In  this  case,  eq.(3)  assumes  the  traveling  wave  solution  of  the  form:p(a;,t)  =  p(x  —  vt ): 

p(x,  t)  =  -{v  -  Vo)/2V0  +  Q  •  tanh(V0/D  •  Q(x  -  vt )),  (4) 

Where  Q  =  (*»  +  />-.)/ 2;  v  =  V0[l  -  (p-„  +  *»)],  (5) 

In  the  language  of  dynamical  systems  theory,  eq.(4)  is  the  trajectory  that  moves  from  the 
unstable  fixed  point  at  x  =  —  oo  to  the  stable  one  at  x  =  oo.  It  is  tempting  to  suggest  that 
if  we  include  the  threshold  condition  to  the  dynamic  equation  (3),  then  there  might  exist 
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no  v  that  satisfies  the  solvability  condition,  which  might  lead  to  a  different  universality 
class.  The  above  result  is  for  an  infinite  system.  For  a  finite  system,  it  can  be  shown  that 
the  total  density  inside  the  pile  is  not  conserved  and  the  interface  advances. 

There  is  one  simulation  where  such  a  linear  behavior  has  been  observed  in  the  context 
of  the  segregation  of  grains.  The  authors  of  ref.  [6]  carried  out  the  Molecular  Dynamics 
simulations  for  the  segregation  of  two  different  sizes  of  grains  under  shaking  and  they  have 
reported  that  the  upward  displacement  of  the  larger  one  is  linear  in  time.  It  remains  to 
be  seen  whether  real  experiments  would  reveal  such  a  linear  behavior. 

For  future  studies,  we  want  to  point  out  the  missing  pieces  in  our  study  of  granular 
relaxation.  First,  we  have  assumed  that  the  upward  velocity  Vz  is  proportional  to  1  — 
rho(z  -1-  A z)  with  A z  constant.  But  it  is  in  fact  a  dynamical  variable.  Hence,  we  should 
write  a  separate  equation  for  A z.  Second,  we  have  not  taken  into  account  the  threshold 
condition.  When  the  grain  density  is  small,  grains  are  locked,  while  it  has  to  expand 
before  making  a  move.  One  might  need  to  introduce  a  hopping  mechanism  for  a  void 
from  site  to  site  with  position  and  density  dependent  deep  potential  barriers.  Finally,  in 
our  studies,  we  have  assumed  that  the  strength  of  the  shaking  is  in  such  a  way  that  it 
may  destroy  the  local  equilibrium  to  initiate  the  dynamic  motion,  but  it  may  not  be  large 
enough  to  destroy  the  whole  system.  Specific  assumption  was  that  grains  relax  sufficiently 
fast  between  the  successive  tappings.  Relaxation  under  arbitrary  strength  with  arbitrary 
time  steps  will  require  substantial  modification  of  the  present  model.  We  will  report  the 
effects  of  such  modifications  in  our  future  studies. 


Figure  2  (a)  (b) 


Fig.  2.  (a)  The  density  at  the  top  obtained  from  the  traffic  equation  (6)  with  a  source 
and  a  sink.  Note  the  appearance  of  the  periodic  solution,  (b)  Schematic  picture  of  the 
stick-slip  relaxation.  Enough  voids,  accumulated  near  the  top,  form  a  shock  or  a  pulse 
which  collectively  breaks  the  energy  barrier  and  results  in  a  sudden  reduction  in  the  height 

IV.  Stick-Slip  Relaxation  and  Its  Relation  to  the  Traffic  Problem 

Suppose  now  the  grains  are  very  rough.  Then  the  void  size  distribution  produced  by  such 
rough  grains  presumably  remains  fairly  uniform  and  each  void  is  expected  to  be  a  robust 
object.  In  such  cases,  it  would  be  more  appropriate  to  write  down  the  time  dependent 
equation  by  taking  into  account  fluctuations  in  the  speed  of  the  void; 


where  V(p)  = 


with  a  and  (3  being  constants.  Note  that  with  the  identification  of  p 
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and  Vz  as  the  density  and  the  speed  of  cars  in  a  highway,  respectively,  Eq.  (6)  along  with 
the  continuity  equation  are  precisely  those  used  in  the  traffic  problem  [7]. 

Figure  2  displays  the  numerically  obtained  density  at  the  top  as  a  function  of  time,  for  a  = 
1.2  3  =  4.2,  and  the  source  density  e  =  0.6,  for  which  case  the  solution  becomes  unstable. 
Note  the  appearance  of  the  periodic  solution,  which  is  a  clear  indication  that  clusters  of 
voids  in  the  form  of  shocks  or  pulses  arrive  at  the  top  periodically.  Hence,  in  the  regime 
where  the  traffic  equation  makes  more  sense  than  the  diffusing  void  equation,  we  anticipate 
that  the  reduction  of  the  height  of  granular  pile  will  be  sudden  and  discontinuous,  which 
we  term  the  stick-slip  relaxation.  Slow  relaxation  observed  in  [8]  requires  more  studies. 

V.  Traffic  jams,  granular  flow,  and  soliton  selection 

In  this  section,  we  demonstrate  the  existence  of  soliton  modes  in  the  traffic  equation. 
The  need  for  a  rigorous  nonlinear  analysis  of  the  traffic  equations  was  in  part  motivated 
by  the  observation  made  in  the  previous  section  that  beyond  the  onset  of  instability, 
the  arrival  of  voids  at  the  top  is  not  continuous,  but  a  localized  cluster  of  voids  arrives 
periodically,  causing  the  height  to  decrease  dis continuously.  In  addition,  in  a  recent  studies 
of  traffic  equations,  it  was  found  that  homogeneous  traffic  flow  can  be  unstable  [9,10], 
with  localized  regions  of  high  density  and  low  average  velocity  spontaneously  appearing. 
These  pulses  preserve  their  shape  and  move  with  constant  speed;  they  correspond  to  the 
“phantom”  traffic  jams  which  appear  on  highways  for  no  apparent  reason. 

We  note  that  traffic  equations  essentially  describe  the  flow  of  conserved  but  fluctuating 
physical  quantities,  such  as  cars  on  a  highway  or  voids  in  a  granular  medium.  They  might 
equally  well  describe  the  migration  of  people,  animals,  or  electronic  messages.  Hence,  the 
appearance  of  localized  pulses  in  an  initially  homogeneous  flow  is  an  interesting  discovery 
which  requires  further  investigation. 

Details  of  our  calculations  can  be  found  in  ref.  [12].  The  long  wave  analysis  has  revealed 
that  the  density  perturbation  in  the  traffic  equations  satisfies  the  dynamical  equation: 

%  -  +  pv*  +  =  -«*M  (7) 

where  X  =  ex,  T  =  et,  and  all  derivatives  are  evaluated  at  pc.  Note  that  in  obtaining 
eq.(xx)  we  have  implemented  the  scalings  by  writing 

p(x,t)  =  ph  +  e2p(ex,eH),v(x,t)  =  vh  +  e2v(ex ,  e3t)  (8) 


where  e  is  a  small  parameter  measuring  the  distance  from  the  onset  of  instability. 
The  leading  order  in  eq.(7)  is  the  Korteweg-de  Vries  equation,  which  is  a  classic  integrable 
nonlinear  evolution  equation  which  is  known  to  lead  to  solitons  [13]. 

The  one-soliton  solution  of  the  leading  order  of  (7)  is 

p  =  S(X,  T]  k)  =  Asech2k(X  +  uT),  (9) 


where  A;  is  a  free  parameter  and 


u  =  4fiT\V'\k2, 


12Hn  ,2 

2  +  * 


(10) 
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If  the  denominator  in  the  expression  for  A  is  negative,  then  the  soliton  represents  a 
local  increase  in  traffic  density,  with  a  concomitant  decrease  in  speed  -  a  traffic  jam.  On 
the  other  hand,  if  it  is  positive  then  it  represents  a  local  rarefaction  of  traffic  density  and 
increase  of  speed.  The  function  c(p)  is  plotted  in  Fig.  1  of  ref.  [12];  for  the  parameter 
values  used  there,  traffic  jams  appear  near  pe i  and  rarefactions  near  p^. 

To  account  for  the  effect  of  the  order-e  correction  on  the  right  hand  side  of  (7),  we 
must  allow  for  the  possibility  that  it  could  cause  a  slow  change  in  the  parameter  k  of  the 
unperturbed  soliton.  Thus  we  write 

p  =  S(X,  T;  *(3\))  +  ep3,  (11) 

where  2\  =  eT  is  a  slow  time  variable.  Substituting  this  into  (7)  then  leads  to 

RHS'  (12) 


where  “RHS”  stands  for  the  right  hand  side  of  (7)  without  the  factor  e  and  with  p  replaced 
by  S.  Multiplying  (12)  by  S,  integrating  over  all  X,  and  averaging  over  T  annihilates  the 
term  involving  p3  [14],  and  so  leaves  us  with  an  evolution  equation  for  k : 


dk 

dTx 


Sr,*  ,  64  4|Vf  +  7*|V|V"  +  6c»i» 

T Yak  ~  ios^  Phl v  1 - 2|K'|  —  phV" - * 


(13) 


iFrom  this  we  see  that  when  the  coefficient  of  k 5  is  negative  and  a  is  negative,  k  decreases 
to  zero  (so  that  the  soliton  amplitude  vanishes),  while  for  positive  a,  k  tends  to  the 
nontrivial  zero  of  the  right  side  of  (13).  We  then  find  that  the  velocity  of  the  selected 


soliton  is 


7  2\V‘\-phV" 

2  4|V"|J  +  1\V'\V"  +  6  cJL"“’ 


(14) 


and  the  amplitude  of  the  density  perturbation  is 

21  a 

2  4|Vf +  7|V'|7'/  +  6cg£"' 


(15) 


The  amplitude  of  the  perturbation  of  the  vehicle  velocity,  according  to  (7),  is  this  mul¬ 
tiplied  by  —  \V'\.  It  is  noteworthy  that  these  results  are  independent  of  the  “diffusion 
coefficient”  /*,  although  the  width  k  of  the  selected  soliton  does  depend  on  it  (being 
proportional  to  /x"1/2). 

It  is  also  possible  for  the  coefficient  of  kB  in  (12)  to  be  positive.  In  this  case  there 
is  a  subcritical  instability:  for  negative  a,  k  decreases  to  zero  if  it  initially  is  less  than 
the  zero  of  the  right  side  of  (13),  otherwise  it  grows.  The  final  form  of  the  traffic  jam 
would  be  something  larger  than  assumed  in  the  scalings  (8)  used  to  derive  (10).  This 
is  the  case  for  the  parameters  used  by  Kemer  and  Konhauser;  in  their  work,  subcritical 
instabilities  were  observed  at  both  pc i  and  p^,  leading  to  traffic  jams  in  the  former  case 
and  rarefactions  in  the  latter. 

We  emphasize  the  role  played  by  the  correction  term  on  the  right  hand  side  of  (7). 
This  destroys  the  integrabifity  of  the  evolution  equation  for  the  traffic  density.  Without 
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this  correction,  a  continuous  range  of  soliton  solutions  would  exist,  and  solitons  which 
collided  would  pass  through  each  other  and  maintain  their  separate  identities.  With  it,  a 
unique  soliton  solution  is  selected,  and  multiple  solitons  could  merge.  This  last  point  is 
a  subject  of  ongoing  research.  We  have  also  found  that  applying  a  similar  perturbation 
analysis  to  the  periodic,  cnoidal  solutions  of  the  KdV  equation  leads  to  selection  of  the 
amplitude  of  the  solution,  but  not  of  the  wavelength;  thus  periodic  arrays  of  traffic  jams 
could  arise  with  any  period. 

We  now  briefly  discuss  the  physical  relevance  of  the  existence  of  this  soliton  mode  in 
the  context  of  granular  dynamics.  In  an  effectively  one  dimensional  granular  assembly,  the 
propagation  of  disturbance  in  the  form  of  solitons  might  be  associated  with  the  sudden 
appearance  of  local  ordering,  perhaps  hexagonal,  which  generates  a  massive  voids.  Such 
massive  voids  then  move  collectively  until  they  disappear  at  the  top  layer  to  the  air.  The 
appearance  of  density  waves  [15,16]  and  clogging  [17]  in  a  pijte  flow  of  granular  materials 
might  be  a  strong  indication  of  such  soliton  modes  in  granular  dynamics.  Such  soliton 
modes  perhaps  might  be  of  relevance  in  understanding  of  unusual  sound  propagation 
through  granular  media  [18]. 


VI.  Granular  Convection  in  a  Two  Dimensional  Box  Subjected  to  Vibrations 

In  this  section,  we  present  our  preliminary  results  for  the  granular  convection  in  a  two 
dimensioned  box  that  is  subjected  to  vibrations.  The  equations  of  motion  are  as  follows: 

dtp  +  dx(pvx)  +  dv(pvv)  =  0  (16) 

dtvx  +  vxdxvx  -f  vvdvx  =  —dxpjp  +  p(dlvx  +  d*vx)  (17) 

dtVy  +  VydyVy  +  VxdxVy  =  V{p ,  t)  ~  Vy  ~  Qypj />  +  P^Vy  +  ^V„)  (18) 

where  V(p,t)  is  given  by 

%i)  =  KW(i-r«»M)  (19) 

where  V0{p )  is  the  same  as  in  eq.(6)  the  control  parameter  T  =  Auj2fg.  Eq.(19)  effectively 
models  the  vibrations.  The  boundary  conditions  imposed  at  the  wall  is  the  non-slip 
boundary  conditions,  i.e,  vj_  =  0  and  the  tangential  component  of  the  velocity  V||  =  0. 
We  have  applied  different  boundary  conditions,  but  the  main  features  obtained  in  this 
paper  do  not  change.  Numerical  results  are  shown  in  Fig. (3)  for  different  parameters.  We 
are  currently  carrying  out  the  linear  stability  analysis  to  sort  out  the  mechanism  for  the 
instability  and  various  bifurcations  phenomena,  which  will  be  reported  in  future  work. 


489 


Fig.3  Convection  patterns  obtained  by  eqs.(17)-(19).  (a)  Convection  with  two  rolls,  (b) 
Convection  with  four  rolls.  For  both  cases,  the  control  parameter  T  >  1. 


a-0.5,  b-O.S,  w-15  0  a-0.6,  b-0.6,  w-1.0 
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ABSTRACT 

We  report  an  experimental  study  of  the  ascent  of  a  large  disc  imbedded  in  a  2D  packing  of 
small  beads  vertically  vibrated.  Two  distinct  mechanisms  leading  to  size  segregation  are  obsei^ed 
in  situ.  At  high  acceleration,  the  convection  process  associated  with  surface  trapping  is 
predominates.  At  low  acceleration,  we  examine  the  effect  of  the  size  ratio  on  the  dynamics  of  the 
segregation  which  is  either  intermittent  or  continuous.  This  is  due  to  the  successive  formation  and 
destruction  of  arches. 

INTRODUCTION 

Vibrational  size  segregation,  often  referred  to  as  the  "Brazil  nut  problem  has  been  recently 
the  focus  of  several  computer  simulations  as  well  as  experimental  observations  [1-4]  displaying 
apparently  conflicting  results.  Briefly  stated,  the  existence  of  a  size  threshold  for  size  segregation, 
as  well  as  the  up  motion  velocity  dependence  on  the  size  ratio  (0>  =  R/r,  R  and  r  being 
respectively  the  radius  of  the  intruder  and  of  the  particles  in  the  granulate)  seemed  to  be  in 
conflict  with  existing  experiments  reported  in  literature  or  simulations. 


(a) 


(b) 


Fig  1  (right)  Experimental  observation  of  the  continuous  upward  motion,  under  vibrations,  of  a 
large  disc  (a  .  0>=16)  and  of  the  intermittent  ascent  of  a  small  disc  (b  :  0=2)  in  a  vibrated  set  of 
monodisperse  aluminum  beads.  In  (a)  the  acceleration  is  10%  above  threshold  while  it  is  20  ^ 
above  threshold  in  (b).  The  horizontal  time  scale  is  about  one  hour  for  both  (a)  and  (b).  Fig  1 
(left)  displays  a  stroboscopic  view  of  the  behavior  of  the  vibrated  cocktail.  We  identified  the  small 
reversible  and  short  duration  cracks  as  the  motor  of  the  fluctuations  of  the  relative  positions  of  the 
intruder  and  the  environment,  responsible  for  the  vertical  ascent  via  arching  effects  [5], 

491 

Mat.  Res.  Soc.  Symp.  Proc.  Vol.  367  ®  1995  Materials  Research  Society 


We  have  shown  elsewhere  [5]  that  under  low  amplitude  of  excitation  which  means  slightly  above 
the  gravitational  acceleration,  there  exists  a  size  threshold  C>c  (12.9  in  2D  and  2.8  in  3D)  which 
determines  the  mode  of  ascent  of  the  intruding  disc  in  an  assembly  of  smaller  spheres.  In  short, 
small  discs  such  as  <f>  <  Oc  will  (and  do)  climb  up  intermittently,  their  motion  being  discretized 
by  the  granularity  of  the  particulate,  whereas  larger  intruders  (O  <  <bc)  can  move  up  continuously 
via  permanent  arching  effects.  (Fig  1) 

SIZE  SEGREGATION  VIA  CONVECTION  OR(AND)  ARCHING  EFFECT  ? 

Along  the  same  line  and  keeping  within  the  limit  of  this  paper  we  report  here  the 
experimental  observation  that  vibrational  segregation  can  occur  via  two  distinct  processes 
(naively  convection  and  arching  effects)  depending  on  the  excitation  amplitude  of  the  container. 

In  the  spirit  of  our  previous  experiments  in  the  field  of  model  granular  materials,  we 
restricted  our  experiments  to  2D  geometry  which  allows  via  image  processing  (CPP  i.e.  computer 
posed  photograph)  a  direct  observation  of  the  relative  motion  of  solid  particles  in  a  granulate  and, 
in  particular,  to  follow  the  up-motion  of  an  intruding  particle  which  can  be  chosen  of  a  different 
size.  Fig. 2a  shows  a  typical  2D  container  built  for  observing  the  two  distinct  regimes  leading  to 
size  segregation.  The  cell  is  made  of  two  rectangular  glass  plates  (10x15  cm2)  separated  by 
rectangular  plastic  wedges,  the  width  of  which  is  adapted  to  accommodate,  as  accurately  and 
freely  as  possible,  the  monodisperse  set  of  1  5  mm-diameter  aluminum  beads.  The  beads  we  use 
are  oxidized  aluminum  beads  (no  segregation  nor  convection  was  ever  observed  for  a  set  of 
polished  aluminum  beads)  which  have  high  solid  friction  coefficient  and  high  momentum  loss  on 
collision.  The  experiments  have  been  made  using  an  excitation  frequency  of  15  Hz.  Again,  the 
excitation  amplitude  is  indicated  via  the  reduced  acceleration  parameter  T  (real  acceleration 
divided  by  g  the  gravitational  acceleration).  At  the  beginning  of  the  experiment,  the  intruding 
aluminum  disc  (1mm  thick,  radius  R)  is  inserted  among  the  assembly  of  small  beads  (spheres  with 
a  diameter  2r  =  1 ,5mm)  at  1.5  cm  above  the  bottom  of  the  container. 


Fig. 2  a)  Single  snapshot  of  the  2D  container  filled  with  aluminum  beads,  shiny  markers  and 
intruding  disc  at  the  beginning  of  the  segregation  experiment. 

b)  High  amplitude  excitation:  (CPP).  The  convection  driven  ascent  of  the  intruder  is 
indicated  by  the  large  white  trail  in  the  middle  of  the  two  convective  rolls.  Here  O  =  5.3,  Y  =  2  at 
15Hz. 

c)  Low  amplitude  excitation  :  (CPP  during  lOmn)  The  arching  effect  driven  ascent  of  the 
intruder  is  clearly  observed  through  the  horizontal  white  trails  left  by  the  markers  below  the  large 
disc.  Here  O  =  12.9,  T  =  1.25  at  15Hz. 
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The  pile  is  prepared  to  match  as  much  as  possible  a  triangular  lattice  (except  around  the 
intruder  which  induces  local  perturbations  in  the  array).  In  order  to  provide  a  quasi  2D  free 
motion  of  the  intruder  between  the  two  frontal  windows  of  the  cell,  three  equidistant  steel  1.5  mm 
diameter  beads  are  pinned  in  the  outer  ring  of  the  circular  disc.  The  intruder  is  painted  in  black 
with  a  white  dot  decorating  its  center. 

Here  we  limit  our  description  to  the  direct  visualization  of  the  trajectories  of  the  small  beads 
and  of  the  larger  disc.  Note  that  a  recent  extension  of  the  present  work  is  devoted  to  the 
experimental  analysis  of  the  dynamic  of  the  ascent  of  the  intruder  among  the  particulate  [5],  Prior 
to  vibration,  we  dispersed  test  beads  among  the  assembly  of  corrugated  aluminum  beads.  These 
test  beads  are  about  1%  in  number,  they  are  made  of  steel  with  the  same  diameter  1.5mm,  and 
look  more  shiny  compared  to  the  aluminum  ones.  The  stroboscopic  flashing  light  is  locked  on  the 
vibration  such  that  positions  are  recorded  for  the  same  height  of  the  container.  Using  an  image 
processing  device,  we  selectively  record  the  test  beads  and  the  intruder  positions.  As  in  the 
preceding  section,  accumulation  of  such  pictures  bring  up  computer  posed  photographs  (CPP)  as 
reported  in  Fig.2b  and  2c  where  we  observe  that  exciting  the  cell  at  an  acceleration  larger  than  the 
gravitational  acceleration  induces  internal  motions  in  the  pile.  We  recall  that  in  the  absence  of 
intruder,  the  convection  rolls  spring  up  at  the  upper  lateral  corners  of  the  granulate  and  when  the 
excitation  acceleration  T  is  increased  they  expand  in  size  towards  the  center  of  the  cell  [6]. 
Compared  to  our  earlier  observations,  the  introduction  of  a  larger  disc  among  an  assembly  of 
monodisperse  beads  produces  several  new  and  different  characteristic  features.  We  observe  that, 
depending  on  the  excitation  amplitude,  two  different  regimes  are  clearly  distinguished: 

i)  At  relatively  large  accelerations  ,  i.e.  when  T  >  1.5,  and  in  agreement  with  recently  reported 
experiments  [7]],  we  observe  a  global  convective  motions  of  all  the  particles  in  the  cell.  The  CPP 
of  such  an  experiment  at  0  =  9,  is  displayed  on  Fig  2b.  Note  that  the  trajectories  of  the  small 
beads  evidence  convection  rolls  taking  place  below  the  intruding  disc  and  carrying  the  bigger 
particle  at  the  same  speed  which  is  independent  of  the  diameter  ratio  O.  In  agreement  with  [7], 
we  observed  that  the  probability  of  being  convected  downwards  at  one  of  the  lateral  walls,  when 
the  surface  is  reached,  strongly  depends  on  the  diameter  ratio. 

ii)  Fig. 2c  is  the  CPP  of  an  experiment  performed  at  a  lower  acceleration  T  =  1.25  and  for  a 
diameter  ratio  O  =  13.  Without  intruder,  the  convection  rolls  would  be  confined  in  the  upper  left 
and  right  corners  of  the  cell.  Here,  two  important  features  should  be  noticed.  First,  the  extension 
of  the  convection  rolls  is  much  larger  than  without  intruder.  The  roll  localization  starts  just  above 
the  intruder  and  the  roll  size  is  progressively  reduced  when  the  bigger  particle  rises.  A  second 
characteristic  feature  is  that  the  upward  ascent  of  the  intruder  is  accompanied  by  several 
horizontal  block  re-arrangements  which  are  directly  visualized  via  the  horizontal  tracks  of  the 
markers.  Remark  that  in  Fig.2c,  the  intruder  is  not  carried  upward  in  a  convective  motion  of  the 
surrounding  particles,  since  no  upwards  trail  is  present  in  the  underlying  environment.  This 
experiment  was  repeated  at  successive  stages  of  the  intruder  ascent.  It  shows  that  once  the 
intruder  has  left  a  lower  region,  no  internal  motion  is  any  more  evidenced.  Moreover,  and  this 
feature  definitely  separates  from  the  above  mentioned  convection  motor,  the  ascent  velocity 
strongly  depends  on  the  diameter  ratio  [8], Thus,  it  is  clear  that  segregation  can  occur  without 
a  convection  motor  and  that  an  intruding  particle  creates  in  its  surrounding,  its  own  field  of 
internal  motion. 
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Abstract 

We  study  granular  materials  using  both  event  driven  (ED)  and  molecular  dynamics  (MD) 
methods.  In  the  MD  simulations  we  implement  linear  as  well  as  nonlinear  forces  and  also 
hysteretic  interactions.  For  multiple  collisions  the  two  methods  show  differences:  MD 
calculations  lead  to  weak,  whereas  ED  methods  result  in  rather  strong  dissipation,  as 
determined  through  an  effective  restitution  coefficient. 


Introduction  and  Background 

Recent  years  have  seen  much  effort  in  understanding  granulates,  which  are  assemblies  of 
solid,  possibly  nonuniform,  particles,  interacting  via  contact  forces.  Summaries  of  the  present 
knowledge  on  granular  media  are  given  in  Refs.[l-2].  These  materials  display  size-segregation, 
heap  formation  under  vibration  and  bulk  dilatation,  as  well  as  density  wave  formation  and 
’decompaction'  [3];  their  fluid-like  properties  include  convection  rolls,  surface  fluidization,  and 
surface  waves. 

Probing  the  dynamics  of  granular  particles  on  scales  comparable  to  their  dimensions  is 
difficult.  Advances  have  been  made  by  investigating  model  systems,  such  as  assemblies  of 
relatively  large  spheres.  Here  the  binary  interactions  are  quite  well  understood,  both 
experimentally  [4]  and  theoretically  [4,5];  however,  multiparticle  interactions  have  been  often 
neglected.  Using  binary  interactions,  numerical  simulations  [6]  allow  to  study  the  dynamics  of 
many  particle  systems  and  by  this  complement  the  experimental  findings  and  the  analytical 
approaches  [7];  numerically  one  uses  molecular  dynamics  (MD)  [8-10]  as  well  as  event-driven 
(ED)  algorithms  [11-13]. 

The  MD  techniques  often  involve  ad-hoc  microscopic  assumptions,  such  as  linear  [9]  or  non¬ 
linear  [10]  interactions  between  the  spheres.  Evidently  the  specific  contact  laws  which  depict 
the  microscopic  situation  are  fundamental  [14,15];  here  a  major  advance  are  the  recently 
proposed  hysteretic  interaction  laws  [14]  which  lead  directly  to  dissipation.  Event-driven  (ED) 
procedures  are  another  means  to  simulate  granulates  see  e.g.  Lubachevsky  [11].  Using  ED 
simulations  the  "cooling”  of  one-dimensional  (ID)  granular  media  was  investigated  [12]  and  the 
ED  method  was  extended  to  handle  the  occurrence  of  connected  clusters  in  ID  [13].  Moreover 
arrays  of  spheres  under  vibration  were  described  using  both  MD  and  ED  methods 
[12,13,15,16]. 

We  have  shown  that  MD  calculations  may  display  anomalously  low  energy  losses  [15],  due 
to  the  interactions  used;  the  effect  may  subsist  even  in  the  limit  of  very  ’hard'  interactions.  Then 
the  spheres  may  separate  completely,  so  that  we  called  the  effect  "detachment"  [15]. 
Detachment  is  different  from  the  decompaction  evidenced  in  2D  dissipative  granular  systems 
[3]:  Decompaction  is  due  to  the  friction  with  the  walls,  whereas  detachment  follows  from  the 
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elastic  forces  assumed.  In  fact  detachment  disappears  in  ED  simulations. 

In  this  note  we  report  MD  simulations  using  different  interactions  (linear,  non-linear  and 
hysteretic)  and  compare  the  results  with  corresponding  ED  simulations.  The  basic  difference 
between  ED  and  MD  methods  is  the  contact  time  tc.  In  ED  the  time  tc  in  which  colliding 
particles  are  in  contact  is  ideally  zero.  This  is  quite  different  from  MD,  for  which  tc  does  not 
vanish  and  in  fact  turns  out  to  be  quite  significant. 


Simulations 

We  follow  the  ID  dynamics  of  a  column  of  N  spheres;  these  are  numbered  from  below 
starting  with  i  =  1.  For  the  immobile  bottom  plate  we  set  i  =  0.  Due  to  the  ID  aspect,  the  order 
of  the  spheres  never  changes  and  we  can  even  dispense  with  accounting  for  their  diameter  d. 
This  fact  permits  to  use  diameter-independent  coordinates  z/(f);  these  are  related  to  the  diameter 
dependent  coordinates  ( t )  through  zt  (t)  =  (r)  -  ( i  - 1  )d  -  df  2 . 

We  start  with  a  short  description  of  the  ED  procedures,  which  follow  a  sequence  of  events. 
Between  events  Newton’s  equation  of  motion  for  each  object  is  solved  analytically.  An  object  is 
a  sphere  or  the  bottom  plate;  an  event  is  defined  for  a  sphere  by  a  sudden  change  in  momentum, 
i.e.  a  collision.  Each  object  i  follows  its  own  undisturbed  trajectory  between  events,  because 
dissipation  occurs  only  upon  collisions.  The  times  between  collisions  are  determined  through  a 
sequential  procedure,  see  Refs.[12,13].  We  note  that  ED  simulations  take  care  of  the  energy 
loss  in  collisions  through  restitution  coefficients  e;  furthermore,  this  is  the  only  way  energy 
losses  are  accounted  for.  In  the  center  of  mass  reference  frame  of  two  identical  colliding 
particles,  the  incoming  velocities  are  +V  and  -V  and  the  outgoing  velocities  are  -eV  and  +eV.  A 
similar  form  also  holds  for  collisions  with  the  bottom  plate,  which  is  assumed  to  have  infinite 
mass.  Sphere  1  in  the  reference  frame  of  the  plate  has  a  velocity  V  just  before  the  collision  and 
the  velocity  -epV  after  the  collision.  A  detailed  description  of  the  procedure  may  be  found  in 
Refs. [12, 13]. 

Distinct  from  ED  simulations,  where  one  defines  a  collision  matrix  in  the  system's  frame  of 
reference,  MD  calculations  are  based  on  elastic  and  dissipative  forces.  In  our  MD  procedure  we 
use  a  fifth  order  predictor-corrector  algorithm  [6]  for  the  integration  of  the  equations  of 
motion. 

In  MD  two  particles  (or  a  particle  and  a  wall)  interact  when  their  relative  distance  r,y,  is 

smaller  than  the  sum  of  their  radii  (the  radius  of  the  particle).  Here  =  |rzy|  and  rty  points 

from  the  center  of  i  to  the  center  of  j.  In  a  ID  model  only  forces  in  the  normal  direction, 
nij  =  rjj  Jrij  matter.  Thus  two  forces  are  active  in  the  regime  d>rtj ;  first,  an  elastic  restoration 

force: 

ftp  =  -KxUP  (1) 

where  K  is  the  spring  constant  and  x  is  the  (positive)  penetration  depth  x-d-r^j.  Second,  a 
frictional  force  in  the  normal  direction: 

fit)--Dnmn[vij'nij\xy  (2) 

where  is  the  relative  velocity  of  particles  /  and  j,  Dn  is  the  normal  dissipation  parameter  and 
the  normalized  mass  is  mn  =  2/nred  =  2mIm;-  j[mi  +  mj).  The  parameters  p  and  y  fix  the  non- 
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linearity  of  the  forces;  thus  |3  =  y  =  0  leads  to  a  linear  spring-dashpot  (LSD)  interaction.  From 
Eqs.(l)  and  (2)  and  for  LSD  the  contact  time  tc  =  n/ yjK/mied  -  D2  and  the  restitution 
coefficient  e  =  exp(-Dnfc)  follow,  see  Ref.[15].  Note  that  for  LSD  interactions  tc  and  e  are 
velocity  independent. 

Non-linear  forces  offer  a  more  general  way  to  mimic  collisions.  Thus  Hertz'  model  for  the 
interaction  of  two  spheres  [5]  corresponds  to  p  =  1/2.  For  non-linear  forces  the  contact  time 
and  the  restitution  coefficient  become  velocity  dependent,  see  Ref.[15]  for  details. 

An  alternative  way  to  introduce  dissipation  is  to  use  different  forces  for  loading  and 
unloading  [14].  In  detail,  we  use  a  spring  constant  K y  for  loading  and  a  larger  spring  constant 
K2  for  unloading: 

-Kyx  for  loading  (3) 

-K2 (x-xq)  for  unloading 

This  behavior  models  energy  loss  due  to  plastic  deformation,  with  the  penetration  depth  x  and  a 
finite  penetration  xq  =  (l-e2)xmax  at  which  the  contact  force  vanishes  during  unloading, 
e  =  is  the  momentum  restitution  coefficient  and  x0  is  defined  through  the  continuity  of 

the  forces  at  maximum  penetration,  i.e.  Ki*max  =  ^(^max’^o)-  In  Fig-1  we  Sive  a  schematic 
plot  of  the  elastic  force  during  the  contact  of  two  spheres.  During  loading  the  force  increases 
linearly  with  slope  Ky  as  a  function  of  x  until  xmax  is  reached.  Unloading  follows  the  larger 
slope,  i.e.  K2,  until  the  force  equals  zero  at  a  finite  penetration  x0.  We  define  the  contact  time  tc 
to  be  the  time  when  the  force  vanishes,  i.e.  the  time  at  which  again  x  -  x0.  When  no  additional 
force  is  active,  the  penetration  decreases  and  the  spheres  separate  after  a  time  Xq/v(Q,  where 
v(rc)  is  the  velocity  at  time  tc.  If  for  example  another  sphere  hits  one  of  the  two  original  spheres, 
reloading  for  0  <  x'  <  Xq  may  take  place  with  a  force  fyix-x1)  until  the  original  loading  curve  is 
reached;  further  reloading  follows  then  the  original  loading  curve.  However,  this  is  not  the  only 
way  to  model  plastic  deformation,  see  Ref.  [14]  for  extensive  details.  For  the  simple  hysteretic 
force,  Eq.(3),  tc  and  e  can  be  computed  [14];  in  implicit  form  one  has 
Ky  =  mrcdJi2(l  +  e)2/(4t2)  and  K2=Ky/e2. 

Fig-1: 

The  elastic  force,  Eq.(3),  plotted  as  a  function  of  the 
penetration  x.  On  contact  two  spheres  load  from  0  to 
xmax  and  then  unl°ad  to  x0.  Reloading  may  take  place 
from  x'  to  the  original  loading  curve. 


Multiparticle  collisions 


We  are  now  interested  in  the  behavior  of  a  column  of  spheres  in  ID.  We  neglect 
gravitational  effects  and  analyze  the  collision  of  the  column  with  a  static  boundary.  This 
situation  is  interesting,  since  it  allows  us  to  compare  the  MD  results,  obtained  using  different 


interactions,  with  those  obtained  by  ED  methods  [12,13]. 

We  introduce  the  effective  restitution  coefficient  for  many  particle  collisions  through 
eeff  =  JEf  /£q  >  where  Eq  and  Ef  denote  the  kinetic  energies  of  the  particles  relative  to  the 
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_  jy  2 

bottom  plate  before  and  after  the  collision,  respectively,  i.e.  E  =  y  2ji=1vt  • 

In  Fig.2  we  display  obtained  from  MD  and  ED  simulations.  The  results  depend  on  the 
initial  separation  s0  between  the  spheres,  the  initial  velocity  v0  and  the  contact  time  tc.  We 
rescale  the  axes  so  that  the  ratio  of  the  mean  time  beween  events  sg/v0  to  the  contact  time  tc 
shows  up,  i.e.  we  plot  Eeff  vs.  a  -  50/(v0rc).  In  Fig.2  we  have  N  =  10,  e  =  0.9,  tc  =  8.4x10' s, 
and  as  the  initial  velocity  v0  =  0.5  m/s;  furthermore,  s0  varies  between  10  and  3.2x10' m.  In 
Fig.2  we  find  that  the  results  of  the  linear  spring-dashpot  interaction  (LSD)  and  of  the  hysteretic 
interaction  model  (HYS)  agree  qualitatively.  Two  features  are  proeminent:  first,  when  a  «  1 
the  energy  loss  is  small,  i.e.  e  <  £e^  s  1  for  LSD  and  £eff «  e  for  HYS.  This  fact  leads  to  large 
interparticle  distances  after  the  collision  with  the  bottom  plate,  a  phenomenon  which  we  call 
detachment.  Second,  for  o  » 1  the  e  values  are  lower  and  the  energy  loss  turns  out  to  be 
independent  of  o  [right  side  of  Fig.2].  We  note  that  the  ED  procedure  [the  dashed  line  in  Fig.2] 
leads  to  eeff  s  0.341  ±0.002,  a  result  practically  independent  of  s0  and  v0.  While  for  o»  1, 
the  ED  and  MD  results  agree  with  each  other,  there  are  large  differences  for  o  «  1. 

£eff 


Fig.2: 

Linear-logarithmic  plot  of 
the  effective  restitution 
coefficient  eeff  as  a  function 
of  a  =  sq/vqIc  for  different 
interaction  models,  see  text 
for  details.  The  calculations 
involve  N  =  10  particles 
with  e  =  0.9,  colliding  with 
a  fixed  boundary. 


Now  we  study  the  dependence  of  seff  on  the  number  of  particles  which  hit  the  wall.  In  Fig.3 
we  plot  eeff  as  a  function  of  N  for  s0  =  0,  v0  =  0.5  ms'1,  d  =  1  mm  and  for  different  interaction 
laws. 


£eff 


Fig-3: 

The  effective  restitution 
coefficient  eejf,  plotted  as  a 
function  of  N  for  Sg  =  0  and 
v0  =  0.5  m/s.  We  use  the 
Hooke  interaction  (ji  =  y  =  0, 
LSD),  the  Hertz-Kuwabara- 
Kono  interaction  (P  =  y  =  1/2, 
HKK),  the  hysteretic 
interaction  Eq.(3)  (HYS)  and 
the  ED  method,  see  text  for 
details. 
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Using  the  linear  interaction  law  with  (5  =  y  =  0,  KJmxcd  =  8xl010  s'2,  and  Dn  =  9.48xl03  s'1 
we  find  that  eeff  increases  with  N.  Using  the  Hertz-Kuwabara-Kono  (HKK)  interaction,  i.e. 
p  =  y  =  1/2,  with  K/mred  =  2xl012  s*2  m’1/2,  and  Dn  =  3.5xl04  s'1  m'1/2  we  find  that  eeff  varies 
little  as  a  function  of  N.  A  hysteretic  interaction  with  =  1.78X1011  s'2,  and 

K2/mtt d  =  2.2xlOn  s'2,  agrees  rather  well  with  eeff  found  using  the  HKK  (p  =  y  =  1/2)  law. 
The  detachment  effect  is  weaker  for  non-linear  interactions  or  for  hysteretic  interactions  when 
compared  to  the  simple  LSD  model;  nonetheless  all  seff  MD  results  differ  from  the  ED  ones,  for 
which  eeff  is  close  to  zero  for  AT(1  -  e)  large  [13]. 

The  difference  between  ED  and  MD  results  is  also  apparent  from  the  relative  kinetic  energy 

Ext |,  also  called  'granular  temperature'  [7];  £rel  is  defined  through  £reI  =  t2i'=1^Vz  ~  Vcm^ 

where  vcm  is  the  velocity  of  the  center  of  mass  of  the  assembly  of  spheres. 

In  Fig.4  we  plot  l-£rel/£f  where  Ext{  is  the  relative  energy  and  Ef  is  the  kinetic  energy  after 
collision.  The  parameters  of  the  simulations  are  the  same  as  the  ones  used  in  Fig.3. 


l-^rel/^f 


Fig.4: 

l~Eiei/Ef  plotted  as  a 
function  of  N.  The 
parameters  are  as  in  Fig.3. 


Discussion  and  Conclusions 

For  MD  simulations  we  introduced  various  microscopic  interaction  laws  and  compared  the 
results  with  the  outcome  of  ED  simulations.  The  basic  difference  between  ED  and  MD  methods 
is  the  time  tc,  during  which  particles  are  in  contact.  In  ED  tc  is  implicitly  zero,  whereas  for  MD 
tc  depends  on  the  interaction  laws  and  parameters  used.  Thus  a  large  spring  constant  leads,  in 
general,  to  a  small  /c.  We  found  that  MD  calculations  underestimate  the  energy  dissipation 
when  the  number  of  spheres  in  contact  is  large.  The  effect  is  most  obvious  for  linear  interactions 
but  also  holds  for  non-linear  interactions  and  for  hysteretic  models.  Even  in  the  case  of  very 
high  dissipation,  i.e.  N  =  10  and  e  =  0.6,  detachment  occurs  in  MD  calculations,  whereas  ED 
simulations  lead  to  an  eeff  which  virtually  vanishes,  i.e.  to  a  clustered  column  after  collision. 

The  occurence  of  an  anomalously  low  energy  dissipation  in  MD  depends  on  the  ratio  a 
between  the  time  of  free  flight  and  tc.  MD  simulations  underestimate  the  energy  dissipation  and 
lead  to  large  fluctuations  for  o«l.  On  the  other  hand,  we  find  that  for  a»l  the  results  of  MD 
and  ED  simulations  agree  with  each  other. 

We  close  this  work  on  a  cautionary  note  about  computer  simulations:  a  careful  comparison 


499 


of  the  numerical  outcome  with  experimental  benchmarks,  as  well  as  a  critical  evaluation  of  the 
parameters  used  in  simulations  is  required.  From  our  side  we  view  the  question  of  the  validity 
of  the  simulation  methods  and  of  the  relevance  of  the  interactions  used  as  being  still  open  in  the 
case  of  multiparticle  contacts. 
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ABSTRACT 

We  study  a  one- dimensional  granular  system,  excited  by  white  noise,  with  inelastic 
interactions  between  the  particles.  When  the  coefficient  of  restitution,  77,  is  one,  the  particles 
are  totally  uncorrelated.  As  77  decreases  the  particles  cluster.  A  computer  simulation  of  the 
system  shows  equilibrium  clustering  with  a  power  law  particle-particle  correlation  function. 
This  correlation  function  is  independent  of  the  average  kinetic  energy  of  the  particles  but 
depends  strongly  on  77.  We  give  simple  analytical  arguments  to  describe  this  clustering.  We 
also  present  an  “equation  of  state”  for  the  particles,  which  relates  the  noise  amplitude  to  the 
particle  density  and  the  average  particle  speed. 


1.  INTRODUCTION 

In  recent  years  there  has  been  renewed  interest  in  the  phenomenon  of  paxticle  clustering 
in  granular  materials  and  dissipative  gases  [1-5].  Such  clustering  is  often  observed  when 
granular  media  are  sheared.  In  general  clustering  is  driven  by  inelastic  collisions.  When  two 
particles  collide  inelastically  they  dissipate  energy.  Since  the  density  of  a  particle  at  any 
poiftt  is  proportional  to  the  inverse  of  the  particle  speed,  clustering  results.  Thus  clustering 
occurs  even  in  the  absence  of  any  other  forces  between  the  particles.  There  have  been  several 
studies  of  systems  which  show  “inelastic  collapse”.  In  these  systems  the  particles  are  started 
with  some  random  velocities  and  then  evolve  in  time  according  to  Newtonian  mechanics. 
The  novel  feature  of  the  collapse  is  that  for  coefficients  of  restitution  77  below  a  critical  value 
rjc  the  kinetic  energy  is  dissipated  in  a  finite  time.  For  77  >  7}c  the  kinetic  energy  dissipates 
gradually. 

In  this  paper  we  study  a  system  which  has  a  continuous  input  of  energy  as  well  as 
dissipative  collisions.  Thus,  for  large  coefficients  of  restitution  the  system  eventually  settles 
down  to  some  “steady-state”  which  looks  at  least  superficially  like  a  gas  with  some  effective 
forces  between  the  particles.  The  dissipative  interactions  mean  that  in  general  the  structure 
function  g(x )  is  no  longer  a  constant  (as  it  would  be  for  an  ideal  gas),  but  shows  a  peak 
near  the  origin.  Only  in  the  limit  77  — ►  1  does  the  structure  function  become  uniform.  As  77 
decreases  g\x)  becomes  more  and  more  sharply  peaked  about  x  =  0.  The  system  we  study  is 
one-dimensional  and  has  a  continuous  rate  of  energy  input.  This  system  .has  one  advantage 
over  the  more  usual  problem  where  a  granular  material  is  sheared  between  two  plates.  This 
is  that  the  energy  input  to  each  particle  is  well-controlled,  and  we  do  not  need  to  worry  about 
spatial  gradients  across  the  system.  The  simulation  might  model  for  instance  a  system  of 
particles  confined  to  a  line  on  a  vibrating  plane. 


2.  THE  MODEL 

We  have  N  particles  of  unit  mass,  7n  =  1,  confined  to  a  line  of  length  L  =  1  (figure  1). 
We  use  periodic  boundary  conditions,  so  that  the  system  of  particles  lie  on  a  circle  of  unit 
radius.  The  coefficient  of  restitution  is  77,  so  that  when  two  particles  i  and  j  collide  the  final 
(primed)  velocities  are  given  in  terms  of  the  initial  (unprimed)  velocities  by 
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Figure  1:  A  snapshot  of  a  system  of  particles.  Periodic  boundary  conditions  are  used,  and 
the  particles  are  points.  In  general  clusters  seem  to  form  even  for  the  perfectly  elastic  limit, 
r)  1.  However  in  this  limit  the  correlation  function  is  a  constant.  For  small  values  of  rj 
the  clusters  become  more  pronounced. 

The  main  difference  between  this  and  previous  studies  of  dissipative  gases  is  that  each 
individual  particle  is  “heated”  at  a  constant  rate.  This  is  done  by  adding  a  random  amount 
to  the  velocity  of  each  particle  during  a  time-step  A t.  Thus  we  write  the  usual  Langevin 
equation 


Vi(t  +  At)  =  «.(()  +  y/rVAtf(t), 


(2) 


where  /(<)  is  a  random  number  chosen  uniformly  between  —1/2  and  1/2  and  r  is  a  number 

proportional  to  the  heating  rate.  After  the  velocities  are  adjusted  the  system  is  transferred 
to  the  centre  of  mass  frame,  so  that  n,-  — >  v,-  —  v,  where  v  is  the  average  velocity  of  all  the 
particles  in  the  system.  The  algorithm  (2)  ensures  that  the  velocities  undergo  a  random 
walk,  whilst  the  transfer  to  the  centre  of  mass  frame  ensures  that  the  particle  speeds  do  not 
increase  indefinitely.  It  should  be  emphasized  that  this  transfer  step  is  for  convenience  only, 
since  the  properties  of  collisions  do  not  depend  on  the  absolute  speeds,  only  on  the  relative 
speeds.  Before  the  heating  step  the  kinetic  energy  of  the  system  is 


1  N 
K  = 

1  »=i 


(3) 


and  after  heating  it  is 


K'  —  +  8vif  =  I<  +  mJ2  v$vi  + 

1  i=i 


*=i 


(4) 


where  8vi  =  y/rVAtf(t).  The  term  i h8v{  vanishes  on  average,  by  symmetry,  and  the 

term  is,  on  average  \mrtN(f 2)  —  ±mrtN.  Hence  our  identification  of  r  with 

the  heating  rate.  It  is  convenient  to  introduce  a  quantity  f]  =  which  is  the  energy 

input  per  unit  time  per  particle. 
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where  K  is  the  kinetic  energy  per  particle. 

We  can  use  this  to  obtain  the  force  on  a  wall  placed  at  the  boundary  of  a  finite  system. 
We  assume  that  the  particles  undergo  perfectly  elastic  collisions  with  the  wall.  The  time 
averaged  force  F  exerted  by  the  particles  is  the  “pressure”  for  a  ID  gas.  The  current  of 
particles  hitting  the  wall  is  J  =  Nv/L.  Each  particle  imparts  momentum  2 mv  to  the  wall. 
Thus  the  time-averaged  force  is  F  =  pv2.  Thus  the  relation  between  the  force  and  the  density 
is 


f  =  D2/y/3(  1  -  *?2)-2/3. 


(8) 


This  is  very  different  from  the  result  for  an  ideal  gas  where  the  pressure  is  proportional  to 
the  first  power  of  the  density. 

We  can  compare  our  equation  of  state  (6)  to  the  simulation  results.  We  do  not  expect  that 
the  numerical  coefficients  are  accurate,  since  we  have  used  a  “mean-field”  type  argument, 
and  assumed  differences  in  velocities  are  equal  to  average  velocities.  We  can  however  test 
the  various  proportionalities  in  (6).  The  first  prediction  is  that  /if3/2  oc  (1  —  t?2)-1.  These  two 
quantities  are  plotted  in  figure  3.  We  see  a  very  linear  relation,  except  for  small  values  of  g 
where  correlations  between  the  particles  become  important.  Second,  we  test  that  K3!2  a  p-1, 
i.e.  that  the  cube  of  the  velocity  is  inversely  proportional  to  the  density  (figure  4).  Here  the 
data  are  somewhat  noisy,  but  the  agreement  is  still  reasonable.  Finally  we  test  that  K 3/2  is 
proportional  to  the  heating  rate  (figure  5).  Again  the  agreement  is  good. 


4.  THE  DENSITY  CORRELATION  FUNCTION 

We  select  a  particle  and  ask  what  is  the  density  of  particles  at 'distance  x  from  it,  g(x). 
For  an  ideal  gas  of  point  particles  the  answer  is  g(x)  =  a  constant.  For  a  gas  which  has  some 
attractive  potential  U(x)  acting  between  the  particles  the  answer  is  more  complicated,  but 
in  general  g{x)  will  be  peaked  about  x  —  0  and  will  decay  to  a  constant  as  x  — ■>  oo.  For  the 
dissipative  gas  discussed  here  we  find  g(x)  shows  apeak  at  the  origin,  even  though  we  have  no 
potential  acting  between  the  particles.  This  peak  is  caused  by  the  dissipation  effect  discussed 
above,  and  can  be  thought  of  as  an  equilibrium  version  of  the  collapse  and  clustering  seen 
in  cooling  gases  [1-5].  As  g  — ►  1  the  structure  becomes  small  as  <jr(a:)  approaches  a  constant. 
However,  as  g  becomes  small,  g(x)  becomes  very  sharply  peaked.  Some  characteristic  results 
are  shown  in  figure  6.  We  find  that  the  correlation  function  depends  only  on  the  density  and 
on  g  and  is  independent  of  the  heating  rate.  At  least  for  small  x,  where  the  finite  size  of  the 
system  has  little  effect,  g{x)  can  be  approximated  by  a  power  law  g(x)  ~  x~a^.  Here  01(77) 
is  a  function  of  g.  For  g  -*•  1,  a  -*■  0.  For  small  g ,  a  appears  to  approach  1/3.  This  result 
can  be  understood  as  follows.  When  g  is  small  the  collisions  between  particles  are  almost 
perfectly  inelastic  and  the  particles  loose  almost  all  of  their  energy.'  The  particles  only  move 
away  from  each  other  because  of  the  random  kicks  induced  by  the  heating.  Thus  we  can 
consider  a  single  particle  moving  away  from  a  wall  and  subject  to  its  velocity  undergoing  a 
random  walk.  We  thus  have  (|v(f)|2)  ~  t.  Hence  v  ~  <1/2  and  the  distance  traveled  from  the 
wall  in  time  t  is  x  ~  /J  v{t')dt'  ~  t3> 2  ~  v3.  The  density  of  a  particle  at  any  point  is  just  the 
inverse  of  the  time  it  spends  in  that  region  i.e.  v”1,  thus  g(x)  ~  v~l  ~  ar1/3,  and  a  =  1/3. 
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Figure  3:  A  test  of  the  equation  of  state 
(6).  Here  we  have  plotted  (1  —  72)-1  ver¬ 
sus  Kz!2  where  K  is  the  kinetic  energy  per 
particle.  As  predicted  by  theory  (6)  the 
relation  is  close  to  linear.  The  circles  are 
points  from  the  computer  simulation,  and 
the  line  is  a  line  of  best  fit. 


Figure  4:  The  cube  of  the  average  speed 
versus  the  inverse  density  for  a  system  of  10 
particles.  The  theory  (6)  predicts  a  linear 
relation.  The  circles  are  points  from  the 
computer  simulation,  and  the  line  is  a  line 
of  best  fit. 


Figure  5:  The  cube  of  the  average  speed 
versus  the  heating  rate  r  for  a  system  of 
10  particles.  The  relation  is  very  close  to 
linear,  as  predicted  by  the  theory  (6).  The 
circles  are  points  from  the  .computer  simu¬ 
lation,  and  the  line  is  a  line  of  best  fit. 
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Figure  6:  A  log-log  plot  of  the  density  correlation  function  g(z|  versus  distance  between 
the  particles  x.  The  three  lines  shown,  are  (from  bottom  to  top)  rj  —  0.95,  rj  =  0.65  and 
7)  —  0.45.  Here  N  =  10.  The  line  for  7}  =  0.45  has  a  slope  very  close  to  that  expected  for  a 
perfectly  inelastic  system  (—1/3). 


5.  CONCLUSION 

In  this  paper  we  have  discussed  a  simple  one  dimensional  model  of  an  excited  dissipative 
gas.  The  system  shows  clustering  and  can  be  described  by  a  simple  equation  of  state. 
It  behaves  in  some  respects  like  a  gas  of  particles  with  a  fictitious  potential  between  the 
particles.  We  have  presented  results  for  a  small  number  of  particles  N  =  10.  However, 
similar  results  are  found  for  much  larger  numbers  of  particles,  and  in  fact  even  for  N  =  2 
the  behaviour  is  very  much  the  same. 

F.C.M  was  funded  by  NSF  PHY8904035,  DMR-92-5744  and  by  a  PRF  grant.  D.R.M.W 
was  funded  by  NSF  PHY89-04035,  DNR-91-17249,  DMR-92-57544,  by  a  QEII  research  fel¬ 
lowship,  and  by  a  PRF  grant. 
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REVERSIBLE  AXIAL  SEGREGATION  IN  ROTATING  GRANULAR  MEDIA 
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ABSTRACT 

Binary  mixtures  of  granular  media  having  differing  diameters  are  combined  in  a  horizontal 
cylinder  and  rotated  like  a  drum  mixer  about  its  long  axis.  Within  a  few  minutes  of  rotation  at  15 
rpm  axial  segregation  occurs  and  the  mixture  separates  into  relatively  pure  alternating  bands  of 
the  individual  components  along  the  axis  of  rotation.  We  describe  an  experimental  system 
whereby  the  mixed  state  can  be  restored  by  changing  the  speed  of  rotation.  The  sensitivity  of  the 
reversible  axial  segregation  effect  to  systematic  variations  of  the  glass  bead  diameter  is  reported. 
Measurements  of  the  dynamic  angle  of  repose  of  the  mixed  and  segregated  phases  support  an 
explanation  for  the  reversible  axial  segregation  effect  involving  the  competition  between  axial 
drift  and  diffusion  currents,  leading  to  a  diffusion  equation  with  a  negative  effective  diffusion 
coefficient. 

INTRODUCTION 

While  extensively  studied  by  engineers,1'10  granular  materials  have  recently  attracted  the 
renewed  attention  of  physicists,11*13  due  in  part  to  a  suggestion  by  Bak,  Tang  and  Wiesenfeld.14 
These  authors  suggested  that  fractal  geometries  and  1/f  noise  may  arise  from  the  dynamics  of 
self-organized  critical  (SOC)  states,  and  their  paradigm  system  was  the  self-organization  of  a 
sandpile  at  its  critical  angle  of  repose.  While  experimental  measurements  have  not  found  1/f 
dynamics  in  sandpile  avalanches,  the  SOC  model  has  had  a  real  and  significant  impact  by 
motivating  physicists  to  study  the  dynamics  and  properties  of  granular  materials.  A  striking 
property  of  granular  systems  is  mass  or  size  segregation  when  a  homogeneous  mixture  of 
granular  media  of  different  sizes  or  masses  is  shaken  or  rotated  .1-9,15-19  if  a  cylinder  partially 
filled  with  a  binary  mixture  of  granular  media  is  tipped  on  its  side  so  that  its  axis  of  symmetry  is 
horizontal  and  rotated  like  a  drum  about  that  axis,  the  individual  species  will  segregate  into 
alternating  bands  of  relatively  pure  single  concentrations  along  the  axis  of  rotation.  4-7,17,18 
While  this  effect  is  well-known,  we  have  recently  described  observations  of  a  reversible 
segregation  effect19  wherein  the  mixed  state  can  be  restored  by  changing  the  speed  of  horizontal 
rotation.  In  this  paper  we  report  measurements  of  the  axial  segregation  effect  when  the  diameter 
of  the  glass  beads  is  systematically  varied  from  ~  5  mm  to  ~  0.5  mm.  Measurements  of  the 
dynamic  angle  of  repose  for  the  different  mixed  and  segregated  phases  is  also  described.  These 
results  are  discussed  in  terms  of  a  model  whereby  the  difference  between  the  dynamic  angle  of 
repose  of  the  mixed  phase  and  of  one  of  the  homogeneous  phases  determines  the  sign  of  the 
effective  axial  diffusion  coefficient  and  thus  the  behavior  of  the  mixture  at  each  speed. 

EXPERIMENTAL  TECHNIQUES  AND  RESULTS 

Our  experimental  setup  (similar  to  that  employed  in  Ref.  20)  is  shown  in  Figure  1.  A 
Plexiglas  hollow  cylinder  5  inches  in  diameter  and  2  ft  long  has  Plexiglas  end  plates  bolted  onto 
either  end.  A  bolt  is  attached  to  the  outside  of  each  plate,  coaxial  to  the  cylinder,  which  rests  on  a 
ball  bearing  mount.  One  of  these  bolts  has  an  additional  flange  at  its  other  end  connected  by  a 
belt  to  a  1/17  hp  motor.  The  motor  is  not  shown  in  Figure  1,  but  its  mount  can  be  seen  near  the 
bottom  left  hand  comer  of  the  photographs.  For  each  run  the  cylinder  was  one  third  filled  with  a 
50/50  binary  mixture  of  either  glass  beads  of  two  different  diameters,  each  approximately 
uniform  in  size,  or  of  glass  beads  of  one  diameter  and  sand.  The  glass  beads  ranged  in  diameter 
from  about  .7  to  4.8  mm,  and  the  sand  was  very  irregularly  shaped  with  average  distance  across 
each  grain  of  about  .4  mm.  The  mixture  used  in  Figures  1(a)  and  (b)  is  of  glass  beads  of 
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Fig.  1:  Photographs  of  the  horizontal  rotating  cylinder  described  in  the 

text.  The  cylinder  is  1/3  filled  with  a  50/50  mixture  of  large  (d  ~  3  mm)  and 
small  (d  ~  0.7  mm)  glass  beads.  The  initial  homogeneous  mixed  state  is 
shown  in  photo  (a).  After  rotation  about  the  long  axis  for  15  min  at  14  rpm, 
the  large  and  small  glass  beads  have  segregated  out  into  alternating  bands, 
as  shown  in  photo  (b). 
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diameters  2.8  mm  and  .7  mm.  The  smaller  beads  are  dyed  black  to  improve  the  contrast  in  the 
photographs,  though  the  phenomenon  is  not  affected  by  the  dye.  The  cylinder  was  leveled  using 
shims,  though  again  the  results  did  not  depend  on  precise  leveling.  For  the  run  pictured  in 
Figure  1,  the  homogeneous  mixture  of  beads  shown  in  Figure  la  was  initially  rotated  in  the 
cylinder  at  14  rpm.  After  approximately  15  minutes,  unmistakable  alternating  bands  of  large  and 
small  glass  beads  have  evolved,  as  shown  in  Fig.  1(b).  The  motor  speed  was  then  decreased  to  5 
rpm.  After  approximately  one  hour,  the  bands  had  disappeared,  and  the  mixture  had  returned  to 
a  homogeneous  state  similar  to  that  shown  in  Fig.  1(a).  When  the  speed  of  the  motor  was 
returned  to  14  rpm,  the  segregated  state  returned  as  well,  though  the  widths  and  locations  of  the 
bands  differed  from  that  displayed  in  fig.  1(b). 

We  have  investigated  the  dynamics  of  the  axial  segregation  effect  when  the  diameter  of 
the  glass  beads  used  is  systematically  varied  from  0.4  to  4.8  mm.  The  behavior  of  the  different 
mixtures  are  summarized  in  Table  1.  Binary  mixtures  of  glass  beads  or  beads  and  sand  exhibit 
either  a  reversible  axial  segregation,  a  segregation  effect  which  is  not  reversible  at  slower  rotation 
speeds,  or  no  segregation  effect  at  all.  Since  most  mixtures  that  segregated  showed  signs  of 
initial  segregation  within  the  first  few  minutes  of  rotation,  those  mixtures  that  hadn't  shown  any 
sign  of  segregation  within  the  first  few  hours  were  considered  to  not  segregate.  Similarly,  since 
it  took  on  the  order  of  a  few  hours  for  the  mixtures,  once  segregated,  to  completely  remix  at 
slower  rotation  speeds,  we  rotated  the  cylinder  for  over  24  hours  before  concluding  that  those 
mixtures  that  had  segregated  bands  would  not  remix  at  other  speeds.  While  Table  1  indicates  a 
general  trend  towards  the  occurance  of  reversible  axial  segregation  as  the  ratio  p  of  the  larger 
bead  diameter  to  the  smaller  increases,  there  are  clear  exceptions.  For  example,  a  mixture  of 
large  and  small  beads  (p  ~  3.2)  shows  a  non-reversible  segregation  effect,  while  larger  and 
smaller  p  values  exhibit  a  reversible  segregation.  It  is  well  known  that  the  dynamic  angle  of 
repose  of  a  granular  material  depends  on  many  factors,  including  the  particle  size,  mass,  surface 
roughness,  humidity,  and  kinetic  friction  between  particles  and  between  particles  and  the  walls  of 
the  cylinder.  Evidently  other  factors  in  addition  to  the  diameter  ratio  influence  the  segregation 
behavior  of  a  granular  mixture. 


Table  1.  Behaviors  of  different  binary  mixtures  of  granular  media 

_ P  =  diameter  ratio,  not  applicable  for  the  irregularly  shaped  sand. 


type  and  size  (mm) 

sand 

x-small 

small 

medium 

large 

sand  0.42+-.08 

X 

X 

X 

X 

X 

x-small  0.70+-.06 

non-reversible 

segregation 

X 

X 

X 

X 

small  0.97+-.07 

not  performed 

not  performed 
6=1.39 

X 

X 

X 

medium  1.24+-.08 

non-reversible 

segregation 

non-reversible 

segregation 

6=1.77 

non-reversible 

segregation 

6=1.28 

X 

X 

large  3.11+-.20 

no  segregation 

reversible 

segregation 

6=4.44 

non-reversible 

segregation 

6=3.21 

reversible 

segregation 

6=2.51 

X 

jumbo  4.84+-. 10 

no  segregation 

reversible 

segregation 

6=6.91 

reversible 

segregation 

6=4.99 

SH 

no  segregation 
6=1.56 

While  the  location  and  size  of  the  bands  vary  from  run  to  run  for  the  segregated 
state,there  are  reproducible  features  at  the  beginning  and  end  of  each  run.  Upon  beginning 
rotation,  small  beads  almost  immediately  move  toward  the  axis  of  rotation  to  form  a  radially 
segregated  state.  The  radial  segregation  has  been  reported  previously  5*7  and  is  most  likely  due 
to  the  variation  in  compactivity  below  the  avalanching  surface  of  the  rotating  drum.22  The  initial 
formation  of  segregated  bands  occurs  adjacent  to  the  end  plates.  Varying  the  cylinder  length 
confirms  that  this  is  a  boundary  effect.  Band  development  in  the  interior  of  the  cylinder  appears 
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to  arise  from  concentration  fluctuations  along  the  axis.  The  initial  pattern  of  bands  is  neither 
reproducible  nor  stable  when  the  system  is  rotated  for  an  extended  period  of  time  (on  the  order  of 
a  few  hours  at  15  rpm),  rather  the  bands  evolve  to  a  reproducible  final  state  of  one  central  band 
of  large  beads  with  bands  of  small  beads  adjacent  on  either  side  and  narrow  bands  of  large  beads 
at  both  end  plates.  The  evolution  of  the  bands  involves  a  complicated  process  and  will  be 
described  in  more  detail  in  a  later  publication. 

The  transition  from  concentration  fluctuations  to  segregated  band  formation  can  be 
understood  using  a  model  based  upon  proposals  by  Donald  and  Roseman,5  Bridgwater,  Sharpe 
and  Stocker,8  deGennes,  Savage,21  and  others.7'17  The  larger  the  dynamic  angle  of  repose  of  a 
material,  the  higher  the  beads  will  maintain  contact  with  the  back  of  the  cylinder  before 
avalanching.  If  the  dynamic  angle  of  repose  of  the  mixed  phase  <j>m  is  significantly  larger  than 
that  of  at  least  one  of  the  segregated  phases  (for  example  the  large  beads),  then  an  axial 
fluctuation  in  density  will  lead  to  a  fluctuation  in  height.  Since  some  of  the  small  beads  have 
already  segregated  into  the  radial  mode,  the  large  beads  are  pushed  to  the  avalanching  top 
surface.  If  the  monodisperse  large  glass  beads  have  a  lower  dynamic  angle  of  repose  than  the 
mixed  phase,  large  beads  will  move  to  the  lowest  point  on  the  slope,  segregating  out  of  the 
mixture.  Assuming  that  the  larger  component  has  the  lower  angle  of  repose,  we  can  write  this 
axial  drift  current  jdnft  of  the  large  beads  out  of  the  mixed  phase  as  proportional  to  the  gradient  of 
the  larger  bead  concentration  Cl 


jdrift =  P  3Cl/3x  (!) 

where  the  constant  of  proportionality  p  must  vary  monotonically  with  the  bead  height  and  hence 
with  the  difference  in  the  dynamic  angle  of  repose  A<j>  =  <))m  -  <J>l.  Particularly,  when  A(()  =  0,  then 
p  =  0.  If  A<|>  increases,  so  should  the  tendency  for  segregation,  i.e.  jdnft  should  increase  as  well. 
In  addition  to  the  tendency  to  segregate,  random  collisions  between  the  beads  will  lead  to 
remixing.  This  can  be  expressed  in  terms  of  the  normal  Fickian  diffusion  current 


jdiff  =  -  D  3Ci73x  (2) 

where  D  is  the  diffusion  coefficient  for  the  larger  component.  The  total  current  should  be  a  sum 
of  the  diffusion  and  drift  currents:  j  =  jdiff  +  jdrift  Thus,  the  rate  of  growth  of  the  segregated 
phase  Cl  is  given  by  the  continuity  equation 

3Q73t  =  -  3j/3x  =  3[(D  -  p)3Ci73x]  /  3x,  (3) 

This  is  similar  to  the  traditional  diffusion  equation,  with  the  normal  Fickian  diffusion  coefficient 
replaced  by  an  effective  diffusion  coefficient,  Deff  =  D  -  p.  If  Deff  <  0,  concentration  fluctuations 
of  segregated  regions  would  be  enhanced,  leading  to  band  formation. 

According  to  this  model,  at  rotation  speeds  for  which  a  mixture  segregates  into  bands,  A<> 
must  be  large  enough  so  that  p  >  D  and  Deff  <  0.  Alternatively,  A<J>  should  be  small  or  zero  at 
lower  speeds,  so  that  p  ~  0  and  Deff  =  D  when  the  bands  remix  or  no  segregation  occurs.  To  test 
this  explanation,  we  measured  the  dynamic  angle  of  repose  for  the  different  mixtures  described  in 
Table  1  and  for  each  homogeneous  state  as  a  function  of  rotation  speed.  The  end  of  the  cylinder 
was  photographed  along  the  horizontal  axis  of  rotation  and  the  angle  that  the  freely  flowing 
surface  made  with  a  fixed  horizontal  marker  was  determined.  In  addition  to  the  error  associated 
with  measuring  a  moving  surface,  the  avalanching  surface  does  not  form  a  perfect  plane,  due  to 
centrifugal  forces  and  wall  friction  which  give  the  flowing  surace  an  s-shaped  contour  at  high 
rotation  speeds.2^  Thus  the  values  of  $  reported  are  the  averaged  values  of  multiple 
measurements. 
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Measurements  of  the  dynamic  angle  of  repose  as  a  function  of  rotation  speed  for  the 
mixed  phase  and  a  homogeneous  phase  of  the  larger  diameter  glass  beads  for  three  different 
binary  mixtures  of  granular  media  are  shown  in  fig.  2-4.  Figure  2  is  a  plot  of  §  for  a  mixture  of 
large  (d  ~  3  mm)  and  small  (d  ~  0.7  mm)  glass  beads  which  axially  segregated  at  high  speeds  and 
remixed  at  lower  speeds.  There  is  a  large  difference  between  <}>  of  the  mixture  and  the 
monodisperse  large  beads  at  higher  speeds  for  which  segregation  occurs,  while  at  lower  speeds, 
where  there  was  remixing,  there  was  little  or  no  difference  of  <J>  between  the  two  phases.  Figure 
3  is  for  a  mixture  of  glass  beads  (d  ~  1.2  mm)  and  sand  (d  ~  0.4  mm)  which  segregates  at  all 
speeds  and  does  not  remix  when  the  rotation  speed  is  changed.  As  expected,  $  of  the  mixed 
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FIG.  2:  Plot  of  dynamic  angle  of  repose 
against  rotation  speed  for  the  mixed  phase 
(0.7  mm  and  3  mm  diameter  glass  beads)  and 
monodisperse  large  beads,  which  exhibit  a 
reversible  axial  segregation. 


Fig.  3:  Plot  of  dynamic  angle  of  repose 
against  rotation  speed  for  the  mixed  phase 
(1.2  mm  and  0.4  mm  diameter  glass  beads) 
and  monodisperse  medium  beads  which 
exhibit  a  non-reversible  axial  segregation. 


Fig.  4:  Plot  of  dynamic  angle  of  repose 
against  rotation  speed  for  the  mixed  phase 
(4.8  mm  and  3  mm  diameter  glass  beads)  and 
monodisperse  large  beads,  which  exhibit  no 
segregation  at  any  rotation  speed. 
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phase  is  larger  than  that  of  the  monodisperse  glass  bead  phase  at  all  speeds.  Figure  4  is  a  plot  of 
the  dynamic  angle  of  repose  ^  for  a  mixture  of  jumbo  and  large  beads  which  does  not  segregate 
into  bands  at  any  rotation  speed.  In  this  case,  <|>m  is  equivalent  to  <f>  of  each  monodisperse  phase. 
Since  A<|>  ~  0  at  all  speeds,  then  p  ~  0  and  Deff  =  D,  and  there  is  no  drift  current  to  separate  the 
mixed  materials.  These  measurements  are  entirely  consistent  with  the  model  described  above, 
that  is,  axial  segregation  occurs  when  there  is  a  large  difference  between  <}>  of  the  mixed  phase 
compared  to  the  segregated  phase,  and  in  order  for  a  reversible  segregation  effect  to  be  observed 
A<{>  ~  0  at  small  but  finite  rotation  speeds.  The  measurements  of  <f>  were  obtained  from 
photographs  along  the  end  of  the  cylinder,  which  raises  the  issue  of  whether  the  conditions  of  the 
different  phases  are  different  at  the  end  plates  than  in  the  middle  of  the  cylinder.  Measurements 
of  the  height  of  the  granular  material  at  different  points  along  the  back  wil  of  the  cylinder  found 
that  the  height  shift  was  small  and  roughly  constant  for  all  mixtures  and  monodisperse  phases  at 
all  rotation  speeds. 

We  benefited  from  helpful  comments  from  J.  Knight,  M.  Hamermesh  and  S.  F.  Edwards.  This 
work  was  supported  by  NSF  DMR-9057722,  the  Xerox  Corp.  and  the  University  of  Minnesota. 
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ABSTRACT 

We  report  experimental  measurements  on  mixing  properties  in  bidimensional  rotating  drum. 
Using  an  image  processing  device,  we  follow  the  trajectories  of  tracer  particles  in  a  mono- 
disperse  assembly  of  beads.  Tracer  particles  with  different  size  ratios  exhibit  a  violent 
segregation  effect:  a  smaller  particle  has  a  tendency  to  stay  in  the  centre  and  a  larger  one  will 
rather  dwell  on  the  edges.  Furthermore,  for  a  tracer  of  identical  size,  we  evidence  a  specific 
dispersion  property  where  the  centre  and  the  edges  are  competing  attractors  of  the  mixing 
dynamics. 


INTRODUCTION 

A  very  remarkable  property  of  non  cohesive  granular  materials  is  the  empirical 
tendency  towards  demixion  displayed  by  powders  of  different  nature. These  segregation 
properties  have  been  known  for  a  long  time  now  and  intervene,  in  a  prejudicial  way,  in 
numerous  industrial  processes  when  the  making  of  an  homogeneous  mixture  is  of  utmost 
importance  [1].  So  far,  very  little  on  the  physics  of  powder  mixing,  has  been  fundamentally 
elucidated,  but  all  studies  have  shown  that  segregation  is  indeed  a  complex  property  which 
may  result  from  several  different  and  parallel  processes.  Size  segregation  of  powders  mixed  in 
an  half-filled  and  rotating  cylinder  has  been  reported  for  a  long  time  ago  [2].  Severall  parallel 
processes  have  been  evidenced  (see  for  example  a  review  article  by  Cooke  et  al.[3];  and  ref. 
therein).  In  three  dimensional  devices,  simultaneous  axial  and  longitudinal  segregation  routes 
are  present  [4,5],  Particle  percolation  has  been  invoked  to  be  responsible  of  axial  segregation 
[6],  and  longitudinal  segregation,  occuring  in  a  long  cylinder,  is  curently  related  to  differential 
surface  flow  properties  [7,8].  In  this  paper  we  are  interested  in  studying  the  mixing  properties 
of  a  model  powder  confined  in  a  bidimensional  rotating  drum.  One  advantage  of  a  2D 
geometry,  besides  visualisation  facilities,  is  that  the  dispersion  properties  of  the  surface  flow 
are  clearly  separated  from  the  parallel  process  present  in  3D,  which  is  the  filtration  of  the 
smaller  particles  in  the  voids  of  the  porous  network  made  by  the  large  particles.  Also,  in  this 
geometry,  we  do  not  have  the  surface  instability  generated  by  the  flow  in  the  direction  parallel 
to  the  axis  of  rotation.  Our  work  deals  essentially  with  the  study  of  one  tracer  particle  in  the 
field  of  other  identical  grains  and  constitutes  a  first  attempt  to  extract  the  very  basic 
phenomenology.  It  should  be  seen  as  a  complementary  study  made  in  this  geometry,  were 
several  particles  of  different  sizes  are  mixed  together  [9]  and  a  strong  segregation  shows  up 
after  several  rounds.  Note  that  recently,  computer  simulations  based  either  on  a  molecular 
dynamics  algorithm  [10]  or  a  sequential  piling  algorithm  [11]  have  been  proposed  to  describe, 
the  mixing  of  grains  in  this  geometry. 
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II.  DESCRIPTION  OF  THE  EXPERIMENT 


We  use  a  cylinder  partially  filled  with  a  powder  and  rotated  at  a  constant  velocity  by  a 
step  by  step  motor.  This  configuration  is  a  simple  way  to  generate  surface  flow  and  shearing 
[12].  The  model  granular  medium  is  a  mono-disperse  assembly  of  metallic  beads  displayed  in  a 
single  layer  array  and  confined  vertically  between  a  metallic  boundary  and  a  front  glass 
window.  They  provide  a  real  advantage  to  allow  for  direct  visualisation,  but  we  also  insist  on 
the  fact  that  extrapolation  of  a  2D  phenomenology  to  general  3D  behaviour  is  not 
straightforward  and  should  always  requires  a  cautious  discussion.  Metallic  bearing  balls  have 
been  chosen  for  the  good  control  of  sphericity  as  well  as  the  control  of  mechanical  parameters 
(solid  friction,  restitution  coefficient).  In  the  present  experiment  the  beads  have  a  d  =  1.5  mm 
diameter  and  the  cylinder  inner  diameter  is  D  =  160  mm.  The  beads  are  made  of  steel  with  an 
elasticity  coefficient  of  e  =  .9  and  a  friction  coefficient  f  =  .1.  In  order  to  avoid  collective 
sliding  of  the  granular  assembly,  an  monolayer  of  beads  is  glued  on  the  inner  periphery  of  the 
cylinder. 

A  a  low  rotation  speed,  the  assembly  of  beads  performs  a  solid  rotation  and  the  free 
surface  slope  is  continuously  increased  until  a  surface  avalanche  starts.  Then,  the  particles 
which  are  part  of  this  surface  flux  undergo  important  relative  motions.  After  the  avalanche 
stops,  the  whole  system  is  again  part  of  the  collective  solid  rotation.  In  all  the  experiments 
presented  here,  we  work  at  a  low  rotation  velocity  (2  deg/s)  and  we  stay  in  the  avalanche 
regime.  Studies  have  shown  that  this  regime  could  be  characterised  by  a  typical  time  between 
avalanche  [13,  14]  but  with  a  distribution  rather  broad  in  2D  [15,16].  Thus,  this  intermittent 
sequence  of  avalanches  performs  some  mixing  of  the  granular  assembly  and  in  this  report,  we 
focus  on  the  description  of  this  effect.  For  this  purpose,  we  place  in  the  granular  assembly  a 
test  particle  of  the  same  material.  For  test  particles  larger  than  1.5  mm,  we  use  a  disk  slightly 
narrower  than  the  width  of  the  cell.  For  a  test  particle  smaller  than  1.5  mm  we  use  a  metallic 
bead.  The  beads  and  the  cylinder  have  undertaken  a  chemical  surface  treatment  which  has 
darken  their  surface  aspect.  The  test  particle  is  still  bright  and  can  be  selected  preferentially 
through  the  image  analysis  routine.  The  whole  experimental  display  is  monitored  using  a  CCD 
video  camera  linked  to  a  computer  device  automatically  performing  the  image  analysis  routine. 
As  a  function  of  time  (every  5s  roughly),  we  record  the  position  of  the  centre  of  the  test 
particle.  From  the  statistical  analysis  of  those  trajectories,  we  extracted  two  major  features  that 
should  be  of  general  relevance,  namely  a  size  segregation  effect  as  well  as  the  presence  of 
attracting  regions  for  the  dispersion  dynamics. 

HI.  EVIDENCE  FOR  SIZE  SEGREGATION 

In  Fig.  la,  lb,  lc,  we  show  the  accumulation  pictures  of  all  the  locations  occupied  by 
the  centre  of  the  test  particle  during  12000  samplings.  The  diameters  of  the  test  particles  are 
respectively  D  =  1mm,  D  =  1.5  mm,  D  =  2mm.  Note  that  the  position  is  recorded  every  5s.  On 
the  top  of  each  accumulation  picture  we  display  the  1st  iteration  map  of  the  dynamical  process 
monitoring  the  event  of  a  new  passage  in  an  angular  sector  Aa  =  40°  taken  around  the 
perpendicular  axis  to  the  mean  flow  direction  and  within  the  radii  Rj  and  R2  (see  picture  1). 
The  minimum  radius  K\  corresponds  to  an  exclusion  of  the  surface  flow  region  and  the 
maximum  radius  R2  corresponds  to  the  inner  cylinder  radius.  This  surface  is  called  region  S. 
The  Curves  displayed  in  Fig  2  correspond  to  the  measurement  of  the  presence  probability  P(r) 
in  region  S.  In  the  three  cases,  the  coarse-graining  distance  is  Ar=  3d.  The  behaviour  of  the 
exploration  curves  are  strikingly  different  for  the  three  particle  radii  considered.  Clearly,  the 
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smaller  particle  is  attracted  to  the  centre  and  the  larger  one  to  the  edge.  Note  that  for  a  particle 
of  identical  size  we  observe  an  homogeneous  exploration  of  all  the  granular  medium. 


- 


This  size  segregation  confirms  the  results  of  a 
preliminary  report  made  on  3  mm  steel  beads 
but  with  an  aspect  ratio  for  the  cylinder  size 
that  was  four  times  smaller  [17].  In  first 
approximation,  the  probability  curves  of  fig  2 
are  fitted  to  an  exponential  decay  P(r)  «  exp 
(ar)  and  we  evidence  that  segregation  can  be 
characterised  by  a  typical  segregation  length 
X  -  1/a,  with  a  change  of  sign  indicating  an 
attractor  preference. 
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Fig  1  -  Distribution  of  the  tracer  centers  for  three 
different  size  ratios:  ®  =  A/d.  Fig.  1  (a),  O  =  .66; 
Fig.  1  (b),  0>  =  1;  Fig.  13  (c),  O  =  1.33. 


Fig  2.  Presence  probability  P(r)  as  a  function  of  r  the 
distance  to  the  centre  in  region  S.  Triangles  (A): 
A  =  1  mm\  squares  (D):  A  =  1.5  mm  ;  diamonds 
(0):  A  -  2  mm. 


IV  STUDY  OF  THE  DISPERSION  PROPERTIES  IN  A  MONO-DISPERSE 
ASSEMBLY  OF  SPHERES 

Now  we  focus  on  the  dispersion  property  of  an  identical  sphere  in  a  monodisperse 
assembly  of  beads.  In  view  of  figure  2,  one  could  argue  that  a  rotating  cylinder  device  is  at 
least  a  good  mixer  for  identical  particles  since  the  final  outcome  of  the  presence  density 
distribution  looks  homogeneous.  Note  that  such  a  flat  distribution  for  P(r)  could  also  be 
obtained  by  a  random  redistribution  of  the  test  particle  along  the  radius  caused  by  the 
avalanche  process.  Here  we  point  out  that  even  for  a  similar  size  particle,  the  dispersion 
provided  by  the  avalanche  is  in  fact  a  complex  mechanism.  In  the  following  we  look  at  a 
stochastic  description  of  the  trajectories  redistribution  extracted  from  the  map  of  Fig.  1.  We 
measure  the  conditionnal  probabilities  17(r/rQ ),  which  are  the  probability,  having  performed  a 
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solid  rotation  trajectory  at  a  radius  r0  in  the  domain  S,  to  perform  during  the  next  passage  in  S, 
a  trajectoiy  with  a  radius  r  .  This  probability  distribution  is  a  indication  of  the  attraction 
capability  of  a  spatial  position.  In  figure  3a,  3b,  3c  we  display  the  joint  probabilities  F^r/r^}, 
calculated  in  three  different  origins  r0:  in  3a  r0  is  taken  in  the  central  region,  in  3b  r0  is  taken 
in  the  intermediate  region  between  the  centre  and  the  edge  and  the  last  picture  is  for  rQ  taken 
in  the  vicinity  of  the  edge.  The  size  of  the  coarse  graining  box  is  Ar  =  3*d.  We  see  clearly  that 
the  centre  and  the  edge  are  prominent  attractors  for  the  trajectories,  with  a  redistribution 
length  comparable  to  the  size  of 


r  (mm) 


Fig  3.  Joint  probabilities  of  reinjection  Ilfr/rJ  for  a 
test  particle  A  =  1.5  mm  at  three  different  injection 
radii  rQ.  Fig.  3a  ro  =  30  mm,  Fig.  3b:  r0  =  48mm, 
Fig.  3c:  r0=  72  mm.  The  injection  position  rQ  is 
indicated  by  an  arrow. 


the  cylinder.  Note  the  important  point  that  the 
intermediate  region  achieves  more  or  less  a 
random  redistribution  of  the  trajectories.  So, 
although  the  memory  of  an  initial  position  is 
lost  after  two  or  three  rounds  in  the  cylinder, 
there  still  is  a  strong  memory  of  the  injection 
radius  in  a  single  avalanche,.  This  memory 
effect  is  probably  due  to  the  recurrence  of  a 
flow  lines  pattern.  Thus,  we  evidenced  clearly 
the  existence  of  two  competing  regions  and 
the  mixing  in  fact  due  to  the  relative  strength 
of  the  attraction  power  of  the  centre, 
compared  to  the  attraction  power  of  the  edge. 
Also,  an  important  fact  is  that  for  this 
cylinder,  the  size  of  the  typical  jump  between 
successive  trajectories  is  of  the  order  of  the 
size  of  the  cylinder.  This  evidence  is  in  favour 
of  mixing  and  opposes  a  long  time 
localisation  in  the  vicinity  of  the  attractors.  A 
major  point  for  future  investigations  will  be  to 
understand  whether  this  tendency  is 
confirmed  when  the  size  of  the  cylinder  is 
increased  and/or  if  a  typical  localisation 
length  shows  up  which  could  be  different 
from  the  cylinder  size. 

In  the  case  of  other  tracer  sizes,  we 
observe  similarly  a  bimodal  attractive 
behaviour  but  the  relative  influence  of  the 
corresponding  attractor  is  more  prononced 
and  has  a  tendency  to  eat  up  the  central 
region.  Our  experimental  data  did  not  allow 
us  to  go  beyond  this  qualitative  statement. 


V  DISCUSSION  AND  PROSPECTIVE 

This  paper  reports  on  experimental  facts  associated  to  the  mixing  properties  in  a  bidimensional 
rotating  cylinder.  We  do  not  propose  any  fundamental  explanation  for  the  phenomenon  but  we 
rather  try  to  focus  on  the  prominent  experimental  facts  which  should  orient  future  experimental 
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and  theoretical  investigations.  We  evidence  clearly  a  segregation  mechanism  of  a  single  tracer 
particle  based  on  the  size  ratio.  A  large  particle  is  pushed  to  the  edges  and  the  small  one  will 
rather  stay  in  the  centre.  We  measured  a  segregation  length  dependent  of  the  aspect  ratio. 
Furthermore,  we  look  at  the  redistribution  probability  for  the  trajectories  of  a  single  particle  of 
the  same  size  and  we  clearly  see  the  presence  of  two  competing  regions:  the  centre  of  the 
cylinder  and  the  edge  which  have  a  tendency  to  attract  the  trajectory  distributions.  Thus,  the 
size  segregation  mechanism  can  be  seen  as  a  more  pronounced  influence  of  one  attractor 
compared  to  the  other.  This  phenomenology  is  really  reminiscent  of  a  stochastic  bistability 
transition  with  a  control  parameter  being  the  size  ratio.  Nevertheless  here,  the  non  trivial  point 
is  the  importance  of  the  fluctuations,  i.e.  the  reinjection  steps,  which  are  in  this  experiment,  of 
the  size  of  the  system.  The  stochastic  phenomenological  description  of  the  experiment  should 
not  hide  the  fact  that  the  origin  of  the  phenomenon  is  rooted  in  the  dispersion  properties  due  to 
the  geometry  and  the  shearing  action  of  the  surface  flow.  These  important  questions  are  left  for 
future  work. 
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SUPERSONIC  RUPTURE  PULSES  IN  AN  EARTHQUAKE  MODEL 
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In  this  work,  I  study  the  supersonic  rupture  pulse  in  a  two  dimensional  elastic  sheet.  There 
is  a  friction  force  acting  at  the  edge  of  the  sheet  which  is  composed  of  a  term  that  depends  on 
the  local  displacement  at  the  edge  and  a  viscous  dissipation  term.  I  consider  the  case  where 
the  sheet  is  driven  forward  by  a  force  acting  in  the  bulk,  but  is  held  back  by  the  interfacial 
friction.  I  present  the  equations  which  describe  such  a  system  and  then  look  for  solutions 
which  describe  a  slip  pulse  propagating  though  a  region  which  is  uniformly  stressed.  Such 
a  pulse  will  allow  the  entire  interface  to  move  forward  and  partially  relieve  the  stress.  I 
present  the  integral  equation  that  such  a  pulse  solution  must  satisfy,  and  then  discuss  the 
behavior  observed  in  numerical  solutions  of  this  equation. 

The  quite  remarkable  Burridge-Knopoff  model  has  rekindled  many  physicists’  interest  in 
the  problem  of  earthquake  dynamics  [1,2].  Much  of  the  work  in  this  area  has  centered  around 
numerical  simulation  of  simple  models  to  determine  which  of  them  captures  the  essential 
features  of  earthquakes  [3,4].  Debate  continues  concerning  the  proper  functional  form  for 
the  force  at  the  simulated  tectonic  plate  interface  and  how  much  of  the  actual  geological 
structure  ought  to  be  included  in  simulations  [4-6]. 

Quite  separate  from  questions  about  the  direct  analogy  between  these  numerical  sim¬ 
ulations  and  actual  fault  activity  is  the  issue  of  understanding  the  dynamics  of  what  is 
happening  in  the  computer  models  themselves.  There  has  been  interesting  work  involving 
the  predictability  of  these  models  and  whether  or  not  by  studying  the  past  activity  in  a 
simulation  it  is  possible  to  determine  when  the  next  catastrophic  large  “earthquake”  event 
is  about  to  occur  [7]. 

One  of  the  barriers  to  answering  these  and  related  questions  about  these  simulations  is  the 
lack  of  analytical  results  concerning  the  behavior  seen  in  these  models.  One  of  the  difficulties 
with  doing  analytic  work  on  the  simplest  block-and-spring  Burridge-Knopoff  type  models  is 
that  there  is  no  well-defined  continuum  limit,  and  the  behavior  is  dependent  on  the  smallest 
scale  of  discretization  [2,8,9].  In  an  effort  to  solve  the  problem  of  a  well-defined  continuum 
limit,  a  small  viscous  damping  force  can  be  added  to  the  friction  force  law  which  smoothes  out 
the  discontinuities  and  allows  for  a  continuum  description.  Numerical  and  analytical  studies 
of  a  one  dimensional  model  which  included  this  viscosity  yielded  interesting  results  [9].  The 
rupture  pulses  were  observed  to  travel  supersonically.  This  does  not  violate  causality  in  the 
system  because  the  one  dimensional  interface  is  tied  to  a  perfectly  rigid  rod  which  transmits 
information  instantaneously  throughout  the  system.  The  speed  of  these  supersonic  pulses 
was  also  seen  to  depend  on  how  hard  the  system  was  driven. 
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This  paper  presents  a  study  of  this  viscous- damping  rupture  model  for  the  case  of  a  two 
dimensional  sheet.  The  interface  at  which  the  friction  is  acting  is  still  one  dimensional,  but 
stress  can  now  be  transmitted  through  the  bulk  of  the  material.  This  work  is  more  than 
just  a  trivial  extension  of  a  series  of  results  which  have  been  completely  understood  in  one 
dimension.  The  addition  of  the  second  dimension  allows  for  the  separation  of  the  elastic 
behavior  in  the  bulk  from  the  frictional  force  at  the  interface.  Thus,  different  mathematical 
tools  are  available  which  allow  for  a  more  extensive  analytical  treatment. 

I  begin  with  the  equation  of  motion  for  the  displacements  u(x,y,t)  in  the  bulk  of  the 
elastic  sheet 


u(x,  y,t)  =  V2u(x,  y,  t)  -  ( u(x ,  y ,  t)  -  A), 


(1) 


where  dots  indicate  derivatives  with  respect  to  time  and  I  have  performed  a  trivial  change 
of  scale  to  get  rid  of  some  uninteresting  material  parameters.  The  second  term  on  the  right- 
hand  side  of  Eq.  (1)  provides  the  driving  for  the  system,  with  A  the  natural  displacement 
to  which  the  system  equilibrates  in  the  absence  of  (or  far  from)  the  friction  at  the  interface. 
This  choice  of  a  form  for  the  driving  is  quite  different  from  the  more  physical  driving  which 
happens  at  the  boundaries.  It  seems  unlikely,  although  possible,  that  the  overall  behavior 
is  sensitive  to  this  choice  for  the  driving  force. 

Because  Eq.  (1)  is  a  scalar  equation,  I  am  also  making  the  simplifying  assumption  that 
the  vector  character  of  the  stresses  and  strains  are  not  important.  Equation  (1)  can  also  be 
viewed  as  describing  the  normal  strains  on  a  flat  plate.  This  equation  is  also  the  starting 
point  for  a  study  of  fracture  in  mode  III  [10]. 

The  behavior  of  the  frictional  force  is  captured  in  the  boundary  conditions  at  the  inter¬ 
face.  The  traction  at  the  interface  can  be  written  as 


du(x,y,t) 

8y 


y=Q  =  f{u{x,0,t))-7j 


d2u{x,y,t)  | 

dy 2  b=°’ 


(2) 


where  /(u(x,0,f))  is  the  frictional  force  which  depends  only  on  the  local  displacement  at 
the  interface  and  rj  is  a  small  parameter.  The  second  term  on  the  right-hand  side  of  (2)  is 
the  viscous  damping  force  mentioned  above. 

I  choose  a  velocity  dependent  frictional  force  of  the  form 

f  (— oo,l)  if  u(x,  0,t)  =  0, 


/(it(z,0,f)) 


1  —  au(x ,  0,  t )  if  0  <  u(x,  0,  t)  <  If  a  and  u(x,  0,  t )  >  0, 

a  -  cni(x,  0,  t )  if  0  <  ii(x,  0,  t )  <  1  fa  and  ii(x,  0,  t )  <  0, 


(3) 


[  0  otherwise, 

where  a  <  1  is  the  frictional  force  as  the  velocity  approaches  zero  during  deceleration 
and  a  determines  how  quickly  as  a  function  of  velocity  this  state  dependent  friction  force 
disappears.  Earlier  studies  using  this  type  of  velocity  weakening  friction  have  not  allowed 
for  a  difference  between  the  force  during  acceleration  and  deceleration,  taking  the  special 
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case  a  =  1  [9].  I  have  been  unable  to  find  a  solution  for  the  special  case  a  -  1,  and  it  may 
be  true  that  an  asymmetry  in  this  force  is  necessary  to  produce  supersonic  solutions  using 
this  type  of  friction  law. 

This  friction  law  also  has  the  somewhat  unattractive  characteristic  that  it  is  multi-valued 
function  for  u(x,0,i)  =  0.  However,  the  value  for  the  local  frictional  force  at  each  point 
where  the  velocity  vanishes  can  be  fixed  by  requiring  that 

u(z,0,<)>0  for  all  x.  (4) 


Equations  (1  -  4)  represent  the  complete  specification  of  the  model.  There  are  three  remain¬ 
ing  material  parameters:  the  coefficient  for  the  viscous  damping,  rj,  and  two  parameters  to 
characterize  frictional  force,  a  and  a.  The  final  parameter,  which  may  be  varied  externally, 
is  the  driving  force,  A. 

Having  described  the  model,  I  want  to  look  for  steady-state  pulses  traveling  at  constant 
velocity  v.  I  consider  the  simplest  case  of  a  pulse  which  is  propagating  through  a  region 
which  is  uniformly  stuck  at  u(x ,  0,  t )  =  0.  If  the  pulse  travels  at  a  uniform  speed,  then  in  the 
region  behind  the  pulse  there  is  a  constant  value  for  u(z,  0 ,t).  The  amount  of  stress  relieved 
by  the  slip  pulse  is  the  difference  between  the  displacement  which  preceeds  and  follows  the 
pulse. 

The  first  step  in  the  analysis  is  to  transform  to  a  reference  frame  moving  with  the  velocity 
v  in  which  the  propagating  rupture  is  a  stationary  feature.  I  choose  to  let  the  pulse  travel 
in  the  negative  x  direction.  The  most  convenient  change  of  variables  for  the  supersonic 
propagation  is  (3£  =  x  +  vt,  where  j32  =  v2  -  1  and  the  leading  edge  of  the  pulse  is  located 
at  £  =  0.  (For  subsonic  propagation,  the  correct  choice  for  j3  is  /?2  =  1  —  u2,  but  the 
analysis  proceeds  similarly.)  With  this  transformation  and  letting  U(£,y)  =  u(x,y,<),  Eq. 
(1)  becomes 

is. 

Because  the  pulse  is  a  stationary  object  in  the  new  coordinate  system,  the  frictional 
force  can  now  be  described  by  the  value  that  it  takes  in  different  regions  of  the  interface. 
Equation  (3)  is  rewritten  as 


dU(U) 

dy 


MO 

F{U(0))-vU'"(t) 

MO 


if  €  <  0, 
if  0  <  £  >  /, 
i  U>f, 


(6) 


where  l  is  the  length  of  the  propagating  pulse,  U(£)  =  lf(£,0),  u  =  t/v/£3,  and  primes 
signify  derivates  with  respect  to  the  variable  £  in  the  moving  frame.  The  function  tf>-{0  is 
the  static  frictional  force  which  holds  the  surface  in  place  in  front  of  the  pulse,  and  </>+(£)  is 
the  corresponding  force  which  follows  in  the  wake  of  the  pulse.  For  the  choice  of  a  velocity 
weakening  friction,  the  function  J F({/(£)),  takes  the  form 
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f  1  -  7U'(0  if  £/'(£)  <  1/7  and  V(()  >  0, 
F(U(0)  =  \<r- 7  U'(t)  if  U'(()  <  1/7  and  U"(()  <  0, 


(7) 


{ 0  otherwise, 

where  7  =  av/fl. 

The  form  of  Eqs.  (5)  and  (6)  are  exactly  the  same  as  those  studied  by  Langer  and 
Nakanishi  in  connection  with  a  one  dimensional  fracture  model  [10].  By  using  a  Weiner- 
Hopf  technique,  they  are  able  to  solve  these  equations  with  the  assumption  that  the  forces 
F(U(£))  and  V>+(0  are  known.  Their  solution  for  the  pulse  profile,  t/(£),  can  can  written 
most  conveniently  in  a  “Green’s  function”  form 

U'Uo)  =  -(J'dtiGoitcWmo))  +  Cf!(fo)  jTdfie-^^tfi)).  (8) 

where  C?o(£o,6)  an<^  £n(£o)  are  known  functions,  and  p0  >  0  is  a  constant  which  is  related 
to  the  parameter  v. 

The  reason  that  this  equation  can  be  solved  is  that  it  has  a  very  weak  dependence  on 
0+(£ i).  This  function  only  enters  the  expression  inside  an  integral  which  has  no  dependence 
on  £o-  Therefore,  the  complete  form  of  the  function  need  not  be  known,  only  the  value  of 
this  single  integral. 

Additionally,  this  weak  dependence  on  this  trailing  force  occurs  only  for  supersonic  pulses. 
In  the  case  of  subsonic  rupture,  one  must  know  the  complete  functional  form  of  ^>+(£)  in 
order  to  solve  for  the  pulse  profile.  As  a  result  that  problem  is  significantly  more  difficult. 

Finally,  the  Langer-Nakanishi  solution  requires  continuity  in  the  frictional  force  at  the 
interface.  In  order  to  have  continuity  at  the  leading  edge  of  the  pulse  (£  =  0),  the  driving 
force  must  satisfy  the  condition. 

A  =  cre~pot  +  po  /'  d(e-K(F(U(())  +  /”  (9) 

J  o  Jo 

Again,  there  is  the  same  weak  dependence  on  the  trailing  frictional  force,  which  allows  for  a 
relatively  simple  evaluation  of  this  expression.  In  order  to  achieve  continuity  in  the  friction 
force  at  the  trailing  edge  of  the  rupture  (£  =  /),  the  pulse  profile  must  also  satisfy  the 
conditions  £/'(/)  =  {/"(/)  =  0. 

Although  there  is  this  significant  simplification  in  the  supersonic  case,  Eqs.  (8)  and  (9) 
are  the  limit  of  the  analytical  progress  that  has  been  made.  I  will  forgo  a  discussion  of  the 
technique  used  to  generate  numerical  solutions  to  these  equations,  and  merely  present  the 
results. 

Figure  1  shows  velocity  pulse  profiles  with  fixed  values  for  the  physical  parameters  of 
the  model,  but  for  differing  values  of  the  driving  force.  The  interesting  trends  to  notice  are 
that  the  local  velocities  in  the  pulse  are  becoming  smaller  with  increased  driving,  while  the 
pulse  width  is  becoming  larger.  However,  it  must  be  remembered  that  this  is  in  the  moving 
frame,  which  has  a  velocity  dependent  change  of  scale.  Taking  into  account  this  “boost,” 
the  former  trend  is  robust,  but  in  the  latter  case  the  pulses  are  actually  becoming  narrower 
as  the  driving  increases. 
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FIG.  1.  Velocity  pulse  profiles  for  different  values  of  driving  force;  r?  =  .000143,  a  =  3.0,  a  -  .999 


Figure  2  shows  the  velocity  of  these  pulses  as  a  function  of  driving.  Note  that  the  velocity 
of  the  pulse  is  becoming  slower  with  increased  driving.  This  is  a  somewhat  disturbing  trend. 
It  is  certainly  counter-intuitive  and  is  contrary  to  what  is  seen  in  numerical  simulations  of 
these  models.  This  is  somewhat  similar  to  the  behavior  in  the  velocity  weakening  friction 
law  itself  in  which  a  decrease  in  velocity  means  a  larger  friction  force.  Thus,  the  pulses  found 
by  using  these  parameters  may  actually  be  unstable  and  would  not  be  observed  in  a  direct 
simulation  using  these  friction  laws. 

However,  these  results  are  for  the  case  of  a  very  weak  viscous  force.  This  pathological 
behavior  may  arise  because  the  value  for  the  viscous  force  at  the  leading  edge  of  the  pulse 
is  given  by  r}vU"'( 0)/\A>2  -  1  =  1  -  A.  The  only  way  that  this  can  be  satisfied  with  such 
a  small  value  for  rj  is  with  a  pulse  which  has  velocity  very  near  1.  By  moving  away  from 
the  sound  speed,  the  behavior  might  be  quite  different.  A  study  of  the  pulse  behavior  for 
different  regions  of  the  parameter  space  is  under  way. 

Finally,  it  is  worth  noting  that  efforts  to  find  a  solution  for  the  case  a  -  1  were  unsuc¬ 
cessful.  If  one  views  a  glass  as  half  full,  this  may  indicate  that  an  asymmetry  in  the  force 
applied  at  the  leading  and  trailing  edge  of  the  pulse  is  necessary  in  order  to  get  a  solution. 
If  one  sees  a  glass  as  half  empty,  it  may  indicates  that  supersonic  pulse  propagation  may 
not  be  a  particularly  robust  behavior  in  these  systems. 

The  goal  of  this  paper  is  two-fold.  The  first  is  to  present  the  basic  formalism  which 
allows  for  the  study  of  supersonic  pulses  in  simple  rupture  models.  The  formalism  is  quite 
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FIG.  2.  Pulse  speed  as  a  function  of  driving  force;  r)  =  .000143,  o  =  3.0,  a  -  .999 

general  and  allows  for  a  wide  variety  of  local  friction  laws.  The  second  goal  is  to  present 
the  results  of  an  investigation  into  a  particular  model  for  the  local  friction  at  the  interface. 
The  model  is  a  slight  generalization  of  a  force  law  that  has  been  used  in  several  numerical 
simulations  [2,8,9]  and  I  have  shown  that  supersonic  pulses  do  indeed  represent  possible 
solutions  of  the  equations. 

The  author  would  like  to  express  his  extreme  gratitude  to  Jim  Langer  for  his  guidance 
and  assistance  on  this  project.  Much  thanks  also  goes  to  Fong  Liu  for  his  enlightened 
remarks. 
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ABSTRACT 

We  study  the  flow  under  gravity  of  a  granular  model  system  submitted  to  shear  in  a  rotating 
cylinder.  The  system  is  confined  in  a  vertical  2D  geometry  which  allows  visualisation  of  the  bulk 
and  direct  measurements  of  the  velocity  and  density  fields.  We  establish  the  existence  of  scaling 
properties  displayed  by  velocity  and  density  profiles  for  a  large  range  of  different  flow  rates. 

INTRODUCTION 

Granular  media  consisting  of  assemblies  of  non-cohesive  particles  intervene  in  numerous 
practical  domains  of  engineering  and  fabrication  processes  (soil  mechanics,  pharmacology, 
concrete,  food  industry,  etc...).  They  display  a  large  number  of  unusual  properties  (like  strain 
localisation,  segregation,  non-Newtonian  flows,  spontaneous  heaping  etc..)  [1]  [2].  All  those 
properties  are  weakly  understood  and  remains  a  challenge  for  both  engineers  and  physicists. 
Contrasting  with  atomic  systems,  for  which  equilibrium  statistical  mechanics  and  linear  response 
theory  provide  a  basis  for  the  passage  from  a  microscopic  to  a  macroscopic  viewpoint,  the  particles 
are  here  so  large  that  fluctuations  of  thermal  origin  are  irrelevant  and  all  classical  methods  of 
statistical  mechanics  fail.  Concerning  granular  flows,  it  has  been  known  for  a  long  time  that  they  do 
not  obey  hydrodynamics  laws  and  one  of  the  most  open  questions  is  to  obtain  constitutive  relations 
describing  momentum  and  energy  transport.  For  example,  we  know  that,  in  opposition  with 
Bernoulli's  law,  the  discharge  rate  of  an  hourglass  does  not  depend  on  the  height  in  the  upper 
vessel,  and  exhibits  funnel  behaviour.  Furthermore,  a  gravity  flow  on  an  incline  displays  several 
regimes  of  flow  and  a  transition  between  an  intermittent  regime  to  a  continuous  one  [3],  Two  major 
steps  for  the  understanding  of  granular  flows  are  due  to  Reynolds  [4]  and  Bagnold  [5], The  seminal 
concept  of  "dilatancy  threshold"  was  proposed  in  1885  by  Reynolds  who  expressed  the  simple  idea 
that  a  powder  can  flow  from  rest  only  if,  it  has  been  dilated  below  a  given  density  threshold  in  order 
to  overcome  the  large  stress  resistance  due  to  the  grain  entanglement.  Much  later,  Bagnold 
proposed  that,  for  a  rapidly  flowing  powder,  a  collision  regime  exists  where  the  collision  frequency, 
which  sets  the  rate  of  momentum  losses,  scales  like  the  velocity  gradient  between  layers  of  flowing 
particles.  As  a  consequence,  the  shear  stress  is  proportional  to  the  velocity  gradient  and  is  bound  to 
diverge  in  the  proximity  of  the  dilatancy  threshold,  according  to  : 

aXz  =  F(p)  (gradv)2  (1) 

where  F(p)  sets  the  divergence  in  the  vicinity  of  the  dilatancy  threshold.  More  recently,  several 
theories  attempted  to  go  beyond  this  elementary  picture  by  using  a  la  Boltzmann  collision  theories 
[6]  [7],  which  attempt  to  describe  the  lower  density  collision  regime.  These  theories  have  brought 
some  rational  to  Bagnold's  arguments  and  have  elucidated  some  dependence  as  a  function  of  micro 
mechanical  parameters  such  as  inelasticity  of  the  grains,  but  still,  there  is  no  clear  vision  of  the 
influence  of  the  solid  friction  and  the  role  of  the  boundaries,  nor  frill  understanding  of  the  cross¬ 
over  with  the  regime  of  higher  density  flows.  Furthermore,  considering  the  difficulties  to  make 
measurements  inside  the  bulk,  there  are  very  little  experimental  studies  probing  quantitatively  this 
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behaviour  [8]  9]  [10].  In  our  experiments  we  deal  with  bidimensional  model  system  of  grains, 
consequently  we  are  able  to  get  in  situ  velocity  measurements  and  we  test  the  existence  of  some 
general  flowing  behaviour. 


EXPERIMENTAL  RESULTS 

In  the  experiment  reported  here,  we  use  a  rotating  cylinder  which  is  a  device  initially  designed 
by  Franklin  and  Johanson  [11]:  it  is  an  hollow  duralumin  cylinder  (20  cm  diameter)  with  glass 
windows,  rotating  around  its  horizontal  axis  at  a  constant  speed  Q.  The  rotating  cylinder  is  a  very 
convenient  set-up  to  accumulate  data  over  long  time,  because  the  heap  is  continuously  supplied 
with  new  particles  upstream.  In  the  present  case,  the  container  is  partly  filled  with  monodisperse 
metal  spheres  (d=1.5  mm)  confined  between  two  vertical  boundaries  separated  by  one  bead 
diameter.  The  rotation  speed  is  driven  by  a  quartz  clock,  and  is  varied  from  5  to  20  r.p.m  which 
correspond  to  the  steady  continuous  flow  regime. 


Figure  1.  Bidimensional  flow  of  steel  spheres  (d  =  1.5  Figure  2.  Computer  reconstructed  image 
mm).  White  trails  correspond  to  die  beads  corresponding  to  Fig.  1 

displacement  during  the  opening  time  of  the  shutter.( 

At  =  1/250  s). 

On  Fig.  1  we  present  a  zoomed  snapshot  of  the  central  region  of  the  rotating  cylinder.  Each 
photo  looks  like  a  collection  of  bright  trails  due  to  the  displacement  of  each  grain  during  the 
opening  time  of  the  shutter.  The  inclined  flow  compares  well  with  a  flow  of  particles  on  an  inclined 
plane,  provided  that  the  flux  of  matter  and  of  momentum,  brought  up  by  the  rotation  process,  is 
negligible  in  comparison  to  the  surface  gravity  flow.  This  condition  seems  to  be  satisfied  on  the 
photos,  since  for  this  range  of  shutter  time,  the  bottom  bed  of  beads  looks  motionless.  In  the  region 
where  particles  have  attained  their  limiting  velocity,  the  balance  between  shear  stress  and  gravity 
yields: 

axz=  (mgsin0/d2)|z+“  p(h)  dh  (2). 

The  shear  stress  axz  integrates  all  mechanisms  leading  to  loss  of  momentum,  which  namely  are  the 
diffusion  of  momentum  due  to  collisions,  the  solid  friction  and  the  inelasticity.  On  Fig.2  we  show  a 
computer  reconstructed  image  of  the  photo  presented  in  Fig.l.  We  designed  computer  routines 
suited  to  analyse  images  of  the  flow  and  calculate  displacement  and  density  fields. 
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Now  we  present  the  results  of  a  standard  analysis  where,  for  a  fixed  position  in  the  laboratory 
reference  frame  and  for  a  given  rotation  velocity,  we  average  velocities  and  volume  fractions 
over  hundreds  of  snapshots.  Fig. 3  and  Fig.  4,  display  the  volume  fraction  profiles  and  the 
velocity  profiles  obtained  for  typical  flow  rate  magnitudes  corresponding  to  500  particles/s 
(case  a),  800  particles/s  (case  b  )  and  1500  particles  (case  c)/s.  Note  that  the  flux  is 
externally  driven  by  adjusting  the  rotation  speed  of  the  drum.  Comparing  Fig.3.  and  Fig.4,  we 
notice  that  the  flowing  layer  has  a  finite  thickness  (typically  around  10  beads  diameter)  which 
depends  on  the  flux.  The  motion  appears  frozen  for  volume  concentrations  of  the  order  of  pc 
=  0.8,  which  is  clearly  smaller  than  the  volume  concentration  of  the  2D  triangular  compact 
lattice  (pmax  =  0.91).  This  gives  an  experimental  approximation  of  the  Reynolds  dilatancy 
threshold.  Furthermore,  a  remarkable  feature  is  that,  in  the  average,  the  velocity  gradient 
looks  weakly  dependent  on  the  flowing  layer  depth,  and  is  roughly  of  same  order  of 

magnitude:  VV  =  24  s“V 


particle  velocities  (m/s)  Volume  fraction 

Figure  3  .  Velocity  profile  of  the  2d  flow  of  steel  beads  Figure  4  Corresponding  volume  fraction  profiles 
(d  =  1.5  mm)  (averaged  on  100  snapshots) )  [□  (case  a  (same  experimental  conditions) 

),  A  (case  b ),  0  (case  c),see  text.] 

We  claim  that  the  previous  analysis  has  a  major  drawback.  The  averaging  procedure  ignores 
that  for  2D  experiments,  fluctuations  are  of  large  amplitudes.  Consequently,  the  standard 
averaging  procedure  mixes  spatial  domains  with  different  physical  significance  and  may 
smooth  out  essential  pieces  of  information.  Now  we  describe  an  alternative  analysis 
procedure  based  on  the  hypothesis  that  every  snapshot  represents  some  mechanical  steady 

state  controlled  by  three  variables:  VV  the  velocity  gradient,  J  the  particle  flux,  0  the 
instantaneous  flowing  angle  and  pc  the  maximum  volume  fraction  of  the  flowing  layer.  These 
parameters  are  not  necessarily  independent  but  can  be  measured  independently  for  each 
snapshot.  There  is  also  an  implicit  hypotheses  on  the  existence  of  a  time  scale  separations 
between  the  process  controlling  the  shearing  and  the  process  controlling  the  fluctuations.  For 

each  picture,  VV,  J  and  0  are  measured  as  well  as  zc  the  maximal  depth  of  the  flowing  layer. 
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A  flow  depth  scale  H  is  computed:  H  =  [J/VV/pc]l/2  .  On  fig  5  and  6  we  display  the  rescaled 
velocity  and  density  profiles  for  a  large  collection  of  snapshots  at  three  rotation  velocities. 


Figure  5:  Rescaled  velocity  profile  Figure  6:  Corresponding  rescaled  volume  fraction. 

We  observe  a  data  collapse  in  favour  of  generic  flow  laws  of  the  type: 


V(z)  =  VV  (Z-Zc)  (3a) 

and 

p(z)  =  pc(p[(z-zc)/H]  (3b) 

where  (p  is  an  "universal"  profile  function.  This  flow  structure  seems  to  characterise  a 
shearing  regime  for  which  the  momentum  transfer  picture  is  to  be  established. 
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